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quence Via Matrices
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Abstract. The goal of this paper is to establish some identities involving the terms of a newly
introduced sequence {un}∞n=0

called as the balancing-like sequence defined recursively by un =
6aun−1 − un−2 with initials u0 = 0, u1 = 1 via certain matrices.
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1. Introduction

It is well known that, the sequence of balancing numbers {Bn} is defined recursively
by the equation

Bn = 6Bn−1 −Bn−2, n ≥ 2,

with initial conditions B0 = 0 and B1 = 1 [1]. Whereas the companion to these numbers
is the sequence of Lucas-balancing numbers {Cn} which is defined recursively by

Cn = 6Cn−1 − Cn−2, n ≥ 2

with C0 = 1 and C1 = 3 [7, 8]. Both these numbers can also be extended negatively. The
following results were established in [1].

B−n = −Bn, C−n = Cn.

The Binet’s formulas for both balancing and Lucas-balancing numbers are respectively
given by

Bn =
λn
1 − λn

1

λ1 − λ2

, Cn =
λn
1 + λn

1

2
.

The generalizations for balancing numbers were done in different ways. To know in details
about balancing numbers and their generalization, one can go through [2-5]. There is
another way to generate balancing numbers through matrices. In [9], Ray introduced
balancing matrix

QB =

(

6 −1
1 0

)

,
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which is a second order matrix and whose entries are the first three balancing numbers 0,
1 and 6. He has also shown that

Qn

B =

(

Bn+1 −Bn

Bn −Bn−1

)

,

for every integer n [9]. Later, he has deduced nice product formulas for both negatively
and positively subscripted balancing and Lucas-balancing numbers [10, 12]. Ray has
established many interesting identities for both balancing and Lucas-balancing numbers
through matrices [9-15].

In this study, we will first introduce a new sequence which we call balancing-like
sequence {un}∞n=0 defined recursively by

un = 6aun−1 − un−2, (1.1)

with initials u0 = 0, u1 = 1, where n ≥ 2. Then we will define a second order matrix which
we call balancing QB-like matrix whose entries are the first three balancing-like numbers
0, 1, and 6a. Later, we will show that the higher powers of this matrix also contain the
balancing-like numbers. These matrices will be used to obtain identities involving the
terms of a balancing-like sequence.{un}∞n=0. From (1.1) we notice that, the first few terms
of the balancing-like sequence are

0, 1, 6a, 36a2 − 1, 216a3 − 12a, 1296a4 − 108a2 + 1,

7776a5 − 864a3 + 18a, 46656a6 − 6480a4 + 216a2 − 1.

Also observe that, for a = 1 the balancing-like numbers {un} reduce to the balancing
numbers.

2. Some identities involving balancing-like numbers

2.1. Binet’s formula

In this section, we will establish Binet’ formula for balancing-like numbers and the
identity involving negatively subscripted balancing-like numbers.

Solving the homogenous recurrence relation (1.1), its characteristic equation λ2−6aλ+
1 = 0 has the roots

v = 3a+
√

9a2 − 1, w = 3a−
√

9a2 − 1.

The general solution of (1.1) is given by

un = c1v
n + c2w

n, (2.1)

where c1 and c2 are arbitrary constants. Using the initial conditions given in (1.1), we
obtain the following system of equations

u0 = c1 + c2 = 0, u1 = c1v + c2w = 1.
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Solving these two equations, we get

c1 =
1

2
√
9a2 − 1

, c2 =
−1

2
√
9a2 − 1

,

for 3a 6= ±1. Therefore, equation (2.1) reduces to the following identity

un =
vn − wn

2
√
9a2 − 1

, (2.2)

which we call the Binet’s formula of balancing-like numbers.

2.2. Negatively subscripted balancing-like numbers

We can also extend the sequence {un} to the negative values of n. Since the product
of v and w is one, therefore for n ≥ 0, the Binet’s formula (2.2) reduces to

u−n =
v−n − w−n

2
√
9a2 − 1

=
wn − vn

2
√
9a2 − 1

= −un. (2.3)

It is easy to show that, (2.3) holds for all negative integers n. Let n < 0, say n = −m,
where m > 0. Using (2.3), we observe that

un − 6aun−1 + un−2 = u−m − 6au−m−1 + u−m−2

= −um + 6aum+1 − um+2 = um+2 − um+2 = 0.

3. Balancing-like numbers via matrices

As stated before, the balancing QB matrix has introduced by Ray in [9]. In this section,
we introduce balancing-like QB matrix, denoted by Qu and defined by

Qu =

(

6a −1
1 0

)

, (3.1)

whose entries are the first three balancing-like numbers 0, 1 and 6a, where a is arbitrary.

The following theorem shows that the sequence {un}∞n=0 can also be generated by
matrix multiplication.

Theorem 3.1. If Qu =

(

6a −1
1 0

)

as defined in (3.1), then for all positive integers n,

Qn
u =

(

un+1 −un
un −un−1

)

.

