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Generating Function of the Number of Jumps at which
Complex Process of Semi-Markov Walk Achieves First
the Level ”a”(a > 0)

T.I. Nasirova∗, E.M. Neymanov, U.Y. Kerimova

Abstract. Using the sequence of independent random variables, we construct difference process of
semi-markov walk. The generating function of the number of jumps under which complex process
of semi-markov walk achieves first the level ”a” (a > 0), is found.
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1. Introduction

There are a few papers devoted to studying generating function of the number of jumps
under which complex process of semi-markov walk achieves first the level ”a” (a > 0).

In the paper [1,p. 61-63], asymptotic behavior of random walks in a random medium
with delaying barrier was studied. Random walk in a band was studied in [2, p. 160-165].
In [3, p. 26-51], asymptotic expansion of distributions determined on Markov chains,
was found. Different semi-makrov chains with delaying barrier and functionals of these
processes were studied in the paper [4, p. 61-63]. In [5,p. 77-84], Laplace transform of
distribution of the lower boundary functional of the process of semi-markov walk with
delaying barrier in zero, was found. The Laplace transform of ergodic distribution of the
process of semi-markov walk with negative drift, nonnegative jumps and delaying barrier
in zero was found in [6,p. 49-60].

In the present paper we find a generating function of the number of jumps under which
the complex process of semi-markov walk achieves first the level ”a” (a > 0).

As far as we know, a generating function of the number of jumps at which it achieves
first the level ”a” (a > 0) was not found for complex process of semi-markov walk.
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2. Mathematical statement of the problem.

On probability space (Ω, F, P (·)) we are given the sequence of independent identically
distributed positive random variables ξ+k , η

+
k ,ξ−k ,η−k , k = 1,∞.

Introduce the following denotation ν±(t) = min

{
k :

k+1∑
i=1

ξ±i > t

}
is the number of

positive jumps of the process X±(t) for time t

X±(t) =

ν±(t)∑
i=1

η±i

X(t) = X+(t)−X−(t)

The process X(t) = X+(t)−X−(t) is called a complex process of semi-markov walk.

The goal of the paper is to find explicit form of the generating function of the number
of jumps under which the process X(t) achieves first the level ”a”.

We denote it by νa1 .

Let X(0) = z > 0.

3. Setting-up integral equation for generating function of the number of
jumps of the process X(t) under which it achieves first the level

′′a′′(a > 0).

Denote by νa1 the number of jumps of the process X(t) under which it achieves first
the level ”a”(a > 0).

Denote

Ψ(u|z) =

∞∑
k=1

ukP {νa1 = k|X(0) = z} , |u| ≤ 1

Theorem 1. Ψ(u|z) satisifies the following integral equation

Ψ(u|z) = uP
{
η+1 > a− z

}
+ u

a∫
y=z

Ψ(u|y)dyP
{
η+1 < y − z

}
P
{
ξ+1 < ξ−1

}
+

+u

∫ a

y=z
Ψ(u|y)

∞∫
x=y

dy

∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
×

×
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dyP

{
η+1 < y

}
+
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+u

z∫
y=−∞

Ψ(u|y)

∞∫
x=z

dy
∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
×

×
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dyP

{
η+1 < y

}
. (1)

Proof. Let k≥2. Then by the total probability formula we have

P {νa1 = k|X(0) = z} = P
{
νa1 = k; (ξ+1 < ξ−1 )

⋃
(ξ−1 < ξ+1 )|X(0) = z

}
=

= P
{
νa1 = k; (ξ+1 < ξ−1 )|X(0) = z

}
+ P

{
νa1 = k; (ξ−1 < ξ+1 )|X(0) = z

}
=

=
a∫

y=z
P
{
ξ+1 < ξ−1 ; z + η+1 < a; z + η−1 ∈ dy

}
P {νa1 = k − 1|X(0) = y}+

+
a∫

y=z
P
{
ξ−1 < ξ+1 ; z − η−1 − η

−
2 − ...− ην−(ξ+1 −ξ

−
1 )

+ η+1 ∈ dy
}
P {νa1 = k − 1|X(0) = y}

.

