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Abstract. In the present work it is considered perturbed system of exponential functions with
piecewise continuous phase. Special cases of this system form systems of eigenfunctios of model
first order discontinuous ordinary differential operators. Sufficient conditions on the jumps of phase
function, which guarantee the basisness of the system in generalized Lebesgue spaces are provided.

Key Words and Phrases: system of exponentials, basisness, variable exponent, generalized
Lebesgue space.

2010 Mathematics Subject Classifications: 33B10; 46E30

1. Introduction

When solving the PDEs of mixed type by Fourier method there frequently appear
systems of sines and cosines of the following form

{cos (n+ α) t}n∈Z+
, (1)

{sin (n+ α) t}n∈N , (2)

where α is a real number (here, thereafter N is the set of all natural numbers, Z+ =
{0}

⋃
N). Justification of the Fourier method requires to study the basicity properties

of such systems in some function spaces. Some examples of such equations and concrete
systems of trigonometric-type functions that appear after applying Fourier method can
be found, for example, in [1, 2, 3, 4]. The basicity properties of the systems (1) and (2)
are well studied in Lebesgue and Sobolev spaces, as well as, in their weighted settings
[5, 6, 7, 8, 9, 10, 11, 12, 27, 28, 29, 30, 31].

During the last two decades, non-standard function spaces became an extremely pop-
ular subject because of their appearance in modern problems of analysis and qualitative
theory of PDEs. Introduction of Lebesgue spaces with variable exponents at the end of last
century and variety of extraordinary results obtained therein were the main motivation
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and the inception of this new tendency in analysis. We only mention the monograph [13]
and the comprehensive bibliography therein, where thoroughly treatment of these issues
can be found.

In the present work it is considered the perturbed I system of exponentials with a
piecewise continuous phase. Particular cases of these systems are eigenfunctions of model,
discontinuous, ordinary differential operators of the first order. Sufficient conditions are
obtained for phase jumps, in the course of which this system forms a basis in generalized
Lebesgue spaces.

Notice that, similar problems for the double system of exponents with complex-valued
coefficients in Lebesgue spaces with variable exponent were earlier studied in [15, 16, 17,
18, 19]. The basicity properties of the systems (1) and (2) in classical Lebesgue spaces
were studied in [20, 24].

2. Preliminaries

We use the following standard denotations: Z−the set of all integers; R−the set
of all real numbers; C−complex plane; ( · )−complex conjugate of ( . ); δnk−Kronecker
delta; χA (·)−the indicator function of the set A . ω ≡ {z ∈ C : |z| < 1}− the unit disc;
∂ω ≡ {z ∈ C : |z| = 1}− the unit circle.

Let p : [−π, π]→ [1,+∞)−be a Lebesgue measurable function. We denote by L0 the
set of all Lebesgue measurable functions on [−π, π] . Set

Ip (f)
def
≡
∫ π

−π
|f (t)|p(t) dt

and

L ≡ {f ∈ L0 : Ip (f) < +∞} .

If p+ = sup vrai
[−π,π]

p (t) < +∞, then L is a linear space with respect to pointwise linear

operations. L is a Banach space with respect to the norm

‖f‖p(·)
def
≡ inf

{
λ > 0 : Ip

(
f

λ

)
≤ 1

}
,

and we denote it by Lp(·). Set

WL
def
≡ {p : p(−π) = p(π);∃C > 0, ∀t1, t2 ∈ [−π, π] : |t1 − t2| ≤ 1

2 ⇒

⇒ |p (t1)− p (t2)| ≤ C
− ln|t1−t2|

}
.

Throughout the paper q (·) denotes the conjugate function of p (·) , that is, 1
p(t) + 1

q(t) ≡
1. Let p− = inf vrai

[−π,π]
p (t). The following generalized Hölder’s inequality holds



108 M.I. Aleskerov, X.M. Gadirova

∫ π

−π
|f (t) g (t)| dt ≤ c

(
p−; p+

)
‖f‖p(·) ‖g‖q(·) ,

where c (p−; p+) = 1 + 1
p− −

1
p+

.
To get the main results we will need the following facts concerning the basicity in

generalized Lebesgue spaces Lp(·) (0, π) of the following single-folded exponentional system,
which were obtained in [32]:

vn(t) ≡ a(t)eint − b(t)e−int, n ∈ N,

where a (t) = |a (t)| eiα(t), b (t) = |b (t)| eiβ(t)are some complex-valued functions on [0, π].
It will be assumed that the functions a (·) and b (·) are subjected to the following conditions
i)-iv):

i) a±1 (·) ; b±1 (·) ∈ L∞ (0, π);
ii) α (·) ; β (·) are piecewise continuous functions on (0, π), with {tk}k∈N and {τk}k∈N

as their jump points, respectively. Assume that the set {s̃k} ≡ {tk}
⋃
{τk} may have just

one limit point s̃0 ∈ (0, π) and the function θ̃ (t) ≡ β (t)− α (t) has a finite left and right
limits at the point s̃0.

