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On the Boundedness of Commutators Dunkl-type Max-
imal Operator in the Dunkl-type Morrey Spaces
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Abstract. In this paper we consider the generalized shift operator, associated with the Dunkl
operator and we investigate maximal commutators associated with the generalized shift operator.
The boundedness of the Dunkl-type maximal commutator Mb,α from the Dunkl-type Morrey space
Lp,λ,α(R) to Lp,λ,α(R) for all 1 < p <∞ when b ∈ BMOα(R) are proved.
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1. Introduction

The Hardy–Littlewood maximal function, fractional maximal function and fractional
integrals are important technical tools in harmonic analysis, theory of functions and partial
differential equations. On the real line, the Dunkl operators are differential-difference
operators associated with the reflection group Z2 on R. In the works [2, 11, 21, 29] the
maximal operator associated with the Dunkl operator on R were studied. Let b be a locally
integrable function on Rn and T be a Calderon-Zygmund operator. The commutator is
defined for smooth functions f as

[b, T ]f = bT (f)− T (bf).

Coifman, Rochberg and Weiss [8] stated that [b, T ] is a bounded operator on Lp(Rn), 1 <
p <∞, when b is a BMO function. Chanillo [7] proved that the commutators of the Riesz
potentials characterize the function space BMO. In [10] proved that b ∈ BMO(Rn) if and
only if the maximal commutator Mb is bounded from the Morrey space Lp,λ(Rn). In this
work, we study the maximal commutator (Dunkl-type Dunkl-type maximal commutator)
associated with the Dunkl operator on R. We obtain the necessary and sufficient conditions
for the boundedness of the Dunkl-type maximal commutator.

For x ∈ Rn and r > 0, let B(x, r) denote the open ball centered at x of radius r.
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Let f ∈ Lloc1 (Rn). The maximal operator M and the Riesz potential Iβ are defined by

Mf(x) = sup
t>0
|B(x, t)|−1

∫
B(x,t)

|f(y)|dy.

The operator M play important role in real and harmonic analysis (see, for example
[30]).

In the theory of partial differential equations Morrey spacesMp,λ(Rn) play an impor-
tant role. They were introduced by C. Morrey in 1938 [26] and defined as follows: For
0 ≤ λ ≤ n, 1 ≤ p <∞, f ∈Mp,λ(Rn) if f ∈ Llocp (Rn) and

‖f‖Mp,λ
≡ ‖f‖Mp,λ(Rn) = sup

x∈Rn, r>0
r
−λ
p ‖f‖Lp(B(x,r)) <∞.

If λ = 0, then Mp,λ(Rn) = Lp(Rn), if λ = n, then Mp,λ(Rn) = L∞(Rn), if λ < 0 or
λ > n, then Mp,λ(Rn) = Θ, where Θ is the set of all functions equivalent to 0 on Rn.

These spaces appeared to be quite useful in the study of the local behaviour of the
solutions to elliptic partial differential equations, apriori estimates and other topics in the
theory of partial differential equations.

Also by WMp,λ(Rn) we denote the weak Morrey space of all functions f ∈WLlocp (Rn)
for which

‖f‖WMp,λ
≡ ‖f‖WMp,λ(Rn) = sup

x∈Rn, r>0
r
−λ
p ‖f‖WLp(B(x,r)) <∞,

where WLp(Rn) denotes the weak Lp-space.
F. Chiarenza and M. Frasca [9] studied the boundedness of the maximal operator M

in Morrey spaces Mp,λ. Their results can be summarized as follows:
Theorem A. Let 0 < α < n and 0 ≤ λ < n, 1 ≤ p <∞.

1) If 1 < p <∞, then M is bounded from Mp,λ to Mp,λ .
2) If p = 1, then M is bounded from M1,λ to WM1,λ.

2. Definitions, notation and preliminaries

Let α > −1/2 be a fixed number and µα be the weighted Lebesgue measure on R,
given by

dµα(x) :=
(
2α+1Γ(α+ 1)

)−1 |x|2α+1 dx.

For every 1 ≤ p ≤ ∞, we denote by Lp,α(R) = Lp(R, dµα) the spaces of complex-valued
functions f , measurable on R such that

‖f‖p,α ≡ ‖f‖Lp,α =

(∫
R
|f(x)|p dµα(x)

)1/p

<∞ if p ∈ [1,∞),

and
‖f‖∞,α ≡ ‖f‖L∞ = ess sup

x∈R
|f(x)| if p =∞.
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For 1 ≤ p <∞ we denote by WLp,α(R), the weak Lp,α(R) spaces defined as the set of
locally integrable functions f with the finite norm

‖f‖WLp,α
= sup

r>0
r (µα {x ∈ R : |f(x)| > r})1/p .

