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Hardy-Littlewood-Stein-Weiss Inequality in the General-
ized Morrey Spaces with Variable Exponent

J. J. Hasanov

Abstract. We consider generalized weighted Morrey spaces MP()«:[#=20l"(Q) with variable ex-
ponent p(x) and a general function w(z,r) defining the Morrey-type norm. In case of bounded
sets 2 C R™ we prove the boundedness of the Hardy-Littlewood maximal operator and Calderon-
Zygmund singular operators with standard kernel, in such spaces. We also prove a Sobolev-Adams
type MPO)@slz=ol(Q) 5 pal)wilz=2ol” ()-theorem for the potential operators I%(), also of vari-
able order. In all the cases the conditions for the boundedness are given it terms of Zygmund-type
integral inequalities on w(x, r), which do not assume any assumption on monotonicity of w(z,r) in
r.
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1. Introduction.

Morrey spaces were introduced by C. B. Morrey in 1938 in connection with certain
problems in elliptic partial differential equations and calculus of variations (see [45]). They
are defined by the norm

A
[ fll g == sup v 2| fllLe(Bar));
z, >0

where 0 < A < n, 1 < p < oo. In the theory of partial differential equations, together with
weighted Lebesgue spaces, Morrey spaces £P*(2) play an important role. Later, Morrey
spaces found important applications to Navier-Stokes ([44], [66]) and Schrodinger ([50],
[52], [53], [64], [65]) equations, elliptic problems with discontinuous coefficients ([10], [18]),
and potential theory ([1], [2]). An exposition of the Morrey spaces can be found in the
books [19] and [42].

As is known, over the last two decades there has been an increasing interest in the
study of variable exponent spaces and operators with variable parameters in such spaces,
we refer the readers to the surveying papers [16], [29], [38], [59], on the progress in this
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field, including topics of Harmonic Analysis and Operator Theory (see also references
therein).

Variable exponent Morrey spaces £P()A0)(Q), were introduced and studied in [3] and
[47] in the Euclidean setting and in [30] in the setting of metric measure spaces, in case of
bounded sets. In [3] there was proved the boundedness of the maximal operator in variable
exponent Morrey spaces £P()A()(Q) under the log-condition on p(-) and A(-), and for
potential operators, under the same log-condition and the assumptions inf,cq a(x) > 0,
sup,cq[Mz) + a(z)p(x)] < n, there was proved a Sobolev type LP()AC) — £a()AC)-
theorem. In the case of constant «, there was also proved a boundedness theorem in the
limiting case p(z) = %(x), when the potential operator I* acts from £7()*() into BMO.
In [47] the maximal operator and potential operators were considered in a somewhat more
general space, but under more restrictive conditions on p(z). P. Hésto in [26] used his
new "local-to-global” approach to extend the result of [3] on the maximal operator to the
case of the whole space R™. In [30] there was proved the boundedness of the maximal
operator and the singular integral operator in variable exponent Morrey spaces £P():A0)
in the general setting of metric measure spaces.

Generalized Morrey spaces of such a kind in the case of constant p were studied in
[5], [17], [43], [46], [48], [49]. In [22] there was proved the boundedness of the maximal
operator, singular integral operator and the potential operators in generalized variable
exponent Morrey spaces MPO) ().

In the case of constant p and A, the results on the boundedness of potential operators
and classical Calderon-Zygmund singular operators date back to [1] and [51], respectively,
while the boundedness of the maximal operator in the Euclidean setting was proved in
[11]; for further results in the case of constant p and A see, e.g., [6]- [9].

