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Interpolation Theorems for Lizorkin-Triebel-Morrey type
Spaces with Many Groups Variables

A.M. Najafov∗, R.E. Kerbalayeva

Abstract. In this paper, we introduce a new function space F l
%

p%,θ%,a,κ,τ (G, s) with the parameters
of many groups of variables of type Lizorkin-Triebel-Morrey. In view of interpolation theorems we
study some properties of functions, which are belonging to intersection of these spaces.
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1. Introduction

In this paper we study interpolation theorems for space

F lp,θ,a,κ,τ (G, s) , (1)

that is, with help of theory embedding we study some characterization of function which
are belonging to intersection of space F l

%

p%,θ%,a,κ,τ (G, s) (% = 1, 2, . . . , N), that is, the space
Lizorkin-Triebel-Morrey type with many group variables.

Let G ⊂ Rn be a domain and 1 ≤ s ≤ n; s, n be naturals, in addition en = {1, 2, ..., n} ,
n1 + ...+ ns = n. Hence we suppose the sufficient smooth function f(x), where the points
x = (x1, ..., xs) ∈ Rn have coordinates xk = (xk.1; ...;xk,nk) ∈ Rnk (k ∈ es = {1, ..., s}).
Consequently, Rn = Rn1 ×Rn2 × · · · ×Rns .

Let l = (l1, ..., ls) be a given positive vector such that, lk = (lk.1; ...; lk,nk), (k ⊂ es),
that is, lk,j > 0, (j = 1, ..., nk) for every k ∈ es and we shall denote by Q the set of vectors
i = (i1, ..., is), where ik = 1, 2, ..., nk for all k ∈ es. The number of the set Q is equal to:
|Q| =

∏s
k=1 (1 + nk) .

Therefore, to the vector i = (i1, ..., is) ∈ Q, we let correspond the vector li =
(
li11 ; ...; liss

)
,

where vectors li =
(
li11 ; ...; liss

)
are coordinates of l = (l1, ..., ls) and l0 = (0, 0, ..., 0) ,

l1k = (lk,1, 0, ..., 0) , ..., likk = (0, 0, .., lk,nk) for all k ∈ es. And the the vectors ei, we cor-

respond the vector l
i

=
(
l
i1
1 , l

i2
2 , ..., l

is
s

)
, where l

ik
k =

(
l
i1
k,1, l

i2
k,2, ..., l

ik
k,nk

)
(k ∈ es), and
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the largest number l
ik
k,j is less than likk,j for every likk,j >0,when likk,j=0 then we assume that

l
ik
k,j = 0 for each k ∈ es.

Let R|ei| = R|ei1 | ×R|ei2 | ×· · ·×R|eis |, where R|e
ik | = R

∣∣∣eik,1 ∣∣∣×R
∣∣∣eik,2 ∣∣∣×· · ·×R

∣∣∣eik,nk ∣∣∣
.

Further for every k ∈ es, R
|eik | = {tk = (tk,1, ..., tk,nk) ∈ Rnk , tk,j ∈ Rk,nk , tk,j =

0,∀j /∈ eik = sup pl
ik , k ∈ es}.

Definition 1. We denote by F<l>p,θ,a,κ,τ (s,G) normed Lizorkin-Triebel-Morrey space of func-
tion f on G, with many groups variables, with finite norm

‖f‖F<l>p,θ,a,κ,τ
(G, s) =

∑
i∈Q
‖f‖

L<l
i>

p,θ,a,κ,τ (G)
, (2)

‖f‖
L<l

i>
p,θ,a,κ,τ (G)

=

∥∥∥∥∥∥∥∥

∫ ti0,1

0

∫ ti0,s

0

∆2ω (t, G)Dl
i

f∏
k∈ei t

∣∣∣βikk ∣∣∣
k


θ ∏
k∈ei

dtk
tk


1/θ
∥∥∥∥∥∥∥∥
p,a,κ,τ

, (3)

and

‖f‖p,a,κ,τ : G = supx∈G


∫ ∞
0
· · ·
∫ ∞
0

∏
k∈es

[tk]1

−|κk|a
p ‖f‖p,Gtκ (x)

τ ∏
k∈es

dtk
tk


1/τ

, (4)

