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Necessary conditions of optimality in a problem of opti-
mal control of moving sources for singular heat equation

Teymurov R.A.

Abstract. A problem of optimal control of processes described by a singular heat equation and
systems of ordinary differential equations with moving sources is investigated in this paper. In
spite of applied importance of problems with moving sources controls, they have not been studied
enough so far [1-3],[7-8]. Sufficients conditions of Frechet differentiability of quality test and an
expression for its gradient are obtained, necessary conditions of optimality in the form of point
wise and integral maximum principles are established for an optimal control problem considered
below.
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1. Introduction

Practical examples of moving sources of influence are electronic, laser and ionic beams,
an electric arch, the induction current raised by the moving inductor. The most widespread
processes in which these sources are applied, processes of melting and metal refinement
in metallurgy are; processes of heat treatment, welding and microprocessing in mechan-
ical engineering and instrumentation; processes of manufacturing of semi-conductor and
resistor elements in microelectronics; processes of activation, radiation and drying in bi-
ology, medicine, agriculture, etc. For the first time theoretical statement of problems
optimal control of moving sources for systems with the distributed parameters was given
in A.G.Butkovsky and L.M.Pustylnikovs works [2]. One of the main features of this sys-
tems is their nonlinearity concerning the control defining the law of movement of a sources.
The problem of the moments becomes nonlinear. Thus, the method of the moments which
is widely used for search of optimal control in linear systems with the distributed and
concentrated parameters, becomes unsuitable for systems with moving sources. In this
work the variation method to solve a problem of optimum control of moving sources for
the heat conductivity processes described by totality of a parabolic type equation and
ordinary differential equation with moving sources is considered. Considering that the re-
ceived problem of optimum control wasnt studied earlier, for it questions of a correctness
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of the decision are investigated, uniqueness and existence theorems are proved, sufficient
conditions of Frechet differentiability of criterion of quality are found and expression for
its gradient is received. Necessary conditions of optimality in the form of point wise and
integral maximum principles are established for the optimal control problems.

2. Problem statement

Let‘s consider a problem on minimization of the functional

l
J(@):/O[ (2, T) — dx—i—qu/ o(£) — Po(t)]2dt+
T T _ 2
r2 3 /O WOa(t) — Do), (1)

on the set

V={T=p9):p=@1(t)palt) € LI0,T),9 = (1 (t), ..., 0,(t)) € L(0,T),

under conditions

= e + 3 05 — (), (1) €D = {0 <z <LO<L<T},  (2)
k=1
Uz |z=0 = g1(1), Uz [o=1 = g2(1), 0 <t < T, (3)
u(z,0) = p(z),0 <z <, (4)
Sk(t) = fr(s(t),0(t),t), 0 <t <T, sg(o) = sko, k =1,n, (5)
where sgo € [0,],a1,00 >0, a1 +ag >0, a, I, T, A; >0, i = 1,n, J > 0,57 = 1,7 are
the given numbers; si(t) = si(t;9) € C(0,T), 0 < si(t) < Lk = is a solution of
problem (5) corresponding to the control ¥ = 9(t) = (91(t),I2(¢), .. T( )) € L5(0,T);

the functions f (s,9,t), k = 1,n, are continuous and have contlnuous derivatives with
respect to s and 9 for (s,9,t) € E™ x E" x [0,T]; g1(t), 92(t) € L2(0,T), p(z) € L2(0,1),
y(x) € La(0,1), 0(-) is a Dirac function; w = (p(t),9(t)), p(t) = (P1(t), P2(t), ..., pa(t)) €
L3(0,T), 9(t) = (91(t), 9a(t), ..., 0, (t)) € L5(0,T) are the given functions.

For the sake of brevity, we denote by H = Ly(0,T) x L5(0,T) a Hilbert space of pairs
9 = (p(t),9(t)) with scalar product < 9,9% >p= fOT[pl(t)pQ(t) + 91(t)¥2(¢)]dt, and the

norm 0], = (< 9.0 > 1) = /(Ipll3, + I9I13,)-
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3. Correctness of problem statement

Definition. A problem of finding the function (u(z,t),s(t)) = (u(z,t;9),s(t;9))
satisfying the conditions (2) — (5) for the given control ¥ € V is said to be a reduced
problem. Under the solution of reduced problem (2) — (5) corresponding to the control
9 = (p(t),9(t)) € V we understand the function (u(z,t),s(t)) from (V;"°(92),C[0,T]),
where the function u = u(z,t) satisfies the integral identity

