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Features Of Regression Modeling Of Solar Radiation With

Different Types Of Functions

F. Aliyev ∗, H. Khalilova, N. Agayev

Abstract. The paper investigates the characteristics of solar radiation process as stochastic pro-
cesses. It was found that due to solar radiation multi factorial process modelling should be based
on real statistical data. Time series of solar radiation was considered as a functional depending
on four components:trend,more or less regular fluctuations relative to trend, seasonal fluctuations
and non-systematic random effect. It is shown that non-systematic random effect can be defined
as the difference between the statistics and the amount of trend and seasonality.Researches were
conducted to determine the trend type on the basis of polynomial regression analysis and the
Gaussian function, and seasonal variations on the basis of the Fourier series.
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1. Introduction

Simulation of solar radiation is necessary for design and operation of automatic control
for photovoltaic systems. The ultimate goal of simulation is to calculate the dependence of
the total amount of solar radiation on solar panels on geographic latitude, meteorological
factors, day of year, time of day and the angle of inclination of a surface [1, 2].

Among techniques of analysis and calculation of solar radiation developed in recent
years, the most fully studied one is the cloudless sky technique [3, 4].

However, a number of studies have shown that these methods give inaccurate results
because of the significant influence of clouds on the amount of insolation caused by the
weakening of direct radiation and an increase in diffuse fraction in most cases. Reduction of
direct radiation due to increasing cloudiness is not compensated by dissipated insolation.
Consequently, the total insolation, as well as the direct one, decreases with increasing
cloudiness.

Simulation of the formation of clouds is a multi factorial problem. In this problem,
cloudiness is usually taken as a random value with the distributive law that corresponds
to real statistical data. For example, in [1] experimental observations are best described
by the beta-law with the corresponding parameters of distribution. However, these results
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were based on average daily chart of the progress of solar radiation at the average cloudi-
ness conditions. Optimal control of photovoltaic power system requires hourly values of
cloudiness rate. This is not possible using the classical techniques as cloud formation is
an uncontrollable time-varying process [5].

Radiation is a random variable below in Fig. 1. It is usually considered as a statistical
phenomenon that develops over time according to the laws of the theory of probability. The
sequence of observations is a time series, analysis of which can provide a stochastic model
with a minimal number of parameters allowing calculation of the probability that some
future value of insolation will lie within a certain range and at the same time adequately
describing the process under study.

Figure 1. Hourly radiation in Baku in 2012 (X-axis shows the number of measurements,
Z-axis shows total radiation in MJ/h).

Statistical approach is often used in the analysis of time series of solar radiation. Unlike
other statistical objects, this time series has a characteristic feature: the observations
are made sequentially in time and depend heavily on external influence. There is an
unsystematic random effect of external factors in each measurement, which significantly
complicates the process of simulation. If we consider several series of measurements as a
multidimensional complex then we have to take into account the statistical relationship
between these variables.
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2. Setting objectives

It should be noted that in the general case, the time series of solar radiation is con-
sidered as a probability functional depending on four components: a trend, more or less
regular fluctuations related to the trend, seasonal fluctuations and non-systematic random
effect. Usually a time series is the sum of these four components. Let us consider each
of them separately. The existence of a trend is explained by the presence of permanent
forces operating uniformly in about the same direction of more or less regular fluctuations
related to the trend which are happening due to the influence of regular perturbations that
appear randomly. It is easier to present the components that are generated cyclically, such
as daily and seasonal variations of solar radiation. But it should be noted that the values
of these components are subject to daily and yearly changes. Nevertheless, a qualitative
picture remains, which means that the seasonal effect has a trend. In general, if you can
determine the trend and seasonal variations and subtract them from the data, then you
have a fluctuating time series, which may represent a purely random fluctuation in one
marginal case and fluent vibrational change in another.

To simulate the process of changes in solar radiation, each of these components has
to be examined individually. As it was already mentioned, the first three components
contain the oscillating process. Therefore it is of interest to determine the number of
turning points, i.e., peak number, trough and the distribution of the distance between
them.

3. Preliminary Analysis

Let’s consider a finite number of values n of solar radiation q1, q2, . . . . qn and let

Xi =

{

1, if qi < qi+1 > qi+2 or qi > qi+1 < qi+2,
0, otherwise.

Then the number of turning points is equal to

p =

n−2
∑

i=1

Xi.