Further it means that, Dl
i

f = D
l
i1
1
1 · · ·D

l
is
s
s f , D

l
ik
k
s f = D

l
k
k
k,1 · · ·D

l
ik
k
k,nk

f ; Gtκ (x) = G∩Itκ (x);
Itκ (x) = Itκ1

1
(x1)× Itκ2

2
(x2)× · · · × Itκss (xs); Itκkk

(xk) ={
yk : |yk − xk| < 1

2 t
|κk|
k , k ∈ es

}
, |βk| =

∑nk
j=1 β

ik
k,j ;

dtk
tk

=
∏
j∈eik

dtk,j
tk,j

, where 0 < βikk,j =

likk,j−l
ik
k,j ≤ 1 for likk > 0, but when likk,j = 0, βikk,j = 0; t = (t1, ..., ts), tk = (tk,1, ..., tk,nk) , ω =

(ω1, ..., ωs) , ωk = (ωk, 1, ..., ωk,nk) and in addition ωk,j = 1 or ωk, j = 0, k ∈ es,

ei = sup pl
i

= sup pω, 1 < θ <∞; (1 ≤ p <∞); t0 = (t0,1, ..., t0,s) , t0,k = (t0,k,1, ..., t0,k,nk)
be a fixed vector and κ ∈ (0,∞)n, a ∈ [0, 1], τ ∈ [1, ∞], [tk]1 = min {1, tk}, k ∈ es.

When s = 1 then space (1) is equivalent to the space Lizorkin-Triebel-Morrey type
F<l>p,θ,a,κ,τ (G), which was investigated in [1, 4, 9], when s=n then the space (1) is equivalent

to the space Lizorkin-Triebel-Morrey type with mixed derivatives, S<l>p,θ,a,κ,τF (G) which
was studied in [5, 6], when a = 0,τ =∞ s = 1, N = 1, then this space is equivalent to the
space F lp,θ(G), which was developed in [2, 13, 14].

Similarly results for the Morrey spaces was investigated in [3, 12, 13].

It is clear, that V (σ) ⊂ ITσ , U− is an open set, which belonging to the domain G and
U + V ⊂ G. Here it is said that, the subdomain U ⊂ G ⊂ Rn calls domain satisfying the
condition “ σ− semi−horn′′, if the vector σ = (σ1, ..., σs) is such that, x+V (σ) ⊂ G for
all x ⊂ U . It is said that, the domain G ⊂ En satisfying the condition “σ− semi−horn′′,
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that is, G ⊂ A (T σ), if we have finite sub domains G1, ..., GN ⊂ G, satisfying the condition
“ σ − semi− horn′′ and surfacing the domain G, that is,

G =
N⋃
j=1

Gj . (5)

But we suppose G ∈ Aε (T σ) (ε > 0) , if we substitute the condition G =
⋃N
j=1Gj,ε in the

condition (5). Note that Gj,ε = {x : x ∈ Gj : ρ (x,G/Gj) > ε} .

2. Preliminaries

Let Ψi ∈ C∞0 (Rn) be such, that their carries belonging to I1 =
{
x : |xj | < 1

2 ; j = 1, .., nk
}

.
Then we put

V (σ) =
⋃

0 < tj ≤ Tj ;
j ∈ en

{
y :
( y
tσ

)
∈ S (Ψi)

}
,

where 0 < Tj ≤ 1, j ∈ en. U is an open set which belonging to the domain G. Furthermore
we assume that U + V ⊂ G, for T = (T1, ..., Ts), Tk = (Tk,1, ..., Tk,nk), 0 < Tk,j ≤ 1,

k ∈ es, j = 1, .., nk, (tσ + T σ)i = tσkk , (k ∈ ei); (tσ + T σ)i = T σ, (k ∈ es/e
i), σ =

(σ1, ..., σs) , σj > 0, j = 1, .., nk. Let G(tσ+Tσ)i (U) =
(
U + I(tσ+Tσ)i(x)

)⋂
G = Z, p% =

(p%1 , ..., p%n) , q% = (q%1 , ..., q%n) , α% ≥ 0,
∑N

%=1 α% = 1, 1
p =

∑N
%=1

α%
p%
, 1

q =
∑N

%=1
α%
q%

,
1
θ =

∑N
%=1

α%
θ%
, l =

∑N
%=1 l

%α%.