We introduce the generalized variable exponent weighted Morrey spaces
MPOwlz=2ol" () over an open set Q@ C R"™ Within the frameworks of the spaces
MPOwlz=20l” () over bounded sets 2 C R™ we consider the Hardy-Littlewood maxi-
mal operator

Mﬂm:wNMmm*/

>0 B(z,r)

|f(y)ldy,

potential type operators
1 f(@) = [ o= 3" F)dy, 0 < alz) <
Q

the fractional maximal operator

a(z)
Awmﬂmzamwmmﬂnl/l F(@)ldy, 0 < alz) <n
r>0 B(z,r)

of variable order a(x) and Calderon-Zygmund type singular operator
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where K(x,y) is a "standard singular kernel”, that is, a continuous function defined on
{(z,y) € Q@ x Q:x # y} and satisfying the estimates

|K(2,y)| < Clz —y[™" forall z#y,

y—=z2 :
‘K(‘Tay)_K(‘Taz)’Sc‘i_y‘i_i_U? U>07 if "T—y’>2‘y_2’7

x—&|° .
\K(a:,y)—K(f,y)lng, o >0, if [z —y| > 2z ¢

We find the condition on the function w(x,r) for the boundedness of the maximal
operator M and the singular integral operators 1" in generalized weighted Morrey space
MPOwlz=20l” () with variable p(z) under the log-condition on p(-). For potential opera-
tors, under the same log-condition and the assumptions

inf a(z) >0, supa(z)p(z) <n
€N z€Q

we also find the condition on w(z,r) for the validity of a Sobolev-Adams type
MPOwlz=zol () — MaC)wslz=zol" (Q)-theorem, which recovers the known result for the
case of the classical weighted Morrey spaces with variable exponents, when w(z,r) =

Az)—n
; 11 ol
r e and gy = 5 T A

The paper is organized as follows. In Section 2 we provide necessary preliminaries on
variable exponent Lebesgue and Morrey spaces. In Section 3 we introduce the generalized
Morrey spaces with variable exponents and recall some facts about generalized Morrey
spaces with constant p. In Section 4 we deal with the maximal operator, while potential
operators are studied in Section 5. In Section 6 we treat Calderon-Zygmund singular
operators.

The main results are given in Theorems 17, 18, 19, 20, 24, 25. We emphasize that the
results we obtain for generalized weighted Morrey spaces are new even in the case when
p(x) is constant, because we do not impose any monotonicity type condition on w(z, 7).

Notation:

R” is the n-dimensional Euclidean space,

Q) C R™ is an open set, £ = diam ();

0e;

x£() is the characteristic function of a set &2 C R";

B(z,r)={y e R": |z —y| <r}), B(z,r) = B(x,r) N

by ¢,C, c1, co etc, we denote various absolute positive constants, which may have different
values even in the same line.
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2. Preliminaries on variable exponent Lebesgue and Morrey spaces

Let p(-) be a measurable function on 2 with values in [1,00). An open set 2 is
assumed to be bounded throughout the whole paper. We suppose that

1 <p- <p(x) < ps < oo, (1)
where p_ :=essinfp(z) > 1, py :=esssupp(z) < 0.
€N =19

By LP0)(Q) we denote the space of all measurable functions f(z) on Q such that

Lo (f) = /Q F@)P@de < oo,

£l =t {n >0+ 1,0, (£) <1}

this is a Banach function space. By p/(-) = %, x € 2, we denote the conjugate

exponent. The Holder inequality is valid in the form

1 1
[ s@latarias < (= ) Ul lol

For the basics on variable exponent Lebesgue spaces we refer to [63], [41].
The weighted Lebesgue space LP()#(Q) is defined as the set of all measurable functions

for which @
p(x
”fHLp(->,w(Q) = inf {n >0: /Q <|f(:)|> w(z)dr < 1} )

Definition 1. By W L(Q) (weak Lipschitz) we denote the class of functions defined on
satisfying the log-condition

Equipped with the norm

A 1 _
- < T r—yl<z 9) 2
Ip(z) —p(y)| < ey p— v —yl <5 zyel, (2)

where A = A(p) > 0 does not depend on x,y.

Theorem 1. ([14]) Let @ C R™ be an open bounded set and p € W L(Q2) satisfy condition
(1). Then the mazimal operator M is bounded in LP()(€).