The expectancy of any of number of turning points is equal to 2

3
(n− 2). Research

show that the daily number of turning points for the time series of solar radiation is 2, i.e.
there is one maximum and one minimum for each one-day series of measurements, which
corresponds to n ≥ 5. This means that for a study of a time series we need at least 6
values of solar radiation daily.

As it was already mentioned, the first three components can be considered as determin-
istic components. Various methods are used for simulation of deterministic components
of insolation, including regression and harmonic analysis. Experimental or actinomet-
rical and meteorological observations are used. In some cases of international practice,
computer databases are widely used to build a model, such as US NASA SSE and Swiss
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METEONORM. The comparison of the values of intensity of solar radiation in NASA
SSE database with those of Russian meteorological stations revealed the possibility of us-
ing NASA SSE program in Russia. In [4], the same comparison was made on the basis of
METEONORM. It was concluded in result of comparing the values of the METEONORM
and NASA SSE databases of solar radiation that they are useful for designing solar power
plants in the absence of reliable values of ground-based observation stations, as well as for
feasibility calculations for their construction.

In current studies on the modeling of various processes, including the modeling of solar
radiation, approaches to extrapolation of the trend of the time series by analytic function,
building of multivariate regression or auto regression models and its extended version -
method of group accounting of arguments, are common. In addition, techniques based
on wavelet transform and techniques of time series prediction based on neural network
technology are popular.

4. Regression models

Tabular data of solar radiation by month for the city of Baku for 2012 are used for
building regression models of solar radiation. Research was conducted on Microsoft Office
EXCEL. Polynomial functions of various degrees, ranging from third degree, are accepted
as a regression model (Table 1).

(Table 1)

Model R2 Relative errors

-4.1586t2 + 52.24t - 10.386 R2 = 0.9119 max=50%,
min=0.9%
average=16.2%

0.0411t3 - 4.9591t2 + 56.571t - 15.99 R2 = 0.9127 max=45,
min=0.1%
average=15.9%

0.1225t4 - 3.1446t3 + 22.434t2 -
30.351t + 60.465

R2 = 0.9674 max=17.5%,
min=0.4%
average=6.5%

0.0075t5 - 0.1207t4 - 0.267t3 +
7.4326t2 + 2.4175t + 38.409

R2 = 0.9689 max=16.2%,
min=0.2%
average=6.9%

-0.0008t6 + 0.0388t5 - 0.5933t4 +
3.1937t3 - 5.2008t2 + 23.364t +
26.788

R2 = 0.9691 max=17%,
min=0.9%
average=7.4%

Fourier model (see Table 2) R2 = 0.9245 max=6.2%,
min=1.3%
average=2.8%

Exponential model
Exp(-[t-6)/σmax]

2 / σ0σmax=21.7
σ0=0.006

R2 = 0.9134 max=22.8%,
min=0.2%
average=9.73%
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As shown in Table 1, you can take a polynomial of order 4 as the polynomial regression
model. A similar study can be conducted for daily changes in solar radiation.

5. Simulation Using a Gaussian Function

As stated above, number of turning points is 2 for the time series of solar radiation,
i.e. there is one maximum and one minimum for each one-day series of measurements and
it is the same for monthly and daily average data. Therefore, we considered the possibility
of modeling time series of solar radiation with the use of a Gaussian function:

Q (t) =
1

σ0
exp

−

[

t−tcp

σmax

]

2

We consider tcp as a median (average) of the timeline, and the parameters σ0 and σmax

are determined using the method of least squares.

Suppose we are given the values of the time series of solar radiation for tiQ (ti)) i =
1, 2, . . . n, where n is the number of measurements. We use the following notation:

in (Q (ti)) (ti − tcp)
2 in (Q (ti)) ,

S2 =

n
∑

i=1

(ti − tcp)
2 ,

S4 =

n
∑

i=1

(ti − tcp)
4 ,

D = (S2)
2
− nS4.

Parameters σ0 and σmax are determined by the following formulas:

σ0 = exp−
S2S12

−S4S10

σmax =

√

D

nS12 − S2S10

As shown in Table 1, the model of solar radiation built with the use of a Gaussian
function gives satisfactory results, despite the high value of maximum relative error. Stud-
ies show that a maximum relative error occurs at the point of internal rotation (Fig. 2,
at t = 3 in our case), which implies the impossibility of taking into account the point of
internal rotation using a Gaussian function.
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6. Simulation Using Harmonic Fourier Series

Because of the quasi-periodic nature of the time series of solar radiation, regression
method of accounting for the trend and the description of periodic components using
Fourier series are combined sometimes.