Lemma 1. Let 1 ≤ p% ≤ q% ≤ r% ≤ ∞; % = 1, 2, .., N ; 0 < |κk| < |σk| ; 0 ≤ ηk,j ≤
Tk,j ≤ 1; η = (η1, ..., ηn) , 0 < ηk,j · tk,j ≤ Tk,j ≤ 1; (k ∈ es, j = 1, 2, .., nk), 1 ≤ τ ≤
∞; v = (v1, ..., vs) , vk,j ≥ 0 are integers, 0 < ρk,j < ∞; j = 1, ..., nk; k ∈ es; and

∆2ω (t)Dl
i

f ∈ Lp%,a,κ,τ (G),

µk,ik =
N∑
%=1

l%k,ikα%σk − (vk, σk)− (|σk| − |κk| a)

(
1

p
− 1

q

)
,

(vk, σk) =

nk∑
j=1

σk,jvk,j , |σk| =
nk∑
j=1

σk,j , |κk| =
nk∑
j=1

κk,j ,

F iη (x) =
∏

k∈es/ei
T
−|σk|+σk,ik lk,ik−(vk,σk)
k

∫ ηi

0
· · ·
∫ ηi

0
ϕi (x, t, T )

×
∏
k∈ei

dtk

t
1+|σk|−σk,ik lk,ik+(vk,σk)

k

, (6)
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F iηT (x) =
∏

k∈es/ei
T
−|σk|+σkik,lk,ik−(vk,σk)
k

∫ T i

ηi
· · ·
∫ T i

ηi
ϕi (x, t, T )

×
∏
k∈ei

dtk

t
1+|σk|−σk,ik lk,ik+(vk,σk)

k

(7)

Here
∣∣β%k∣∣ =

∑nk
j=1 β

ik, %
k,j , (vk, σk) =

∑nk
j=1 σk,jvk,j , |σk| =

∑nk
j=1 σk,j , |κk| =

∑nk
j=1 κk,j ,

ϕi (x, t, T )

=

∫
R|ei|

∫
Rn

{
∆2ω (u)Dl

i

f (x+ y) Ψ
(v)
i

(
y

(tσ + T σ)i
,

u

(tσ + T σ)i

)}
dydu, (8)

where Ψi ∈ C∞ (Rn ×Rn), and Ψi (·, z) ∈ C∞0 .
Then the following inequalities hold:

supx∈U
∥∥F iη∥∥q,Uρκ (x)

≤ C1

N∏
%=1


∥∥∥∥∥∏
kεei

t
−|βk%|
k ∆

2ω
(t)Dl

i,%

f

∥∥∥∥∥
p%,a,κ,τ


α%

×
∏
k∈es

[ρk]1
|κk|a
p

∏
k∈es/ei

T
µk,ik
k

∏
kεei

t
µk,ik
k ; (µk,ik > 0) , (9)

supx∈U
∥∥F iηT∥∥q,Uρκ (x)

≤ C2

N∏
%=1

∥∥∥∥∥∏
kεei

t
−|βk%|
k ∆

2ω
(t)Dl

i,%

f

∥∥∥∥∥
p%,a, κ, τ

α%

×


∏
kεei T

µk,ik
k ; µk,ik > 0,∏

k∈ei ln
Tk
ηk

; µk,ik = 0,∏
kεei η

µk,ik
k ; µk,ik < 0,

×
∏
k∈es

[ρk]1
|κk|a
p . (10)

Where C1, and C2 are constants independent of f, ρ, η and T.
Proof. Using Minkowski’s inequality for any x ∈ U, we have:

supx∈U
∥∥F iη∥∥q,Uρκ (x)

≤ C
∏

k∈es/ei
T
−|σk|+σk,ik lk,ik−(vk,σk)
k

×
∫ ηi

0i
‖ϕi (·; t;T )‖q,Uρκ (x)

∏
k∈ei

t
−1+|σk|+σk,ik lk,ik−(vk,σk)
k dtk (11)

We must estimate ‖ϕi (·, t, T )‖q,U
ρκ(x)

from the Holder’s inequality (q ≤ r) we get:

‖ϕi (·, t, T )‖q,Uρκ (x) ≤ C1

∫
Uρκ (x)

N∏
%=1

{|ϕi (x·, t, T )|}α%qdx

1/q

.
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Using the Holder’s inequality into right part with the indication λ% =
q%
qα%

,

% = 1, 2, . . . , N,
(∑N

%=1
1
o%

= q
∑N

%=1
α%
q%

= 1
)