Theorem 2. ([36]) Let Q be bounded and p € W L(RQ) satisfy condition (1), (9), xo € Q
and let
(3)

———— < B< .
p(xo) P/ (o)
Then the weighted mazimal operator Mg is bounded in LPC)(€).
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The following theorem for bounded sets €2, but for variable a(x), was proved in [59].

Theorem 3. Let 2 C R™ be bounded, p,o € WL(Q) satisfy assumption (1), zg € Q and
the conditions

inga(az) > 0, sup a(x)p(z) < n, (4)
z€ z€Q)
a(zo)p(zo) —n < v < n(p(zo) — 1), ()
_ q(xo)y
= o) (6)

Then the operator I°0) is bounded from LPCMlz=20l"(Q) to LIC)lz=20l" () with

- -2 ™)

Singular operators within the framework of the spaces with variable exponents were
studied in [15]. From Theorem 4.8 and Remark 4.6 of [15] and the known results on
the boundedness of the maximal operator, we have the following statement, which is
formulated below for our goals for a bounded €2, but valid for an arbitrary open set (2
under the corresponding condition on p(x) at infinity.

Theorem 4. ([15]) Let Q C R™ be a bounded open set and p € W L(SY) satisfy condition
(1). Then the singular integral operator T is bounded in LPC)(€2).

We will also make use of the estimate provided by the following lemma (see [57],
Corollary to Lemma 3.22).

Lemma 1. Let Q be a bounded domain and p satisfy the assumption 1 < p_ < p(x) <
p+ < 00 and condition (2). Let also f € WL(Q) and sup,cq[n+v(z)p(z)] <0, sup,cq[n+
v(z)p(x) + B(x)] < 0. Then

@ < oY@ 2 a0 L s
|||:E y| XB(x,r)(y)||Lp(.)".\5(z) > 0or (7' + |117|) , el 0<r <4, ( )

where C' does not depend on x and r.

Remark 1. It can be shown that the constant C in (8) may be estimated as C =
1 1

C’OEH<Z_E>, where Cy does not depend on 2.

Let A(z) be a measurable function on Q with values in |0,
space £p(')7’\(')(Q) and variable weighted Morrey space £P()A();
set of integrable functions f on 2 with the finite norms

n]. The variable Morrey
"(Q) are defined as the

pC))
Hf”zp(-),x(-)(g) = sup ¢ »® ||fX§(m7t)HLP(-)(Q),

e, t>0
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_ A=) o'
— @[] - 20 fy =
11l eerrcr 7 we?;’lltlot PN 1P X By 2r0 (0

respectively. Let M* be the sharp maximal function defined by

M (@) = sup Bl [ 1) = Fyp i

r>0 B(a.r)

where f,.(#) = (B0 [5,, F(0)dy.

Definition 2. We define the BMOHg(Q) space as the set of all locally integrable functions
f with the finite norm

| fllBao B Slelg ’x\ﬁMﬁf(l’) = HMﬁfHLooy‘.\a'

The following statements are known.

Theorem 5. (/3]) Let Q be bounded and p € WL(Q) satisfy condition (1) and let a
measurable function \ satisfy the conditions

0 < Ax), sgg)\(az) <n. (9)

Then the mazimal operator M is bounded in LPO)A) ().

Theorem 5 was extended to unbounded domains in [26].
Note that the boundedness of the maximal operator in Morrey spaces with variable
p(z) was studied in [30] in the more general setting of quasimetric measure spaces.