Note that

Lp,α ⊂WLp,α and ‖f‖WLp,α
≤ ‖f‖p,α for all f ∈ Lp,α(R).

Let B(x, t) = {y ∈ R : |y| ∈ ] max{0, |x|− t}, |x|+ t[ } and Bt ≡ B(0, t) =]− t, t[, t > 0.
Then

µαBt = bα t
2α+2,

where bα =
[
2α+1 (α+ 1) Γ(α+ 1)

]−1
.

Let M ]
α be the Dunkl-type sharp maximal function defined by

M ]
γf(x) = sup

r>0

1

µαBr

∫
Br

|τxf(y)− fBr(x)| dµα(y),

where fBr(x) = 1
µαBr

∫
Br
τxf(y) dµα(y).

We denote by BMOα(R) (Dunkl-type BMO space) the set of locally integrable func-
tions f with finite norm

‖f‖BMOα = sup
r>0, x∈R

1

µαBr

∫
Br

|τxf(y)− fBr(x)| dµα(y) <∞

or

‖f‖BMOα = inf
C

sup
r>0, x∈R

1

µαBr

∫
Br

|τxf(y)− C| dµα(y).

BMO (X, ν) space is defined as the space of locally integrable functions f with the
following finite norm

‖f‖∗ = sup
t>0, x∈X

ν(B(x, t))−1
∫

B(x,t)

|f(y)− fB(x,t)|dν(y) <∞,

where fB(x,t) = ν(B(x, t))−1
∫
B(x,t) f(y)dν(y).

Theorem 1. [24] Let f ∈ BMO (X, ν) and ν doubling measure. For any r > 0, then

ν
∣∣{y ∈ B(x, t) : |f(x)− fB(x,t)| > r

}∣∣ ≤ Cν(B(x, t))e
−cr
‖f‖∗ ,

where the constants C and c are independent of f and r.

It is clear that BMO(X, ν) = BMOp(X, ν) if the John-Nirenberg inequality holds.
The following theorem holds.
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Theorem 2. 1) Let f ∈ Lloc1,α(R). If

sup
t>0, x∈R

µα(Bt)
−1
∫
Bt

|τyf(x)− fBt |pdµα(y)

1/p

= ‖f‖BMOp,α <∞

then for any 1 < p <∞,

‖f‖BMOα ≤ ‖f‖BMOp,α ≤ Ap‖f‖BMOα ,

where the constant Ap depends only on p.
2) Let f ∈ BMOα(R). Then, there is a constant C > 0 such that

|fBr − fBt | ≤ C‖f‖BMOα ln
t

r
, 0 < 2r < t,

where C is independent of f, x, r and t.

Proof. We need to introduce the maximal operator defined on a space of homogeneous
type (X, ρ, ν). By this we mean a topological space X = R equipped with a continuous
pseudometric d and a positive measure ν satisfying

νB(x, 2r) ≤ C0νB(x, r) (1)

with a constant C0 being independent of x and r > 0. Here B(x, r) = {y ∈ X : ρ(x, y) <
r}, ρ(x, y) = |x − y|. Let (X, ρ, ν) be a space of homogeneous type, where X = R,
dν(x) = dµα(x). It is clear that this measure satisfies the doubling condition (1).

Since ∫
Br

τy|f(x)|dµα(y) ≈
∫

B(x,r)

|f(y)| dν(y)

we get

sup
t>0, x∈R

µ(Bt)
−1
∫
Bt

|τyf(x)− C|dµα(y)

≈ sup
t>0, x∈X

ν(B(x, t))−1
∫

B(x,t)

|f(y)− C| dν(y)

= ‖f‖BMO(X,ν) ≈ ‖f‖BMOp(X,ν) ≈ ‖f‖BMOp,α .

Similarly, we can prove

|fBr − fBt | ≤ C‖f‖BMOα ln
t

r
, 0 < 2r < t.
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For all x, y, z ∈ R, we put

Wα(x, y, z) = (1− σx,y,z + σz,x,y + σz,y,x)∆α(x, y, z)

where

σx,y,z =

{
x2+y2−z2

2xy if x, y ∈ R \ {0},
0 otherwise

and ∆α is the Bessel kernel given by

∆α(x, y, z) =

{
dα

([(|x|+|y|)2−z2][z2−(|x|−|y|)2])α−1/2

|xyz|2α , if |z| ∈ Ax,y,
0, otherwise,

where dα = (Γ(α+ 1))2/(2α−1
√
π Γ(α+ 1

2)) and Ax,y = [||x| − |y||, |x|+ |y|].