As is known, the Fourier series has the following form:

s(t) =
a0
2

+
∞
∑

k=1

(ak cos(kω1t) + bk sin(kω1t))

Here ω1 = 2π/T is a circular frequency corresponding to the period T of signal repetition.
Multiple frequencies kω1 are called harmonics, numbered in accordance with the index
k. Frequency ωk = kω1 is called the kth harmonics of signal. The coefficients of aku are
calculated by the formulas:

ak =
2

T

∫ T/2

−T/2
s(t) cos(kω1t)dt.

The constant a0 is calculated using the general formula for ak. u is the average value of
the signal on the period.

a0
2

=
1

T

∫ T/2

−T/2
s(t)dt

bk =
2

T

∫ T/2

−T/2
s(t) sin(kω1t)dt

The following values of the parameter are used when building the Fourier model of
solar radiation by month for 2012 in Baku:

T = 12; k = 6;ω1 = 0.5236.

Table 2. Coefficients of the Fourier model of the solar radiation by month for 2012 in
Baku

k 1 2 3 4 5 6

ak -8.87 3.175426 1.83 1.42E-14 4.70 0

bk -63.77 -2.5 -7.33 7.33 0.60 -2.25

Rm 64.38 4.04 7.56 7.33 4.74 2.25

ϕm -0.14 0.90 0.24 -1.94E-
15

-1.44 -3.14
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Solar radiation in MgJ/h

Figure 2. Models of monthly solar radiation in 2012, Baku

As shown in Table 2, some of Fourier coefficients are equal to zero, which testifies to the
no true association on the basis of mathematical statistics between the Fourier coefficients
and the influencing factors. Reducing the frequency (increasing the number of harmonics
oscillations) increases the accuracy of the model, but it does not fully take into account
all the features of process (such as various gaps, steps and peaks, Fig. 2).

7. Model Analysis

Along with above-stated drawbacks, some more difficulties arise in applying these mod-
els in practice, such as oscillation measurements, which occur due to the noise generated
by the environment or the equipment. Therefore, we performed an analysis of the time
series of solar radiation with the use of smoothing methods before determining the deter-
ministic components in the model. For many years, the method of moving averages has
been one of the most common methods of following the trend. Simplicity of building and
interpretation largely contributed to this. Moving averages is a method that smooth’s
series average by its current value and its immediate neighbors in the past and in the
future.

Simple moving average or arithmetic moving average is numerically equal to the arith-
metic mean of the values of the initial function for a specified period and is calculated by
the formula:

Qt =
1

n

n−1
∑

i=0

qt−i =
qt + qt−1 + ...+ qt−i + ...+ qt−n+2 + qt−n+1

n
,
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where Qt is the value of simple moving average at point t, n is the number of values of
the original function to calculate the moving average (smoothing interval; the wider the
smoothing interval, the smoother the graph of the function), qt−i is the initial value of the
function at point t− i.

It is easy to establish some properties of these moving averages:
- Sum of the weights is equal to one. This had to be this way because, as we apply the

procedure of weighing to a series whose terms are equal to the same constant, the average
must be equal to the same constant;

- Scales are symmetric with regard to the median value;
- Because of the symmetry, of the weight, the trend values do not depend on the

direction of timing.

Findings

1. Characteristic features of the process of solar radiation are studied and investigated.
It is found that due to multifactorial process of solar radiation, the modeling must
be based on real statistical data.

2. The series of solar radiation functions are considered and their dependence on four
components: trend, more or less regular fluctuations relative to trend, seasonal fluc-
tuations, and non-systematic random effect is established. It is shown that the
non-systematic random effect could be defined as a difference between the statistics
and the amount of trend and seasonal fluctuations.

3. Some research is conducted in order to determine the type of trend based on poly-
nomial regression analysis and a Gaussian function, and some analysis of seasonal
variations based on Fourier series. A series of Fourier harmonics in E-6 could be
used as a model for seasonal fluctuations.

1. shoaling process in the Eastern Aral Sea is more dynamic than in the North and
Western Aral Seas;

2. effective albedo of the shoaled areas varies between 0.5≤ A ≤0.85.
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