So, by x− y > 0 and x− z > 0 we get

P {νa1 = k|X(0) = z} =

a∫
y=z

P {νa1 = k − 1|X(0) = y} dyP
{
η+1 < y − z

}
P
{
ξ+1 < ξ−1

}
−

−
a∫

y=z

P {νa1 = k − 1|X(0) = y}
∞∫

x=max(y,z)

dy

∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dxP

{
η+1 < x− z

}
.

Then we have

P {νa1 = k|X(0) = z} =

a∫
y=z

P {νa1 = k − 1|X(0) = y} dyP
{
η+1 < y − z

}
P
{
ξ−1 − ξ

+
1 < t

}
−

−
a∫

y=z

P {νa1 = k − 1|X(0) = y}
∞∫

x=y

dyP

∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dxP

{
η+1 < x− z

}
+
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−
z∫

y=−∞

P {νa1 = k − 1|X(0) = y}
∞∫

x=z

dyP
∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dyP

{
η+1 < y − z

}
We multiply the both hand sides of (1) by uk and sum over k≥2.

∞∑
k=2

ukP {νa1 = k|X(0) = z} =

=

a∫
y=z

∞∑
k=2

ukP {νa1 = k − 1|X(0) = y} dyP
{
η+1 < y − z

}
P
{
ξ+1 < ξ−1

}
+

−
a∫

y=z

∞∑
k=2

ukP {νa1 = k − 1|X(0) = y}×

×
∞∫

x=y

dy

∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dxP

{
η+1 < x− z

}
−

−
z∫

y=−∞

∞∑
k=2

ukP {νa1 = k − 1|X(0) = y}
∞∫

x=z

dy

∞∑
m=1

P
{
η−1 + ...+ η−m < x− y

}
×

×
∞∫

t=0

P
{
ν−(t) = m

}
dtP

{
ξ+1 − ξ

−
1 < t

}
dyP

{
η+1 < y − z

}
. (2)

Obviously,

P{z + η+1 > a} = P{νa1 = 1|X(0) = z}. (3)

Adding (3) to both hand sides of (2), we complete the proof of the theorem.

We will solve the equation with respect to Ψ(u|z) if the random variables ξ+k , η+k ,ξ−k ,η−k
have exponential distribution with the parameters λ+ > 0, λ− > 0, µ+ > 0, µ− > 0,
respectively.
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P{ξ±1 < t} =

{
0, t < 0
1− e−λ±t

t > 0, λ+ > 0, λ− > 0P{η±1 < x} =

{
0, x < 0
1− e−µ±t x > 0, µ+ > 0, µ− > 0. (4)

It is easy to find that under supposition (4),

P
{
ξ+1 < ξ−1

}
=

λ+
λ+ + λ−

,

P
{
ξ−1 < ξ+1

}
=

λ−
λ+ + λ−

,

dtP
{
ξ+1 − ξ

−
1 < t

}
=

λ+λ−
λ+ + λ−

e−λ+tdt.

From references it is known that

P
{
ν±(t) = m

}
=

(λ±t)
m

m!
e−λ±t

dyP
{
η−1 + η−2 + ...+ η−m < y

}
= µ−

(µ−y)m−1

(m− 1)!
e−µ−ydy.

We substitute these formuls in equation (1)

Ψ(u|z) = ue−µ+aeµ+z +
λ+µ+
λ+ + λ−

ueµ+z
a∫

y=z

e−µ+yΨ(u|y)dy+

+
λ+λ

2
−µ+µ−

(λ+ + λ−)3
ueµ+z

z∫
y=−∞

eµ−yΨ(u|y)

∞∫
x=z

e−(µ++µ−)xe
λ−µ−(x−y)
λ++λ− dxdy+

+
λ+λ

2
−µ+µ−

(λ+ + λ−)3
ueµ+z

∫ ∞
y=z

eµ−yΨ(u|y)

∞∫
x=y

e−(µ++µ−)xe
λ−µ−(x−y)
λ++λ− dxdy (5)

Having multiplied the both hand sides by e−µ,z and differentiated with respect to z,
we get