T
0

l T l
/ / (=g + aupng]dedt = a2 / lga()n(L, 1) — g1 (n(0, )] dt + / (@) (e, 0)da-+
0 0 0

n_ .7
+k21 / Pr(E)n(su(t), D, (6)

for Vn = n(x,t) € WQM(Q) and n(xz,T) = 0, and the function sj(t) satisfies the integral
equation

sE(t) = /0 fr(s(7),9(7), 7)dT + sk0,0 <t < T,k =1,n. (7)

It follows from the results of the papers [5-6] that for each fixed ¥ € V, the reduced
problem (2) — (5) has a unique solution from (VQI’O(Q), C[0,T7]). Let the conditions in the
problem (1) — (5) be fulfilled. Then problem (1) — (5) has a unique solution [7] :

Theorem 1. There exists a dense subset K of the space H, such that for each w € K
and o; > 0(i = 1,2) problem (1)-(5) has a unique solution.

4. Differentiability of functional and necessary conditions of optimality

Let 1» = ¢(x,t) be a solution from V;’O(Q) of the problem

Yt + GQQ/);B:B =0, (J},t) €, (8)
Q/&‘x:o = ¢a:‘x:e =0, te [OaT)v (9)
¢($,T) = Q[U(l‘,T) - y(l‘)], (S [07€]> (10)

conjugated to (1) — (5), where u(z,T) is a solution of reduced problem (1) — (5) for
t = T,and q = ¢(t) is a solution of the conjugated problem

< Of;
= sk

qr(t) = qi(t) + Y (sk(t), t)pr(t), 0 <t < T, qx(T) =0,k =1,n.  (11)

from C'[0,T].
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The function ¢ = 1) (x,t) satisfies the integral identity

1 T l
/ / [Ymi + a21/)$771$]dmdt = 2/ [u(z, T) =Y (z)|m (z,T)dx, (12)
0 Jo 0

for Vi1 = m (z,t) € WQM(Q) and 71 (z,0) = 0, and the function g (t) satisfies the integral
identity

T[ n ,
qr(t) = /t [ gi qi(1) — pk(T)l/Jx(sk(T),T)] dr,0<t<T k=1,n. (13)
i=1

The conjugated problem (8) — (11) is a mixed problem for a linear parabolic equation.
If in relations (8) — (11), instead of the variable ¢ we take a new independent variable 7 =
T —t, we get a boundary value problem of the same types as (2) — (5). Therefore, it follows
from the facts established for problem (2) — (5) that for each given ¥ = (p(t),9(t)) € V
problem (8) — (11) has a unique solution from (V;’O(Q)7 0, 7Y).

Let AY = (Ap, A¥) € V be an increment of the control on the element ¥ = (p,9) € V
such that J + AJ € V. Denote u = u(x,t;19), sp = sp(t;9), Au(z,t) = = u(z, t;9 + A) —
u(z,t,9), Asp = Asg(t) = s(t; 0 + AV) — si(659), pr = pi(t), Apx = Api(t).

It follows from (2)-(5) that Au(z,t) is a generalized solution of the boundary value
problem

Ay = a* Aty + Y _[(pr + Apr)d(z — (sk + Asp)) — prd(z — sp)], (2,t) €Q,  (14)
=1

Aux|$:0 = Aux|$:l =0, te [O,T], (15)

Aul,_y =0, z €[0,1], (16)

and functions Asg(t), k = 1,n, are the solutions of the Cauchy problem

Ask(t) = fk(s + AS,’ﬁ + Aﬂ?t) - fk(saﬂat)a ASk(O) =0, k=1,n. (17)

It follows from (6) that the function Au(x,t) satisfies the integral identity

[ T n T
/0 / -+ a* St =3 / [k (t) + Apr)n(si(t) + Asg, )~

—pr(t)n(sk(t), t)]dt, (18)

for Vn = n(x,t) € WQI’I(Q), n(z,T) = 0.
The function
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n

H(t,s,%,q,9) = —{ (= Fr(s(), 9(2), )ar(t) + P (sk(t), t)pr () +
k

=1

+ an (pi(t) = Bu(t)’] + e Z (9t t))z}, (19)

is said to be Hamilton-Pontryagin function of problem (1)-(5). Now, we state sufficient
conditions of Frechet differentiability of functional (1) and find an expression for its gra-
dient.
Theorem 2. Let the function f(s,9,t) be continuous in totality of all its arguments
together with all its partial derivatives with respect to variables s,9 for (s,9,t) € E™ X
x [0, T] and the following conditions