iii)
∑∞

k=1 |h (s̃k)| < +∞, where h (s̃k) = θ̃ (s̃k − 0) − θ̃ (s̃k + 0) is the jump of the
function θ̃ (·) at point s̃k.

iv) The jumps
{
h̃i

}
satisfy

(
h̃(s̃i)
2π + 1

p(s̃i)

)
/∈ Z, ∀i ∈ N .

From iii) it follows that there exists r ∈ N, such that

− 2π

p(s̃k)
< h̃(s̃k) <

2π

q(s̃k)
, k = r,∞.

Enumerate the elements of the set {s̃i}r1 in increasing order and denote it by {si}r1 :0 <
s1 < ... < sr < π. Denote the jumps corresponding to them by {h(si)}r1:

h (si) = β (si − 0)− β (si + 0) + α (si + 0)− α (si − 0) , i = 1, r.

Assume that for some n0 it follows

1

p(0)
+ 2(n0 − 1) <

β(0)− α(0)

π
<

1

p(0)
+ 2n0. (3)

By iv) define the integers ni, i = 1, r as follows

− 1

p(si)
<
h(si)

2π
+ ni − ni−1 <

1

q(si)
, i = 1, r. (4)

We have the following main result:

Theorem 1. Let the coefficient functions a (·) and b (·) satisfy i)-iv), the integers {ni}r1
are defined as in (3), (4). Assume that

β(π)− α(π)

2π
+

1

2p (π)
/∈ Z. (5)
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If

− 1

p(π)
+ 2nr <

β(π)− α(π)

π
< − 1

p(π)
+ 2(nr + 1), (6)

then the system {vn}n∈N forms a basis in Lp(·) (0, π) . If

β(π)− α(π) < − π

p(π)
+ 2nrπ,

then the system {vn}n∈N is not complete but minimal in Lp(·) (0, π); If

β(π)− α(π) > − π

p(π)
+ 2(nr + 1)π,

then the system {vn}n∈N is complete but is not minimal in Lp(·) (0, π).

3. Main Results

Consider the following system of exponentials:

ϕn (θ) ≡ exp [i (nθ − sgnnα (θ))] , n = ±1,±2, ..., (7)

where α (θ) is a piecewise continuous odd function on [−π, π] , that is α (−θ) = −α (θ),
∀θ ∈ [−π, π]. Let the set {tk}∞1 is the set of jump points of the function α (θ) on (0, π),
which may have just one limit point t0 ∈ (0, π). Assume that the function α (θ) has finite
left and right limits att0. Furthermore, let

∞∑
k=1

|α (tk + 0)− α (tk − 0)| < +∞. (8)

Assume that
α (ti − 0)− α (ti + 0)

π
6= − 1

p (ti)
+ k, i = 1,∞, (9)

for any integer k.
Let for some integer n0 it follows

π

2p (0)
+

(
n0 −

1

2

)
π < α (0) <

π

2p (0)
+ n0π. (10)

Denote by r the integer, for which

− π

p (tk)
< α (tk − 0)− α (tk + 0) <

π

q (tk)
, k = r,∞. (11)

Enumerate the elements of the set {ti} , i = 1, r in increasing order and denote the new
set by {ti}r1 : 0 < t1 < ... < tr < π. Define the integers ni, i = 1, r as follows:

− 1

p (ti)
<
α (ti − 0)− α (ti + 0)

π
+ ni − ni−1 <

1

q (ti)
, i = 1, r. (12)
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Theorem 2. Let α (t) be a real, piecewise continuous, odd function on [−π, π] , of which
jumps satisfy (8)-(10). The integers ni, i = 1, r are defined as in (10) - (12). In addition,
let

α (π) 6= − π

2p (π)
+

(
nr +

1

2

)
π.

Then to be a basis of the system of exponentials (7) in Lp(·) (−π, π) it is sufficient that

− π

2p (π)
+

(
nr +

1

2

)
π < α (π) < − π

2p (π)
+ (nr + 1)π. (13)

If α (π) < − π
2p(π) +

(
nr + 1

2

)
π then the system (7) is not complete, but minimal in

Lp(·) (−π, π); if α (π) ≥ − π
2p(π) + (nr + 1)π then the system (7) is complete but is not

minimal in Lp(·) (−π, π).