Proof. This result can be proved by method of induction. The basis step is clear.
In the inductive step, suppose the result holds for all integers ≤ n. Using (1.1) and the
hypothesis, we observe that

Qn+1
u = Qn

u ·Qu =

(

un+1 −un
un −un−1

)(

6a −1
1 0

)
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=

(

6aun+1 − un −un+1

un+1 un

)

=

(

un+2 −un+1

un+1 −un

)

,

which completes the proof of the theorem.

We notice that, the balancing-like matrices also satisfy the same recurrence relation as
that of balancing-like numbers, that is for n ≥ 1 we have

Qn+1
u = 6aQn

u −Qn−1
u , (3.2)

with initial conditions Q0
u = I and Q1

u =

(

6a −1
1 0

)

, where I is the identity matrix.

Since Qm+n
u = Qm

u ·Qn
u, comparing the corresponding entries of both the matrices, we

have the following identities:

i) um+n+1 = um+1un+1 − umun

ii) um+n = um+1un − umun−1 = un+1um − unum−1

iii) um+n−1 = um−1un−1 − umun.

For a = 1, the similar results for balancing numbers are found in [7-9].

Theorem 3.1 can be used to obtain the following identities involving terms of the
sequence {un}.

Corollary 3.1. For n ≥ 1, the following identities are valid:

u2n+1 = u2n+1 − u2n and u2n = un(un+1 − un−1).

Proof. Since Q2n
u = (Qn

u)
2, we have

(

u2n+1 −u2n
u2n −u2n−1

)

=

(

un+1 −un
un −un−1

)(

un+1 −un
un −un−1

)

=

(

u2
n+1 − u2n unun−1 − unun+1

unun+1 − unun−1 −(u2n − u2
n−1)

)

.

The results follow by equating corresponding rows and columns from both sides as the
above matrix.

We notice that for a = 1, formulas for balancing numbers analogous to the last two
identities are given in [7, 8]. In general, if k is a positive integer, then Qkn

u = (Qn
u)

k, that
is

(

ukn+1 −ukn
ukn −ukn−1

)

=

(

un+1 −un
un −un−1

)k

.

The determinants of the above matrices give the identity

u2kn − ukn+1ukn−1 = (u2n − un+1un−1)
k.
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In fact, both sides of the above equation are equal to 1 as detQu = 1. Therefore we have
the following important identity for balancing-like numbers:

u2kn − ukn+1ukn−1 = 1, (3.3)

which we call Cassini formula for balancing-like numbers. Recall that [8], the Cassini
formula for balancing numbers is given by the identity

B2
n −Bn+1Bn−1.

This formula play a vital role to find many important identities for balancing numbers and
their related sequences and can be obtained by setting a = 1 in (3.3). Since det(Qu) 6= 0,
for n ≥ 0 the following identity is valid:

Q−n

u = (Q−1
u )n. (3.4)

The following result can be easily shown by induction.

Theorem 3.2. If Qu =

(

6a −1
1 0

)

as defined in (3.1), then for n ≥ 0, Q−n
u =

=

(

u−n+1 −u−n

u−n −u−n−1

)

.

Since Theorem 3.2 is a special case of Theorem 3.1 with n negative, the identities
proved in Theorem 3.1 also holds for n < 0.

At the end of the section, we now establish the following two important results.

Theorem 3.3. If

(

n

k

)

denote the usual notation for combination, then for n ≥ 0

u2n+1 =

n
∑

k=0

(−1)k+1(6a)k
(

n

k

)

uk+1 and u2n =

n
∑

k=0

(−1)k+1(6a)k
(

n

k

)

uk.

Proof. By (3.2), Q2
u = 6aQu − I. Both sides of this relation raised to a power n yields

the following expression
Q2n

u = (−I + 6a)n.

For n ≥ 0, the binomial expansion of the right hand side expression gives the following:

Q2n
u =

n
∑

k=0

(−1)k+1(6a)k
(

n

k

)

uk.

Therefore by virtue of Theorem 3.1, we get
(

u2n+1 −u2n
u2n −u2n−1

)

=
n
∑

k=0

(−1)k+1(6a)k
(

n

k

)(

uk+1 −uk
uk −uk−1

)

.

Equating the corresponding entries, we get the desired result.

By (3.4) we observe that, Q−2
u = −I + 6aQ−1

u and present following result.
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Theorem 3.4. For n ≥ 0, we have

u−2n+1 =
n
∑

k=0

(−1)k+1(−6a)k
(

n

k

)

u
−k+1 and u−2n =

n
∑

k=0

(−1)k+1(−6a)k
(

n

k

)

u
−k.

Proof. The proof is analogous to that of Theorem 3.3.

Remark 3.1. All these identities we have proven so far in this paper, can be obtained
directly by using the Binet’s formula for balancing-like numbers given in (2.2). However,
the matrix method is noticeably simpler.
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