. Then we have

‖ϕi (·, t)‖q%,Uρκ (x) ≤ C2

N∏
%=1

{
‖ϕi (·, t, T )‖r%,Uρκ (x)

}α%
. (12)

Once again, using Holder’s inequality (q% ≤ r%) we have

‖ϕi (·, t)‖q%,Uρκ (x) ≤ ‖ϕi (·, t, T )‖r%,Uρκ (x)

×
∏
j∈es

ρ
|κj |

(
1
q%
− 1
r%

)
j . (13)

Let X be a characterization function of the set S (Ψi). Noting that, 1 ≤ p% ≤ r% ≤
∞; s% ≤ r%

(
1
s%

= 1− 1
p%

+ 1
r%

)
we get

∣∣∣∆2ωDl
i,%

fΨi

∣∣∣ =
(∣∣∣∆2ωDl

i,%

f
∣∣∣p% |Ψi|s%

) 1
r%
(∣∣∣∆2ωDl

i,%

f
∣∣∣p%X) 1

p%
− 1
r%

(|Ψi|s%)
1
r%

and using for |ϕi| Holder’s inequality
(

1
r%

+
(

1
p%
− 1

r%

)
+
(

1
s%

+ 1
r%

)
= 1
)

, then we have

‖ϕi (·, t, T )‖r%,Uρκ (x) ≤ supx∈Uρκ (x)

(∫
R|ei|

∫
Rn

∣∣∣∆2ωDl
i,%

f (x+ y)
∣∣∣p% X ( y

(tσ + T σ)i

)
dudy

) 1
p%
− 1
r%

×supx∈V

(∫
R|ei|

∫
Rn

∣∣∣∆2ω(u)Dl
i,%

f (x+ y)
∣∣∣p% dudy) 1

r%

×

(∫
R|ei|

∫
Rn

∣∣∣∣∣Ψi

(
y

(tσ + T σ)i
,

u

(tσ + T σ)i

)∣∣∣∣∣
s%

dudy

) 1
s%

. (14)

Because of U + V ⊂ Z, and Z(tσ+Tσ)i (x) ⊂ Z(tκ+Tκ)i (x) , for all x ∈ U and 0 < tj ≤
Tj ≤ 1, |κk| ≤ |σk| , k ∈ en we find:∫

Rn

∣∣∣∣∫
R|ei|

∆2ω
u (u)Dl

i,%

f (x+ y) du

∣∣∣∣p% X
(

y

(tσ + T σ)i

)
dy

≤
∫

Z(tσ+Tσ)i (x)

∣∣∣∣∫
R|ei|

∆2ω(u)Dl
i,%

f (x+ y)

∣∣∣∣p% dudy
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×

∥∥∥∥∥∥
∏
k∈ei

t
|β%k|
k ∆2ω (t)Dl

i,%

f

∥∥∥∥∥∥
p%

p%,a,κ

∏
k∈ei

t
|κk|a
k

∏
k∈es/ei

T
|κk|a
k . (15)

Next for y ∈ V ∫
Uρκ (x)

∣∣∣∣∫
R|ei|

∆2ω (u)Dl
i,%

f (x+ y) du

∣∣∣∣p%dx
≤
∫
Zρκ (x+y)

∣∣∣∣∫
R|ei|

∆2ω (u)Dl
i,%

f (x) du

∣∣∣∣p%dx
≤

∥∥∥∥∥∥
∏
k∈ei

t
−|β%k|
k ∆2ω (t)Dl

i,%

f

∥∥∥∥∥∥
p%

p%,a,κ

×
∏
k∈ei

t
|β%k|p%
k

∏
k∈es

[ρk]
|κk|a
1 , (16)

∫
R|ei|

∫
Rn

∣∣∣∣∣Ψi

(
y

(tσ + T σ)i
,

u

(tσ + T σ)i

)∣∣∣∣∣
s

dudy

=
∏
k∈ei

t
|σk|
k

∏
k∈es/ei

T
|σk|
k ‖Ψi‖s%s% . (17)

From (12)-(17) we get

‖ϕi (·, t, T )‖q,Uρκ (x) ≤ C
N∏
%=1


∥∥∥∥∥∏
kεei

t
−|βk%|
k ∆

2ω
(t)Dl

i,%

f

∥∥∥∥∥
p%,a, κ


α%

×
∏

k∈es/ei
T
|σk|−(|σk|−|κk|a)

(
1
p
− 1
q

)
k

∏
kεei

t
|σk|−(|σk|−|κk|a)