Before proving the theorem we give some direct consequences of Theorem 1.
Let α (·) be a piecewise continuous function on [0, π] of which jumps satisfies the

conditions (8), (9).

Corollary 1. Let for some integer n0
π

2p (0)
+ (n0 − 1)π < α (0) <

π

2p (0)
+ n0π, (14)

holds, the integer nr is defined as in (14), (12) , and it is assumed that α (π) 6= − π
2p(π) +

nrπ. If

− π

2p (π)
+ nrπ < α (π) < − π

2p (π)
+ (nr + 1)π,

then the system sin (nt− α (t)) , n = 1,∞, forms a basis in Lp(·) (0, π); if α (π) <
− π

2p(π) + nrπ, then the system sin (nt− α (t)) , n = 1,∞ is not complete, but mini-

mal in Lp(·) (0, π) ; if α (π) ≥ − π
2p(π) + (nr + 1)π, then it is complete, but is not minimal

in Lp(·) (0, π).

For the case of cosine system we have the following

Corollary 2. Let α (·) be a piecewise continuous function on [0, π] of which jumps satisfy
(8), (9) , and for some n0 ∈ Z it holds

π

2p (0)
+

(
n0 −

1

2

)
π < α (0) <

π

2p (0)
+

(
n0 +

1

2

)
π. (15)

The integer nr is defined as in (15), (12) and it is assumed that α (π) 6= − π
2p(π)+

(
nr + 1

2

)
π.

If

− π

2p (π)
+

(
nr +

1

2

)
π < α (π) < − π

2p (π)
+

(
nr +

3

2

)
π,

then the system cos (nt− α (t)) , n = 1,∞, forms a basis in Lp(·) (0, π); if α (π) < − π
2p(π) +(

nr + 1
2

)
π, then the system cos (nt− α (t)) , n = 1,∞ is not complete but minimal in

Lp(·) (0, π); if α (π) > − π
2p(π) +

(
nr + 3

2

)
π, then it is complete but is not minimal in

Lp(·) (0, π).
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Proof of Theorem 3.1. Let us prove the sufficiency. First of all let us show that the
system of exponentials (7) is complete in Lp(·) (−π, π) under the conditions of Theorem 2.

Assume the contrary. Then there exists a nonzero function f (θ) ∈ Lq(·) (−π, π) , 1
p(·) +

1
q(·) = 1, such that∫ π

−π
f (θ) exp [i (nθ − sgnnα (θ))] dθ = 0, n = ±1,±2, ... (16)

From here we have∫ π
−π f (θ) cos (nθ − α (θ)) dθ + i

∫ π
−π f (θ) sin (nθ − α (θ)) dθ = 0 ,∫ π

−π f (θ) cos (nθ − α (θ)) dθ − i
∫ π
−π f (θ) sin (nθ − α (θ)) dθ = 0 .

By summing up we get

0 =
∫ π
−π f (θ) cos (nθ − α (θ)) dθ =

∫ π
0 f (θ) cos (nθ − α (θ)) dθ+

+
∫ π
0 f (−θ) cos (−nθ − α (−θ)) dθ =

∫ π
0 [f (θ) + f (−θ)] cos (nθ − α (θ)) dθ, n = 1,∞.

Since under (13), as it follows from Corollary 2, the cosine system is complete in Lp(·) (0, π),
we get that

f (θ) = −f (−θ) .

Since the function f (θ) is odd , by (16) we have∫ π
−π f (θ) sin (nθ − α (θ)) dθ = 0, n = 1,∞ ,∫ π
0 f (θ) sin (nθ − α (θ)) dθ = 0, n = 1,∞ .

Under the condition (13), as it follows from Corollary 1, the sine system is complete in
Lp(·) (0, π), from here we get that f (θ) ≡ 0, which proves the completeness of the system
of exponentials (7) in Lp(·) (−π, π).