Properties 1. (see Rösler [32]) The signed kernel Wα is even with respect to all variables
and satisfies the following properties

Wα(x, y, z) = Wα(y, x, z) = Wα(−x, z, y),

Wα(x, y, z) = Wα(−z, y,−x) = Wα(−x,−y,−z)

and ∫
R
|Wα(x, y, z)| dµα(z) ≤ 4.

In the sequel we consider the signed measure νx,y, on R, given by

νx,y =


Wα(x, y, z) dµα(z) if x, y ∈ R \ {0},

dδx(z) if y = 0,
dδy(z) if x = 0.

Definition 1. For x, y ∈ R and f a continuous function on R, we put

τxf(y) =

∫
R
f(z) dνx,y(z).

The operators τx, x ∈ R, are called Dunkl translation operators on R and it can be
expressed in the following form (see [32])

τxf(y) = cα

∫ π

0
fe ((x, y)θ) h1(x, y, θ)(sin θ)

2α dθ

+cα

∫ π

0
fo ((x, y)θ) h2(x, y, θ)(sin θ)

2α dθ,

where (x, y)θ =
√
x2 + y2 − 2|xy| cos θ, f = fe + fo, fo and fe being respectively the odd

and the even parts of f , with

cα ≡
(∫ π

0
(sin θ)2α dθ

)−1
=

Γ(α+ 1)√
π Γ(α+ 1/2)

,
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h1(x, y, θ) = 1− sgn(xy) cos θ

and

h2(x, y, θ) =

{
(x+y) [1−sgn(xy) cos θ]

(x,y)θ
, if xy 6= 0,

0, if xy = 0.

Using the change of variable z = (x, y)θ, we have also (see [4])

τxf(y) = cα

∫ π

0
{f ((x, y)θ) + f (−(x, y)θ)

+
x+ y

(x, y)θ
[f ((x, y)θ)− f (−(x, y)θ)]

}
(1− cos θ)(sin θ)2α dθ.

Now we define the Dunkl-type fractional maximal function by

Mβ,αf(x) = sup
r>0

(
µαBr

) β
2α+2

−1
∫
Br

τx|f |(y) dµα(y), 0 ≤ β < 2α+ 2.

If β = 0, then Mα ≡M0,α is the Hardy-Littlewood maximal operator associated with
the Dunkl operator (see [2, 11, 21, 29]).

The following theorem is our main result in which we obtain the necessary and sufficient
conditions for the Dunkl-type fractional maximal operator Mβ,α to be bounded from the
spaces Lp,α(R) to Lq,α(R), 1 < p < q <∞ and from the spaces L1,α(R) to the weak spaces
WLq,α(R), 1 < q <∞.

Theorem 3. ([12]) Let 0 < β < 2α+ 2 and 1 ≤ p ≤ 2α+2
β .

1) If 1 < p < 2α+2
β , then the condition 1

p −
1
q = β

2α+2 is necessary and sufficient for the
boundedness of Mβ,α from Lp,α(R) to Lq,α(R).

2) If p = 1, then the condition 1 − 1
q = β

2α+2 is necessary and sufficient for the
boundedness of Mβ,α from L1,α(R) to WLq,α(R).

3) If p = 2α+2
β , then Mβ,α is bounded from Lp,α(R) to L∞(R).

Theorem 4. [11]
1. If f ∈ L1,ω,α (R) and ω ∈ A1,α(R), then Mαf ∈WL1,ω,α (R) and

‖Mαf‖WL1,ω,α ≤ C1,α‖f‖L1,ω,α ,

where C1,α depends only on α.
2. If f ∈ Lp,ω,α (R), 1 < p <∞ and ω ∈ Ap,α(R), then Mαf ∈ Lp,ω,α (R) and

‖Mαf‖Lp,ω,α ≤ Cp,α‖f‖Lp,ω,α ,

where Cp,α depends only on p, α.
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Definition 2. Let 1 ≤ p < ∞, 0 ≤ λ ≤ 2α+ 2. We denote by Mp,λ,α(R) Dunkl-type
Morrey space (≡ D-Morrey space) as the set of locally integrable functions f(x), x ∈ R,
with the finite norm

‖f‖Mp,λ,α
= sup

t>0, x∈R

(
t−λ

∫
Bt

[τx|f(y)| ]pdµα(y)

)1/p

.