(
1
p
− 1
q

)
k

×
∏
k∈en

[ρk]1
|κk|a
r

∏
k∈en

ρ
|κk|

(
1
q
− 1
r

)
k . (18)

Taking consideration ‖·‖p,a,κ ≤ ‖·‖p,a,κ,τ for 1 ≤ τ ≤ ∞ and putting (18) into (11) for
r = q, then we get the inequality (9). Similarly, we can prove the inequality (10). J

Lemma 2. Let 1 ≤ p% ≤ q% < ∞; % = 1, 2, .., N ; 0 < |κk| ≤ |σk| ; 0 ≤ Tk ≤ 1; (k ∈ es,
j = 1, 2, .., nk) , 1 ≤ τ1 ≤ τ2 ≤ ∞; µk,ik > 0 and ∆2ω (u)Dl

i

∈ Lp%,a,κ,τ

µk,ik,0 = σk,ik

N∑
%=1

l%k,ikα%
− (vk, σk)− (|σk| − |κk| a)

1

p
.
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Then the following inequality holds for the function Bi
η(x):∥∥F iη∥∥q,b,κ,τ2;U ≤

×C1
N∏
%=1


∥∥∥∥∥∏
kεei

t
−|βk%|
k ∆

2ω
(t)Dl

i
, %f

∥∥∥∥∥
p%,a, κ,τ1


α%

, (19)

where b, is an arbitrary number satisfying the following condition:

0 ≤ b ≤ 1, ifµk,ik,0 > 0,

0 ≤ b < 1, ifµk,ik,0 = 0, (20)

0 ≤ b < 1 +
µk,ik,0q (1− a)

|σk| − |κk| a
, ifµk,ik,0 < 0.

The proof of this lemma is similarly 1.
Using these facts, we can show the general theorems, which give us the structure of

such space F l
%

p%,θ%,a,κ,τ1 (G, s) (% = 1, 2, .., N) .

3. Embedding theorems

Using these facts, we can show the general theorems, which give us the structure of
such space F l

%

p%,θ%,a,κ,τ1 (G, s) (% = 1, 2, .., N) .

Theorem 1. Let G ∈ A (T σ) be a domain , 1 ≤ p% ≤ q% ≤ ∞, (% = 1, 2, .., N); v =
(v1, . . . , vn) ; vj ≥ 0 are integers, (j=1,2,.., n) and in addition

1) vk,j ≥ l0k,j (j = 1, 2, .., nk; k ∈ es) ;

2) vk,j ≥ likk,j + 1, vk,ik < likk,ik + 1, 0 < κk < σk (k ∈ es) ; 1 ≤ τ1 ≤ τ2 ≤ ∞,
f ∈

⋂N
%=1 F

<l%>
p%,θ%,a,κ,τ1 (G, s) and let µk,ik > 0, (ik = 1, 2, ..., nk, k ∈ es).

Then following inequality holds:

‖Dvf‖q,G ≤ C
1B1 (T )

N∏
%=1

{
‖f‖F<l%>p%,θ%,a,κ,τ1

(G,s)

}α%
, (21)

‖Dvf‖p,b,κ,τ2;G ≤ C
2
N∏
%=1

{
‖f‖F<l%>p%,θ%,a,κ,τ1

(G, s)

}α%
,

(p%,j ≤ q%,j <∞, j ∈ en) . (22)

where B1 (T ) =
∑

i∈Q
∏
k∈esT

µk,ik
k .

Particular, if µk,ik,0 > 0, (ik = 1, 2, ..., nk, k ∈ es) then the function Dvf is continuous
on G and

supx∈G |Dvf | ≤ C3B1
0 (T )

N∏
%=1

{
‖f‖F<l%>p%,θ%,a,κ,τ1

(G, s)

}α%
, (23)
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where

B1
0 (T ) =

∑
i=(i1,...,is)∈Q

∏
j∈es

T
µk,ik,0
j ,

and Tk ∈ (0,min (1, T0,k)], (k ∈ es), T0 = (T0,1, ..., T0,k) is a fixed positive vector, b is an
arbitrary number satisfying condition (??), C1 and C2 C1,C3 are constants independent
of f, and C1 dependent of the vector T .