Under the conditions of Theorem 2, as it follows from Corollary 1 and 2, the system
sin (nt− α (t)) and cos (nt− α (t)) n = 1,∞, forms a basis in Lp(·) (0, π). Let hsm (t) and

hcm (t), m = 1,∞, are biorthogonal with these systems, respectively:∫ π
0 sin (nt− α (t))hsm (t) dt = δnm ,∫ π
0 cos (nt− α (t))hcm (t) dt = δnm,

n,m = 1,∞, δnm is Kronecker delta. Define the following system of functions:

hn (θ) =
1

4

[
ĥc|n| (θ)− isgnnĥ

s
|n| (θ)

]
, n = ±1,±2, ... (17)

where

ĥc|n| (θ) =

{
ĥc|n| (θ) , θ ∈ (0, π) ,

ĥc|n| (−θ) , θ ∈ (−π, 0) ,

ĥs|n| (θ) =

{
hs|n| (θ) , θ ∈ (0, π) ,

−hs|n| (−θ) , θ ∈ (−π, 0) .
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Now we show that this system is biorthogonal with the system (7). Indeed, we have

(ϕm, hn) =

=
1

4

∫ π

−π

[
ĥc|n| (θ)− isgnnĥ

s
|n| (θ)

]
[cos (mθ − sgnmα (θ)) + i sin (mθ − sgnmα (θ))] dθ =

=
1

4

∫ π

−π
cos (mθ − sgnmα (θ)) ĥc|n| (θ) dθ −

i

4
sgnn

∫ π

−π
cos (mθ − sgnmα (θ)) ĥs|n| (θ) dθ+

+
i

4

∫ π

−π
sin (mθ − sgnmα (θ)) ĥc|n| (θ) dθ +

sgnn

4

∫ π

−π
sin (mθ − sgnmα (θ)) ĥs|n| (θ) dθ =

= I1 (n,m) + I2 (n,m) + I3 (n,m) + I4 (n,m) .

Since ĥc|n| (θ) , cos (mθ − α (θ)) are even functions, and ĥc|n| (θ) , sin (mθ − α (θ)) are odd

functions on (−π, π), from here we get that I2 (n,m) = I3 (n,m) = 0, n,m = ±1,±2, ...
So, we have

(ϕm, hn) = I1 (n,m) + I4 (n,m) =
1

2

∫ π

0
cos (mθ − sgnmα (θ))hc|n| (θ) dθ+

+
sgnn

2

∫ π

0
sin (mθ − sgnmα (θ))hs|n| (θ) dθ = δnm.

It is clear that hn (θ) ∈ Lq(·) (−π, π) , n = ±1,±2, .... Hence the minimality of the
system (7) was proved.

Now take any function ψ (t) ∈ Lp(·) (−π, π) . Consider the following series:

+∞∑
n = −∞
n 6= 0

∫ π

−π
ψ (t)hn (t) dtei[nθ−sgnnα(θ)]. (18)

We show that this series converges to the function ψ (t) in Lp(·) (−π, π). Let SN (θ) be
truncated sum of the series (18). Then

‖ψ (θ)− SN (θ)‖Lp(·)
=

∥∥∥∥∥∥∥∥∥∥∥∥
ψ (θ)−

N∑
n = −N
n 6= 0

∫ π

−π
ψ (t)hn (t) dt exp [i (nθ − sgnnα (θ))]

∥∥∥∥∥∥∥∥∥∥∥∥
Lp(·)

=

=

∥∥∥∥∥∥∥∥∥∥∥∥
ψ (θ)−

N∑
n = −N
n 6= 0

1

4

{∫ π

−π
ψ (t) ĥc|n| (t) dt cos (nθ − sgnnα (θ)) +
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+i

∫ π

−π
ψ (t) ĥc|n| (t) dt sin (nθ − sgnnα (θ))−isgnn

∫ π

−π
ψ (t) ĥs|n| (t) dt cos (nθ − sgnnα (θ)) +

+sgnn

∫ π

−π
ψ (t) ĥs|n| (t) dt sin (nθ − sgnnα (θ))

}∥∥∥∥
Lp(·)

=

=

∥∥∥∥∥∥∥∥∥∥∥∥
ψ (t)−

N∑
n = −N
n 6= 0

1

4

{∫ π

−π
ψ (t) ĥc|n| (t) dt cos (nθ − sgnnα (θ)) +

+sgnn

∫ π

−π
ψ (t) ĥs|n| (t) dt sin (nθ − sgnnα (θ))

}∥∥∥∥
Lp(·)

=

=

∥∥∥∥∥ψ (θ)−
N∑
n=1

1

2

{∫ π

−π
ψ (t) ĥcn (t) dt cos (nθ − α (θ)) +

+

∫ π

−π
ψ (t) ĥsn (t) dt sin (nθ − α (θ))

}∥∥∥∥
Lp(·)