Theorem 5. [13]
1. If f ∈M1,λ,α (R), 0 ≤ λ < 2α+ 2, then Mαf ∈WM1,λ,α (R) and

‖Mαf‖WM1,λ,α
≤ C1,λ,α‖f‖M1,λ,α

,

where C1,λ,α depends only on λ,α and n.
2. If f ∈Mp,λ,α (R), 1 < p <∞,0 ≤ λ < 2α+ 2, then Mαf ∈Mp,λ,α (R) and

‖Mαf‖Mp,λ,α
≤ Cp,λ,α‖f‖Mp,λ,α

,

where Cp,λ,α depends only on p,λ,α and n.

Theorem 6. [13] Let 0 < β < 2α+ 2, 0 ≤ λ < 2α+ 2− β and 1 ≤ p < 2α+2−λ
β .

1) If 1 < p < 2α+2−λ
α , then condition 1

p −
1
q = α

2α+2−λ is necessary and sufficient for
the boundedness Mβ,α from Mp,λ,α(R) to Mq,λ,α(R).

2) If p = 1, then condition 1 − 1
q = α

2α+2−λ is necessary and sufficient for the bound-
edness Mβ,α from M1,λ,α(R) to WMq,λ,α(R).

For 1 ≤ p, θ ≤ ∞, 0 ≤ λ ≤ 2α+ 2 and 0 < s < 1, the Besov-Morrey space for the
Dunkl operators on R (Besov-Morrey-Dunkl space) Bs

pθ,λ,α(R) consists of all functions f
in Lp,λ,α(R) so that

‖f‖Bspθ,λ,α = ‖f‖Lp,λ,α +

(∫
R

‖τxf(·)− f(·)‖θLp,λ,α
|x|2α+2+sθ

dµα(x)

)1/θ

<∞. (2)

Besov spaces in the setting of the Dunkl operators studied by C. Abdelkefi and M.
Sifi [3, 4], R. Bouguila, M.N. Lazhari and M. Assal [5], L. Kamoun [19], Y.Y. Mammadov
[22] and V.S. Guliyev, Y.Y. Mammadov [12]. In the following theorem we prove the
boundedness of the Dunkl-type fractional maximal operator Mβ,α in the Dunkl-type Besov
spaces.

Theorem 7. ([12]) For 1 < p < q <∞, 0 ≤ λ ≤ 2α+ 2, 1
p−

1
q = β

2α+2−λ , 1 ≤ θ ≤ ∞ and
0 < s < 1 the Dunkl-type fractional maximal operator Mβ,α is bounded from Bs

pθ,λ,α(R) to
Bs
qθ,λ,α(R). More precisely, there is a constant C > 0 such that

‖Mβ,αf‖Bsqθ,λ,α ≤ C‖f‖Bspθ,λ,α

hold for all f ∈ Bs
pθ,λ,α(R).
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For a real parameter α ≥ −1/2, we consider the Dunkl operator, associated with the
reflection group Z2 on R :

Λα(f)(x) =
d

dx
f(x) +

2α+ 1

x

(
f(x)− f(−x)

2

)
(3)

Note that Λ−1/2 = d/dx.
For α ≥ −1/2 and λ ∈ C, the initial value problem :

Λα(f)(x) = λf(x), f(0) = 1, x ∈ R

has a unique solution Eα(λx) called Dunkl kernel [6, 27, 33] and given by

Eα(λx) = jα(iλx) +
λx

2(α+ 1)
jα+1(iλx), x ∈ R,

where jα is the normalized Bessel function of the first kind and order α [34], defined by

jα(z) = 2αΓ(α+ 1)
Jα(z)

zα
= Γ(α+ 1)

∞∑
n=0

(−1)n(z/2)2n

n!α(n+ α+ 1)
, z ∈ C.

We can write for x ∈ R and λ ∈ C (see Rösler [32], p. 295)

Eα(−iλx) =
Γ(α+ 1)√
πΓ(α+ 1/2)

∫ 1

−1
(1− t2)α−1/2 (1− t) eiλxt dt.

Note that E−1/2(λx) = eλx.
The Dunkl transform Fα of a function f ∈ L1,α(R), is given by

Fαf(λ) :=

∫
R
Eα(−iλx) f(x)dµα(x), λ ∈ R.

Here the integral makes sense since |Eα(ix| ≤ 1 for every x ∈ R [32], p. 295.
Note that F−1/2 agrees with the classical Fourier transform F , given by:

Ff(λ) := (2π)−1/2
∫
R
e−iλx f(x)dx, λ ∈ R.

Proposition 1. (see Soltani [28])
(i) If f is an even positive continuous function, then τxf is positive.
(ii) For all x ∈ R the operator τx extends to Lp,α(R), p ≥ 1 and we have for f ∈

Lp,α(R),
‖τxf‖p,α ≤ 4‖f‖p,α. (4)

(iii) For all x, λ ∈ R and f ∈ L1,α(R), we have

Fα (τxf) (λ) = Eα(iλx)Fαf(λ).
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Let f and g be two continuous functions on R with compact support. We define the
generalized convolution ∗α of f and g by

f ∗α g(x) :=

∫
R
τxf(−y) g(y) dµα(y), x ∈ R.