Ψ′(u|z)− µ+Ψ(u|z) = − λ+µ+
λ+ + λ−

uΨ(u|z)−

−
λ+λ

2
−µ+µ−

(λ+ + λ−)3
ue

(
λ−µ−
λ++λ−

−µ−)z

z∫
y=−∞

eµ−yΨ(u|y)e
− λ−µ−
λ++λ−

y
dy. (6)
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We multiply the both hand sides by e
(µ−−

λ−µ−
λ++λ−

)z

[
Ψ′(u|z)− µ+Ψ(u|z)

]
e
(µ−−

λ−µ−
λ++λ−

)z
= − λ+µ+

λ+ + λ−
uΨ(u|z)e(µ−−

λ−µ−
λ++λ−

)z−

−
λ+λ

2
−µ+µ−

(λ+ + λ−)3
u

z∫
y=−∞

eµ−yΨ(u|y)e
− λ−µ−
λ++λ−

y
dy.

Differentiate both hand sides with respect to z.

[
(Ψ′(u|z)− µ+Ψ(u|z))(µ− −

λ−µ−
λ+ + λ−

) + Ψ′′(u|z)− µ+Ψ′(u|z)
]
e
(µ−−

λ−µ−
λ++λ−

)z
=

− λ+µ+
λ+ + λ−

ue
(µ−−

λ−µ−
λ++λ−

)z
[Ψ′(u|z) + (µ− −

λ−µ−
λ+ + λ−

)Ψ(u|z)]−

−
λ+λ

2
−µ+µ−

(λ+ + λ−)3
ueµ−zΨ(u|z)e−

λ−µ−
λ++λ−

z
.

Multiply both hand sides by e
−(µ−−

λ−µ−
λ++λ−

)z

(µ− −
λ−µ−
λ+ + λ−

)[Ψ′(u|z)− µ+Ψ(u|z)] + Ψ′′(u|z)− µ+Ψ′(u|z)

= − λ+µ+
λ+ + λ−

u[Ψ′(u|z) + (µ− −
λ−µ−
λ+ + λ−

)Ψ(u|z)]−
λ+λ

2
−µ+µ−

(λ+ + λ−)3
uΨ(u|z).

We get a second order homogeneous differential equation

Ψ′′(u|z) + [−µ+ +
λ+µ−
λ+ + λ−

+
λ+µ+
λ+ + λ−

u]Ψ′(u|z) + [−λ+µ+µ−
λ+ + λ−

+
λ2+µ+µ−

(λ+ + λ−)2
u+

+
λ+λ

2
−µ+µ−

(λ+ + λ−)3
u]Ψ(u|z) = 0. (7)

Let us solve this equation.

Characteristic equation and the roots

K2(u) + [−µ+ +
λ+µ−
λ+ + λ−

+
λ+µ+
λ+ + λ−

u]×

×K(u) + [−λ+µ+µ−
λ+ + λ−

+
λ2+µ+µ−

(λ+ + λ−)2
u+

λ+λ
2
−µ+µ−

(λ+ + λ−)3
u] = 0 (8)
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K1,2(1) =

λ+µ−+λ−µ+
λ++λ−

± 1
λ++λ−

√
λ2+µ

2
− + λ2−µ

2
+ + 2λ+λ−µ+µ−(λ+−λ−)

λ++λ−

2

if u = 1 we get,

K1,2(1) =
λ+µ− + λ−µ+ ±

√
λ2+µ

2
− + λ2−µ

2
+ + 2λ+λ−µ+µ−(λ+−λ−)

λ++λ−

2(λ+ + λ−)

We get the solution of the differential equation

Ψ(u|z) = C1(u)ek1(u)z + C2(u)ek2(u)z (9)

If in equations (5) and (6) we substitute z = 0, we get the system of equations

C1 (u)
[
1− λ+µ+u

(λ++λ−)(k1(u)−µ+)

(
e(k1−µ+)a − 1

)
−

− λ2−µ−u

(λ++λ−)(k1(u)(λ++λ−)+λ+µ−) +
λ+λ2−µ+µ−u

(λ++λ−)2(µ+(λ++λ−)+λ+µ−(k1(u)−µ+))
+
]