The proof of Theorem 1. Obviously, in this case for f ∈ F<l%>p%,θ%,a,κ,τ (G, s) general-

ized derivatives Dvf exit. It means that, if µk,ik > 0(k ∈ es), because of p% ≤ q%, |κk| <
|σk| (k ∈ es), a ∈ [0, 1]n, f ∈ F<l%>p%,θ%,a,κ,τ (G, s)→ F<l

%>
p%,θ%

(G, s), % = 1, 2, .., N)

It means that, for almost every point of x ∈ G, there exits generalized derivatives Dvf

with the same carries [3]:

Dvf(x) =
∑

i=(i1,...,is)∈Q

(−1)

∣∣∣li−v∣∣∣
Ci

∏
k∈es/ei

T
−|σk|+σk,ik lk,ik−(vk,σk)
k

×
∫ T i1

0
· · ·
∫ T in

0

∏
k∈ei

t
−1−|σk|+σk,ik lk,ik−(vk,σk)
k dtk

×
∫
R|ei|

∫
Rn
{∆2ω (u)Dl

i,%

f(x+ y)

×Ψ
(v)
i

(
y

(tσ + T σ)i
,

u

(tσ + T σ)i

)
} dydu. (24)

Using the Minkowski’s inequality, then we have:

‖Dvf‖q, G ≤ C1

∑
i=(i1,...,is)∈Q

∥∥F iT∥∥q;G. (25)

From (10) for U = G, η = T, %→∞ we get∥∥F iT∥∥q;G ≤
×C2

∏
k∈es

T
µk,ik
k

N∏
%=1


∥∥∥∥∥∥
∏
k∈ei

t
−|βk%|
k ∆

2ω
(t)Dl

i
,%f

∥∥∥∥∥∥
p%,a,κ


α%

.

Using it for (25), and taking consideration p% ≤ θ% and 1 < θ% <∞,
% = 1, 2, .., N, we get (21).

Using (19) we can proof (22).
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Next we suppose µk,ik0 > 0, k ∈ es. We must show that, the function Dvf is continuous
on G. From (24) and (25) for qj ≡ ∞, j ∈ en, µk,ik = µk,ik,0, k ∈ es we have:

‖Dvf −DvfTσ‖∞,G ≤
∑
i ∈ Q

∏
k∈es/ei

T
µk,ik
k

×
N∏
%=1


∥∥∥∥∥∥∥∥
∫ hi0

0
· · ·
∫ hi0n

0


∏
k∈ei

t
−|β%k|
k ∆

2ω
(·)Dl

i

f

θ% ∏
k∈ei

dtk
tk


1/θ%
∥∥∥∥∥∥∥∥
p%,a,κ,τ


α%

.

limT→0‖Dvf −DvfTσ‖∞,G = 0 . Because of DvfTσ is continuous on G, then convergence
of L∞ (G) coincides with the absolutely convergence. Consequently, it is continuous on G.
This completes the proof.

Let γ be a n dimensional vector.

Theorem 2. Let all conditions of Theorem 1 be satisfied.In addition, G ∈ A∈ (T σ). Then
for µk,ik > 0, (ik = 1, 2, ..., nk, k ∈ es) the derivative Dvf satisfies condition the Holder on
the domain G, for metric Lq with indication ε. More precisely,

‖∆ (γ,G)Dvf ‖q,G ≤ C
N∏
%=1

{
‖f‖F<l%>p%,θ%,a,κ,τ1

(G,s)

}α%
×
∏
k∈ei
|γk|εk , (26)

where ε = (ε1, ..., εs) , εk = (εk,1, ..., εk,nk), and εk is an arbitrary number satisfying the
condition:

0 < εk ≤ 1, if
µk,ik
σ0

> 1,

0 < εk < 1, if
µk,ik
σ0

= 1,

0 < εk ≤
µk,ik
σ0

, if
µk,ik
σ0

< 1. (27)

where µk = minµk,ik , σ0 = max |σk| (ik = 1, 2, . . . , nk, k ∈ es). If µk,ik,0 > 0, (ik =
1, 2, . . . , nk, k ∈ es) then

supx∈G |∆ (γ, G)Dvf (x)| ≤ C
N∏
%=1

{
‖f‖F<l%>p%,θ%,a,τ1

(G,s)

}α% ∏
k∈ei
|γk|εk

0

, (28)

where ε0k satisfies the same condition, but we must substitute µk,ik,0 into µk and C is a
constant independent of f and γ.

The proof of this theorem is similarly 1.
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