The generalized convolution ∗α is associative and commutative [32]. Note that ∗−1/2 agrees
with the standard convolution ∗.

Proposition 2. (see Soltani [28])
(i) If f is an even positive function and g a positive function with compact support,

then f ∗α g is positive.
(ii) Assume that p, q, r ∈ [1,+∞[ satisfying 1/p+1/q = 1+1/r (the Young condition).

Then the map (f, g) 7→ f ∗α g, defined on Ec × Ec, extends to a continuous map from
Lp,α(R)× Lq,α(R) to Lr,α(R), and we have

‖f ∗α g‖r,α ≤ 4‖f‖p,α ‖g‖q,α.

(ii) For all f ∈ L1,α(R) and g ∈ L2,α(R), we have

Fα (f ∗α g) = (Fαf) (Fαg) .

3. Maximal commutators in Lp,λ,α(R)

The commutator generated by the Dunkl-type maximal operator Mα, for given a mea-
surable function b is formally defined by

[Mα, b]f = Mα(bf)− bMα(f)

and for given a measurable function b, the Dunkl-type maximal commutator is defined by

Mb,α(f)(x) := sup
r>0

µα(Br)
−1
∫
Br

τy|(b(x)− b(y))f(x)|dµα(y),

for all x ∈ R.

Lemma 1. Let 1 < s < ∞, b ∈ BMO(R). Then, there exists C > 0 such that for all
x ∈ R

M ]
α(Mb,αf)(x) ≤ C‖b‖BMOα

(
(Mα(Mαf)s)

1
s (x) +Mα (Mα|f |s)

1
s (x)

)
holds.

Proof. From the boundedness of the Dunkl-type maximal operator Mα and the point-
wise inequality we have

M ]
α(Mb,αf)(x) ≤ 2Mα(Mb,αf)(x), x ∈ R.
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Since Mb,α(f)(y) = sup
t>0

Mb,t,α(f)(y) then, we get

Mb,t,α(f)(y) = (µαBt)
−1
∫
Bt

τy(|b(y)− b(z)||f(z)|)dµα(z)

≤ (µαBt)
−1
∫
Bt

τy(|b(z)− bBt ||f(z)|)dµα(z)

+ |b(y)− bBt |(µαBt)−1
∫
Bt

τy|f(z)|dµα(z)

≤ (µαBt)
−1

∫
Bt

[τy|b(z)− bBt |]s
′
dµα(z)

 1
s′
∫
Bt

[τy|f(z)|]sdµα(z)

 1
s

+ |b(y)− bBt |(µαBt)−1
∫
Bt

τy|f(z)|dµα(z)

≤ C‖b‖BMOα (Mα|f |s)
1
s (y) + |b(y)− bBt |(µαBt)−1

∫
Bt

τy|f(z)|dµα(z).

By the Hölder inequality, we have

(µαBr)
−1
∫
Br

τx

|b(y)− bBt |(µαBt)−1
∫
Bt

τy|f(z)|dµα(z)

 dµα(y)

≤ (µαBr)
−1
∫
Br

τx [|b(y)− bBt |Mαf(y)] dµα(y)

≤ (µαBr)
−1

∫
Br

[τx|b(y)− bBr |]s
′
dµα(y)

 1
s′
∫
Br

τx(Mαf)s(y)dµα(y)

 1
s

+ (µαBr)
−1
∫
Br

τx [|bBt − bBr |Mαf(y)] dµα(y)

≤ C‖b‖BMOα (Mα(Mαf)s)
1
s (x).

Therefore

Mα(Mb,αf)(x) = sup
r>0

(µαBr)
−1
∫
Br

τx(Mb,αf)(y)dµα(y)
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≤ C‖b‖BMOα

(
(Mα(Mαf)s)

1
s (x) + sup

r>0
(µαBr)

−1
∫
Br

τx (Mα|f |s)
1
s (y)dµα(y)

)
≤ C‖b‖BMOα

(
(Mα(Mαf)s)

1
s (x) +Mα (Mα|f |s)

1
s (x)

)
. (5)

Proposition 3. [18] For all weights ω and all nonnegative function f satisfying ν({x ∈
X : f(x) > β}) <∞ for all β > 0, there exists a positive constant C such that

1. If ν(X) =∞, then∫
X

f(y)g(y)dν(y) ≤ C
∫
X

M ]f(y)Mg(y)dν(y).