‘fk(s + AS,’[9 + Aﬂat) - fk(8¢79¢t)| < L(|AS‘ + ‘AQ9|)>
‘fks(s + AS,Q? + Aﬂat) - fks(saﬁvt)‘ < L(|A8| + |A’ﬁ‘)a
fro(s + As, 0+ AD, 1) — fug(s,9,8)| < L(|As| +|A9)), k = T,m,

be fulfilled for all (s + As, ¥+ AV, t), (s,9,t) € E™ x E" x[0,T], where L = const > 0.
Then the functional (1) is Frechet differentiable and the expression

OH OH OH

J/(g)z—%E( D 59 ) (20)

where

OH _ (0H 0H OH OH _ (O0H 0H oH
8p_ Op1’ Op2’ " Opn )0 99 — \ 901 B2 By ) 0

8pk = —(sr(t),t) — 201 (pr(t) — Pr(t)) , k = 1,n
=5 M%( t) — 20 (ﬁm(t) — 5m(t)> om=1,r,

1s valid for its gradient.
Proof. Consider the increment of the functional

AJ = J(0+ AD) — 2]01 — y(o)|Au(z, T)dz + [} |Au(z, T)|? do+
+ 50 {200 Jy o) = e()] Apelt >dt+a1 S Ay dt}+ (21)
+Zm:1{2a2f0 [ m t) 5] ()] A (1)t + g [ | A dt}

where 9 = (p,9) € V, 9+A0 € V, Au(z,T) = u(z, T;9+ AY) —u(z, T;9), u = u(x, T;9).
Prove that

Qfé (u(z,T) — y(z)]Au(z, T)dz = >}, {fo k(t),t) Apg(t)dt+
+ e OT OGO g, (4) A (t)dt | + Ry,

m

(22)
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where Ry = 30, [T . (sn(2), £) Apr(£) Asy (1) dt.
If we set m1 = Au(x,t), in (12), n = v (z,t) in (18), and then subtract the obtained
relations, we have

1 T l
/ / [ AU 4 a*1pp Aug]drdt = 2/ [u(z,T) — y(z)|Au(z, T)dz,
0 Jo 0

l T n T
/ / [~ Aty + a%y Augldudt = 3 / [(pp + Api)tb(si + Asir ) — path(si ),
0 Jo = /o

! n_o T
| 2lute.) = y@)dute Tyde = 3 [ (e Ap s+ Asiat) ~ pebsn, Ot (23)
0 = /o
It follows from (17) that the function Asy(t) satisfies the integral identity

T
/0 [Asi(0)64(0) + Afi(s(1), D), 1)04(1)] dt = 0, (24)

for VO, (t) € C[0,T),0,(T) =0,k = 1,n.
It follows from (11) that the function g (t) satisfies the integral identity

T n
. of;
/ [91k(t)Qk(t) - ( 8:9}; ai(t) — %(Sk(t),t)pk(t)> 91k(t)] dt =0, (25)
0 i=1
for VO1,(t) € C[0,T],01%(0) = 0,k = 1, n.

In the same way, if we set 01 = Asy in (25), 0 = qi in (24) and then sum the obtained
relations, we have

r

— 0f;
— 0sy,

dt =0,

ASy(t)qr(t) — ( qi(t) — %(Sk(t)>t)pk(t)> Asy(t)

=T TS 0fi
[Asi(t)ar(t)] [iZ0 = /0 [(Z ——ai(t) — Q/Jx(sk(t)at)pk(t)) Asp(t) — Afeqr(t) | dt.

Considering conditions of the theorem, we can represent the function Af, =
Afr(s(t),d(t),t) in the form

"~ O f . Ofy
Afy = —As; — AV, ;
i 59, 8 +mZ::1 B, + Ry

i=1
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where Ry = 0 (\/HAsH%Q(Oﬂ n HMH;(QTQ as [| Al 0.y — 0, and AV, o7 — 0.
Then, from the last equality we have:

T n
= [( 2L ) = valon(0), >k<t>> Asi(t)-

dt + Ro.