+C2 (u)
[
1− λ+µ+u

(λ++λ−)(k2(u)−µ+)

(
e(k2−µ+)a − 1

)
−

− λ2−µ−u

(λ++λ−)(k2(u)(λ++λ−)+λ+µ−) +
λ+λ2−µ+µ−u

(λ++λ−)2(µ+(λ++λ−)+λ+µ−(k2(u)−µ+))

]
=

= ue−µ+a

C1 (u)
[
k1 (u)− µ+ + λ+µ+u

λ++λ−
− λ+λ2−µ+µ−u

(λ++λ−)2(k1(u)(λ++λ−)+λ+µ−)

]
+

+C2 (u)
[
k2 (u)− µ+ + λ+µ+u

λ++λ−
− λ+λ2−µ+µ−u

(λ++λ−)2(k2(u)(λ++λ−)+λ+µ−)

]
= 0

Simplify the second equation of system (10). For that we use the characteristic equation
and get

k1(u)− µ+ +
λ+µ+u

λ+ + λ−
−

λ+λ
2
−µ+µ−u

(λ+ + λ−)2[k1(u)(λ+ + λ−) + λ+µ−]
= 0

k2(u)− µ+ +
λ+µ+u

λ+ + λ−
−

λ+λ
2
−µ+µ−u

(λ+ + λ−)2[k2(u)(λ+ + λ−) + λ+µ−]
= 0

C1(u)

[
k21(u) + k1(u)[−µ+ +

λ+µ−
λ+ + λ−

+
λ+µ+u

λ+ + λ−
]−

−λ+µ+µ−
λ+ + λ−

+
λ2+µ+µ−u

(λ+ + λ−)2
+
λ+λ

2
−µ+µ−u

(λ+ + λ−)3

]
+

+C2(u)

[
k22(u) + k2(u)[−µ+ +

λ+µ−
λ+ + λ−

+
λ+µ+u

λ+ + λ−
]−

λ+µ+µ−
λ+ + λ−

+
λ2+µ+µ−u

(λ+ + λ−)2
+
λ+λ

2
−µ+µ−u

(λ+ + λ−)3

]
= 0.
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We get
C1(u) · 0 + C2(u) · 0 = 0

Then we substitute C2(u) = 0 in the first equation and get an expression for C1(u)

C1(u) = e−µ+a/

[
1− λ+µ+

(λ+ + λ−)(k1(u)− µ+)
(e(k1−µ+)a − 1) −

−
λ2−µ−

(λ+ + λ−)[k1(u)(λ+ + λ−) + λ+µ−]
+

λ+λ
2
−µ+µ−

(λ+ + λ−)2(µ+(λ+ + λ−) + λ+µ−(k1(u)− µ+))

]
.

We simplify it using the roots of the characteristic equation and get

C1(u) =

=
e−µ+a

λ+µ+
(λ++λ−)(k1(u)−µ+)e

(k1−µ+)a − λ2−µ−(λ−µ++λ+µ−)(k1(u)+µ+)

(λ++λ−)[k1(u)(λ++λ−)+λ+µ−](µ+(λ++λ−)+λ+µ−)(k1(u)−µ+)

If we substitute the values of C1(u) and C2(u) in equation (9), we get

Ψ(u|z) =

=
ek1(u)z

λ+µ+
(λ++λ−)(k1(u)−µ+)e

k1(u)a − λ2−µ−(λ−µ++λ+µ−)(k1(u)+µ+)

(λ++λ−)[k1(u)(λ++λ−)+λ+µ−](µ+(λ++λ−)+λ+µ−)(k1(u)−µ+)e
µ+a

or

Ψ(u|z) =
(λ+ + λ−)(k1(u)− µ+)ek1(u)z

λ+µ+ek1(u)a −
λ2−µ−(λ−µ++λ+µ−)(k1(u)+µ+)

[k1(u)(λ++λ−)+λ+µ−](µ+(λ++λ−)+λ+µ−)e
µ+a

4. Conclusion

Using the sequence of independent random variables, we constructed difference process
of semi-markov process. We found generating function of the number of jumps under which
complex process of semi-markov walk achieves first the level ′′a′′(a > 0).
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