2. If ν(X) <∞, then∫
X

f(y)g(y)dν(y) ≤ C
∫
X

M ]f(y)Mg(y)dν(y) + Cg(X)νX(f),

where g is nonnegative function, g(X) =
∫
X

g(x)dν(x), νX(f) = 1
ν(X)

∫
X

f(y)dν(y).

Lemma 2. Let 1 < p <∞, ω ∈ Ap,α(R). Then

‖fω
1
p ‖Lp,α ≤ C‖ω

1
pM ]

αf‖Lp,α

where a constant C > 0 is independent of f .

Proof. Let (X, ν) be a space of homogeneous type. According to Proposition 1, we
have

‖fω
1
p ‖Lp,α ≤ C sup

‖g‖Lp′,γ≤1

∣∣∣∣∣∣
∫
R

f(y)g(y)ω
1
p (y)dµα(y)

∣∣∣∣∣∣
= C sup

‖g‖Lp′≤1

∣∣∣∣∣∣
∫
X

f(y)g(y)ω
1
p (y)dν(y)

∣∣∣∣∣∣ ≤ C sup
‖g‖Lp′≤1

∣∣∣∣∣∣
∫
X

M ]f(y)M(gω
1
p )(y)dν(y)

∣∣∣∣∣∣ .
Hence

‖fω
1
p ‖Lp,α ≤ C sup

‖g‖Lp′,γ≤1

∣∣∣∣∣∣
∫
R

M ]
αf(y)Mα(gω

1
p )(y)dµα(y)

∣∣∣∣∣∣ .
Finally by using the Hölder inequality and Theorem 4, we get

‖fω
1
p ‖Lp,α ≤ C sup

‖g‖Lp′,γ≤1
‖ω

1
pM ]

αf‖Lp,α‖ω
− 1
pMα(gω

1
p )‖Lp′,γ

≤ C sup
‖g‖Lp′,γ≤1

‖ω
1
pM ]

αf‖Lp,α‖g‖Lp′,γ ≤ C‖ω
1
pM ]

αf‖Lp,α .
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Theorem 8. Let b ∈ BMOα(R), 1 < p <∞, ω ∈ Ap,α(R). Then Mb,α is bounded on the
space Lp,ω,α(R).

Proof. By using Lemma 1, Lemma 2 and Theorem 4, we have Mb,α is bounded on the
space Lp,ω,γ(R).

Operators Mb,α and [Mα, b] are essentially different from each other. For example, Mb,α

is a positive and sublinear operator, but [Mα, b] is neither positive nor sublinear. However,
if b satisfy some additional conditions, then operator Mb,α is controled by [Mα, b].

Theorem 9. Let 1 < p < ∞, 0 ≤ λ < 2α + 2.Then the commutator Mb,α is bounded on
Lp,λ,α(R) if and only if b ∈ BMOα(R).

Proof. Sufficiency: Let 1 < p <∞, 0 ≤ λ < 2α+ 2, f ∈ Lp,λ,α(R). We have∫
Bt

τy [Mb,αf ]p (x)dµα(y) ≤
∫
R

τy [Mb,αf ]p (x)(MαχBt(y))δdµα(y), x ∈ R.

Taking into account the properties of Ap,α(R), we can easily see that (MαχBt)
δ ∈

Ap,α(R), for any 0 < δ < 1. Then by using Lemma 2 and Theorem 8 we obtain∫
Bt

τy [Mb,αf ]p (x)dµα(y) ≤ C ‖b‖pBMOα

∫
R

τy|f(x)|p(MαχBr(y))θdµα(y)

≤ C ‖b‖pBMOα

∫
Br

τy|f(x)|pdµα(y)

+ C ‖b‖pBMOα

∞∑
j=1

∫
B

2j+1r
\B

2jr

τy|f(x)|p(MαχBr(y))θdµα(y)

≤ C ‖b‖pBMOα

∫
Br

τy|f(x)|pdµα(y)

+ C ‖b‖pBMOα

∞∑
j=1

∫
B

2j+1r
\B

2jr

τy|f(x)|p r(2α+2)θ

(|y|+ r)(2α+2)θ
dµα(y)

≤ C ‖b‖pBMOα
‖f‖pLp,λ,α

rλ +
∞∑
j=1

1

(2j + 1)(2α+2)θ
(2j+1r)λ


≤ C rλ ‖b‖pBMOα

‖f‖pLp,λ,α .

Necessity: Let Mb,α be bounded from Lp,λ,α(R) to Lp,λ,α(R),
1 < p <∞.