_Z O/ o A0 Z ’“Asz k(1)

From(17) and (11) we get

T T
/ a0 0m 0202 == 3 [ A0, -

_Z / [g";’“ £)Asi(t) — gsf;qZ'(t)ASk(t)} dt + Ry, (26)

It is clear that under the assumptions made above, the expansion

Y(sk + Asg,t) = Y (sk, t) + Ve (sk(t), t)Asg + o (HASHC[QT}) as || Asl| g — 0,
is valid.
Considering this formula in (23), we get

2 [o[u(z, T) — y(@)]Au(z, T)dz = S0y [y o (su(t), )pr(t) Asi () +
+(sk(t), 1) Apk(t) + Yu(sk(t), t) Apr(t) Asy(t)] dt + o (HASHC[O,T}>

In view of the fact that

Zz[afk Dassit) — 01850 0

k=1 i=1

from the last equality and the relation (26) we get

2 fylu(e, T) = y(@)]dule, Tyde = S5, Jy [~ Shey S an(t)Avn(t) + o
2

+ ¢(Sk, t)Apk] dt + R3,

where

Rg—z / [ (526, D) Ape (D) Asi(8)] di + R + o[ Asl| g 7))

It is proved in (13) that the estimation
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|Au(@ Dl 00 < e A9, (28)
holds for the function Au(x,t) and in 6.3 of [6] it is established that the estimation

||A8||L2(O,T) < c2 HAﬁHLQ(o,T) ) (29)

where ¢; > 0, ¢z > 0 are some constants, follows for the solution of problem (17).

Taking into account the estimation (29) in the expressions for Ry and R3, we get
Ry = o (||Ad]|;)-

Considering these estimations in (21) and (22), we have:
AJ(W) = Xjiy (k) + X5y Jallksm)) + 0 (| A0]] ), as Ad]|, = 0,

where

T
Ji(k) = /0 (s (8). £) + 200 (pi(t) — (1)) Api(t)dt,

T
sl = [ |- 2BEDLOL 1) 4 20 (9,0) = ) | A1

Hence, allowing for expression of Hamilton-Pontryagin function, we get

_ oH - _ _
AJ(D) = <___,M) Lo (||ad],,) as [Ad]|, — o
oY i

that shows Frechet differentiability of functional (1) and validity of formula (20). The
Theorem 2 is proved.

Now, let‘s get necessary conditions, i.e. control optimality conditions for problem
(1)-(5).

Theorem 3. Let all the conditions of theorem 1 be fulfilled and (u*(z,t),s*(t)),
(¢*(w,1),q"(t)) be solutions of problems (2)-(5) and (8)-(11), respectively, for I=10 €
V.Then for optimality of the control 9" = (p* (t),9* (t)) the condition

H(t78*?/l/)*?q*?/l§*) :ma‘XH(t78*?w*?q*?Q§)7 (30)
dev

should be fulfilled for ¥(x,t) € Q.
Proof. Assume that ¥* = (p*,¥*) is an optimal control. Assume the contrary, i.e.

assume there are a control ¥ = 0* + h - AY € Vand the number 8 > 0 such that
H(t,S*,QZJ*,q*,’&)—H(t,S*,¢*7q*,1§*) Zﬁ>07 (31)

where h > 0 is some number, ¥ = (P, 5) = (p* + hAp, 9* + hAY).
If in (31) we take into account formula (20), we get

2 (0J(D) . -
hZ( 5 JAD H§—5<o,

=1
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where J; = (hboAp, V), Uy = (p*, h01AY), 6; € (0,1), i = 0,1 are some numbers.
Hence, from the finite increment formula we have

) ~
J@) = J0*)=h)_ (8‘];52'),M> < —B+h-0(||Ad||,), (32)
=1 H

where 91= (hyoAp, 9), Yo= (p*, hy1A9), v; € (0,1), i = 0,1 are some numbers.

Let 0<hl<h be such a number that —f3 + hqo (HA@HH) < 0. Assume T9 = (75,3) =
(p* + h1Ap,9* + h1A¥). Reasoning as in the getting of inequality (32), we have

J(9) = J(@") < =B+ hio (|| AT ;) < o.

This contradicts to the optimality of the control 9. Hence we get the validity of
relation (30). The Theorem 3 is proved.

Using formula (20) and taking into account the expression of Hamilton-Pontryagin
function, by the known theorem ([6], p.28) we get the validity of the following theorem:

Theorem 4. Let the conditions of Theorem 1 be fulfilled. Then for the optimality of
the control 9" = (p*(t),0*(t)) € V , the condition

Sy SR 07 (570),0) + 201 (B7(8) = 5 (), pi() = (1) +
Sy (GO0 1) + 20507, (1) = T (1), I (1) = I3 (8)) | dt > 0,

should be fulfilled for YO = (p(t),9(t)) € V. Here *(s}(t),t),q(t) are the solutions of
problems (8)-(10) and (11), respectively, for 0 =0 (p*(t),0*(t)).
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