=

∥∥∥∥ψ (θ)− 1

2
ψ (−θ) +

1

2
ψ (−θ)−

−
N∑
n=1

1

2

{∫ π

0
(ψ (t) + ψ (−t))hcn (t) dt cos (nθ − α (θ)) +

+

∫ π

0
(ψ (t) + ψ (−t))hs|n| (t) dt sin (nθ − α (θ))

}∥∥∥∥
Lp(·)

≤

≤
∥∥∥∥1

2
(ψ (θ) + ψ (−θ))−

N∑
n=1

∫ π

0

1

2
(ψ (t) + ψ (−t))hcn (t) dt cos (nθ − α (θ))

∥∥∥∥∥
Lp(·)(−π,π)

+

+

∥∥∥∥1

2
(ψ (θ)− ψ (−θ))−

N∑
n=1

∫ π

0

1

2
(ψ (t)− ψ (−t))hsn (t) dt sin (nθ − α (θ))

∥∥∥∥∥
Lp(·)(−π,π)

=

=

∥∥∥∥∥ψ (θ) + ψ (−θ)−
N∑
n=1

∫ π

0
(ψ (t) + ψ (−t))hcn (t) dt cos (nθ − α (θ))

∥∥∥∥∥
Lp(·) (0,π)

+

+

∥∥∥∥∥ψ (θ)− ψ (−θ)−
N∑
n=1

∫ π

0
(ψ (t)− ψ (−t))hsn (t) dt sin (nθ − α (θ))

∥∥∥∥∥
Lp(·) (0,π)

→ 0,

as N →∞.

It proves that the series (18) converges to the function ψ (θ) in Lp(·) (−π, π). Hence,
under the condition (13) the system (7) forms a basis in Lp(·) (−π, π).



114 M.I. Aleskerov, X.M. Gadirova

Now let us prove the necessity part of the theorem. Consider the case α (π) < − π
2p(π) +(

nr + 1
2

)
π. As in this case the system cos (nθ − α (θ)) n = 1,∞, is not complete in

Lp(·) (0, π), there exists a nontrivial function ψ (θ) ∈ Lq(·) (0, π) , 1
p(·) + 1

q(·) = 1, such that∫ π

0
ψ (θ) cos (nθ − α (θ)) dθ = 0, n = 1,∞ .

Introduce the following function:

f (θ) =

{
ψ (θ) , θ ∈ (0, π) ,
ψ (−θ) , θ ∈ (−π, 0) .

Since cos (nt− α (t)) , is odd function on (−π, π), but f (θ) is even, we get that∫ π

−π
f (θ) ei[nθ−sgnnα(θ)]dθ = 0, n = ±1,±2, ...,

which shows that the system (7) is not complete in Lp(·) (−π, π).
Now, consider the case of α (π) > − π

2p(π) + (nr + 1)π. In this case by Corollary

1 the system sin (nθ − α (θ)) , n = 1,∞, is not minimal. We show that the system
of exponentials (7) is not minimal as well. If it is not, there is a system of functions
hn (θ) ∈ Lq (−π, π) , n = ±1,±2, ..., such that∫ π

−π
hm (θ) ei(nθ−sgnnα(θ))dθ = δnm, n,m = ±1,±2, ...

Define the following system of functions:

hsn (θ) =
2

i
[hn (−θ)− hn (θ)] , n ≥ 1.

We have for any integers n,m ≥ 1:

I (n,m) =

∫ π

0
hsm (θ) (nθ − α (θ)) dθ = − 1

2i

∫ π

0
hsm (θ) e−i(nθ−α(θ))dθ+

+
1

2i

∫ π

0
hsm (θ) exp [i (nθ − α (θ))] dθ = − 1

2i

∫ 0

−π
hsm (−θ) e−i(nθ−α(−θ))dθ+

+
1

2i

∫ π

0
hsm (θ) ei(nθ−α(θ))dθ =

∫ 0

−π
hm (θ) ei(nθ−α(θ))dθ −

∫ 0

−π
hm (−θ) ei(nθ−α(θ))dθ−

−
∫ π

0
hm (−θ) ei(nθ−α(θ))dθ +

∫ π

0
hm (θ) ei(nθ−α(θ))dθ =

∫ π

−π
hm (θ) ei(nθ−α(θ))dθ−

−
∫ π

0
hm (−θ) ei(nθ−α(θ))dθ = δnm +

∫ π

−π
hm (θ) · e−i(nθ−α(θ))dθ = δnm.

Hence we got a contradiction. This completes the proof of Theorem 2.
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