Obviously,

‖f‖Lp,λ,α = sup
t>0, x∈R

t−λ ∫
Bt

τy|f(x)|pdµα(y)

1/p

.
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Now we consider f = χBr . It is easy to compute that

‖χBr‖Lp,λ,α ≈ sup
t>0, x∈R

t−λ ∫
Bt

τyχBr(x)dµα(y)

1/p

≈ sup
t>0, x∈R

t−λ ∫
Bt

χBr(y)dµα(y)

1/p

≈ sup
Bt⊂Br

(
t−λµα(Bt ∩Br)

)1/p
≤ r

2α+2−λ
p .

Then
1

(µαBt)

∫
Bt

|τzb(x)− fBt | dµα(z)

=
1

(µαBt)

∫
Bt

∣∣∣∣τzb(x)− 1

(µαBt)

∫
Bt

τzb(y)dµα(y)

∣∣∣∣ dµα(z)

≤ 1

(µαBt)

∫
Bt

1

(µαBt)

∫
Bt

|τzb(x)− τzb(y)| dµα(y)dµα(z)

≤ 1

(µαBt)

∫
Bt

1

(µαBt)

∫
Bt

|τz(b(x)− b(y))| dµα(y)dµα(z)

≤ 1

(µαBt)

∫
Bt

Mb,αχBt(z)dµα(z)

≤ Ct−2α−2+λ‖Mb,αχBt‖Lp,λ,α‖χBt‖Lp′,λ,α ≤ Ct
2α+2−λ

p′ + 2α+2−λ
p

−2α−2+λ ≤ C.

Theorem 10. Let 0 ≤ λ < 2α+2, b ∈ BMOα(R). Then the commutator Mb,α is bounded
from L1,λ,α(R) to WL1,λ,α(R).

Proof. Let 0 ≤ λ < 2α + 2, f ∈ L1,λ,α(R). This assertion is easily obtained from
f(x) ≤Mαf(x) . Finally, by using (5) and Theorem 5, we get

‖Mb,αf‖WL1,λ,α
≤ ‖Mα(Mb,αf)‖WL1,λ,α

≤ ‖b‖BMOα
‖ (Mα(Mαf)s)

1
s +Mα (Mα|f |s)

1
s ‖WL1,λ,α

≤ C ‖b‖BMOα
‖f‖L1,λ,α

.



50 Y.Y. Mammadov, S.A. Hasanli

References

[1] G.A. Abasova, L.R. Aliyeva, J.J. Hasanov, E.S. Shirinova, Necessary and sufficient
conditions for the boundedness of comutators of B-Riesz potentials in Lebegues spaces,
J.of Cont. Appl. Math., 6(2), 2016, 18-31.

[2] C. Abdelkefi, M. Sifi, Dunkl Translation and Uncentered Maximal Operator on the
Real Line, International Journal of Mathematics and Mathematical Sciences, 2007,
2007, 9 pages.

[3] C. Abdelkefi, M. Sifi, On the uniform convergence of partial Dunkl integrals in Besov-
Dunkl spaces, Fractional Calculus and Applied Analysis, 9(1), 2006, 43-56.

[4] C. Abdelkefi, M. Sifi, Characterization of Besov spaces for the Dunkl operator on the
real line, Journal of Inequalities in Pure and Applied Mathematics, 8(3), 2007, 1-21.

[5] R. Bouguila, M.N. Lazhari, M. Assal, Besov spaces associated with Dunkl’s operator,
Integral Transforms and Special Functions, 18(8), 2007, 545-557.

[6] C.F. Dunkl, Differential-difference operators associated with reflections groups,
Trans. Amer. Math. Soc., 311, 1989, 167-183.

[7] S. Chanillo, A note on commutators , Indiana Math. J., 31, 1982, 7-16.

[8] R. Coifman, R. Rochberg, G. Weiss, Factorization theorems for Hardy spaces in sev-
eral variables, Ann. of Math., 103(3), 1976, 611—635.

[9] F. Chiarenza, M. Frasca, Morrey spaces and Hardy–Littlewood maximal function,
Rend. Math., 7, 1987, 273-279.

[10] A. Gogatishvili, R.Ch. Mustafayev, M. Agcayazi, Weak-type estimates in Mor-
rey spaces for maximal commuatator and commutator of maximal function, ArXiv:
1504.04509v2 [math.FA] 19 June (2015).

[11] V.S. Guliyev, Y.Y. Mammadov, Function spaces and integral operators for the Dunkl
operator on the real line, Khazar Journal of Mathematics, 2(4), 2006, 17-42.

[12] V.S. Guliyev, Y.Y. Mammadov, On fractional maximal function and fractional in-
tegrals associated with the Dunkl operator on the real line. Journal of Mathematical
Analysis and Applications. 2009, v. 353, Issue 1, pp. 449-459.

[13] E.V. Guliyev, A. Eroglu, Y.Y. Mammadov, Necessary and Sufficient Conditions for
the Boundedness of Dunkl-Type Fractional Maximal Operator in the Dunkl-Type Mor-
rey Spaces, Hindawi Publishing Corporation Abstract and Applied Analysis 2010,
2010, 10 pages.

[14] V.S. Guliyev, On maximal function and fractional integral, associated with the Bessel
differential operator, Mathematical Inequalities and Applications, 6(2), 2003, 317-
330.



On the Boundedness of Commutators Dunkl-type Maximal Operator 51

[15] V.S. Guliyev, J.J. Hasanov, Sobolev-Morrey type inequality for Riesz potentials, asso-
ciated with the Laplace-Bessel differential operator, Fractional Calculus and Applied
Analysis, 9(1), 2006, 17-32.

[16] V.S. Guliyev, J.J. Hasanov, Necessary and sufficient conditions for the boundedness of
B-Riesz potential in the B-Morrey spaces, J. Math. Anal. Appl., 347, 2008, 113-122.

[17] J.J. Hasanov, A note on anisotropic potentials, associated with the Laplace-Bessel
differential operator, Operators and Matrices, 2(4), 2008, 465-481.

[18] G. Hu, X. Shi, Q. Zhang, Weighted norm inequalities for the maximal singular integral
operators on spaces of homogeneous type, J. Math. Anal. Appl. 336(1), 2007, 1-117.

[19] L. Kamoun, Besov-type spaces for the Dunkl operator on the real line, Journal of
Computational and Applied Mathematics, 199, 2007, 56-67.

[20] A. Kufner, O. John, S. Fucik, Function Spaces, Noordhoff, Leyden, and Academia,
Prague, 1977.

[21] Y.Y. Mammadov, On maximal operator associated with the Dunkl operator on R,
Khazar Journal of Mathematics, 2(4), 2006, 59-70.

[22] Y.Y. Mammadov, On the boundedness of the maximal operator associated with the
Dunkl operator on R on the Besov-Dunkl spaces, Proc. of NAS of Azerbaijan. Em-
bedding theorems. Harmonic analysis, 26(34), Issue XIII, 2007, 244-257.

[23] Y.Y. Mammadov, On the boundedness of Riesz potential in the Morrey spaces asso-
ciated with Dunkl’s operator. Dokl. Nats. Akad. Nauk Azerb, LXVI(3), 2010, 13-19.

[24] J. Mateu, P. Mattila, A. Nicolau, J. Orobitg, BMO for nondoubling measures, Duke
Math. J., 102, 2000, 533–565.

[25] A.L. Mazzucato, Besov-Morrey spaces: function space theory and applications to
non-linear PDE, Trans. Amer. Math. Soc., 355, 2003, 1297-1364.

[26] C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations,
Trans. Amer. Math. Soc., 43, 1938, 126-166.

[27] M. Sifi, F. Soltani, Generalized Fock spaces and Weyl relations for the Dunkl kernel
on the real line, J. Math. Anal. Appl., 270, 2002, 92-106.

[28] F. Soltani, Lp-Fourier multipliers for the Dunkl operator on the real line, J. Funct.
Anal., 209, 2004, 16-35.

[29] F. Soltani, Littlewood-Paley operators associated with the Dunkl operator on R, J.
Funct. Anal., 221, 2005, 205-225.

[30] E.M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscilla-
tory Integrals, Princeton Univ. Press, Princeton, NJ, 1993.



52 Y.Y. Mammadov, S.A. Hasanli

[31] E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces,
Princeton Univ. Press, Princeton, NJ, 1971.

[32] M. Rösler, Bessel-type signed hypergroups on R, in Probability measures on groups
and related structures, XI (Oberwolfach, 1994), H. Heyer and A. Mukherjea, Eds.,
World Scientific, River edge, NJ, USA, 1995, 292-304.

[33] K. Trimeche, Paley-Wiener theorems for the Dunkl transform and Dunkl translation
operators, Int. Trans. Spec. Funct., 13, 2002, 17-38.

[34] G.N. Watson, A treatise on theory of Bessel functions, Cambridge University Press,
Cambridge, 1966.

Yagub Y. Mammadov
Nakhchivan State University, Nakhchivan, Azerbaijan
E-mail:yagubmammadov@yahoo.com

Samira A.Hasanli
Nakhchivan Teacher-Training Institute, Nakhchivan, Azerbaijan

Received 17 March 2018

Accepted 05 May 2018