Theorem 6. (/3]) Let Q be bounded, p,, \ € WL(Q) and p satisfy condition (1). Let
also \(x) > 0 and the conditions (4), (7) be fulfilled. Then the operator I*) is bounded
from LPOA(Q) to LIOH)(Q), where

wo) - 28 (10)

Theorem 7. ([3]) Let Q be bounded, p,c, \ € WL(Q) and p satisfy condition (1). Let
also A(z) > 0 and the conditions

inga(az) > 0, sup[A(z) + a(z)p(x)] <n (11)
z€ z€QN

hold. Then the operator I®0) is bounded from LPOA)(Q) to LIV (Q), where

1 1 o
@ p@ o@D (12)
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Theorem 8. (/3]) Let Q be bounded and p,a, A € W L(Q) satisfy conditions (1) and the
conditions

ilelga(a:) >0, M) + a(x)p(z) =n
hold. Then the operator M®C) is bounded from LPOAO)(Q) to L(9).

Theorem 9. ([3]) Let Q be bounded and p,\ € WL(Q) satisfy conditions (1) and let
0<a<n,0<A(z),supA(z) <n-—a,

Then the operator I® is bounded from LPOAC)(Q) to BMO(R).

3. Variable exponent generalized Morrey spaces

Throughout this paper the functions w(x,r), wi(z,r) and we(x,r) are non-negative
measurable functions on  x (0,¢), £ = diam Q.
We find it convenient to define the generalized Morrey spaces as follows.

Definition 3. Let 1 < p < co. The generalized Morrey space Mp(')v“’(Q) is defined by the
norms

n
o)
£l ppre = o m“f“m-)@(m)y
T p
[l aperein = sup =< fll Loc).117 (B

z€Q,r>0 w(xv T)

According to this definition, we recover the space £P()*()(Q) under the choice w(x, ) =
Az)—n
r o) -

LA Q) = MO0 (q) ,
w(x,r)=r )\(Pm()”;n

In the sequel we assume that

inf 0 13
xega’wow(:n,r) > (13)

which makes the space ./\/lp(')’“(Q) nontrivial. Note that when p is constant, in the case of
w(z,r) = const > 0, we have the space L>°(Q).
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3.1. Preliminaries on Morrey spaces with constant exponents p

In [20], [21], [46] and [48] sufficient conditions on weights w; and wy for the boundedness
of the singular operator T from MP“1(R™) to MP“2(R™) were obtained. In [48] the
following condition was imposed on w(z,r):

crw(z,r) <w(z,t) < cw(z,r) (14)

whenever r <t < 2r, where ¢(> 1) does not depend on ¢,r and z € R", with

/Oow(:n,t)p% < Cuw(zx,r)? (15)

for tmaximal or singular operator and
t pw(x,t)p? < Cr®Pw(z,r)P (16)
T

for potential or fractional maximal operator, where C'(> 0) does not depend on r and
rz e R™

Remark 2. The left-hand side inequality in (14) is satisfied for any non-negative function
w(x,7) such that there exists a number a € R such that the function r%w(x,r) is almost
increasing in T uniformly in x:

tw(z,t) < cr®w(z,r)  forall 0<t<r<oo
where ¢ > 1 does not depend on x,r,t.

Note that integral conditions of type (15) after the paper [4] of 1956 are often referred
to as Bary-Stechkin or Zygmund-Bary-Stechkin conditions, see also [25]. The classes of
almost monotonic functions satisfying such integral conditions were later studied in a
number of papers (see [28], [54], [55] and references therein), where the characterization
of integral inequalities of such a kind was given in terms of certain lower and upper
indices known as Matuszewska-Orlicz indices. Note that in the cited papers the integral
inequalities were studied as » — 0. Such inequalities are also of interest when they allow
to impose different conditions as r — 0 and r — o0; such a case was dealt with in [56],
[40].

In [48] the following statements were proved.

Theorem 10. [48] Let 1 < p < oo and w(x,r) satisfy conditions (14)-(15). Then the
operators M and T are bounded in MP(R™).

Theorem 11. [48] Let 1 < p < 00,0 < a < %, and w(z,t) satisfy conditions (14)

and (16). Then the operators M“ and I* are bounded from MP*(R™) to M?“(R™) with
1

q

D =
3Q
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The following statement, containing the results in [46], [48], was proved in [20] (see
also [21]). Note that Theorems 12 and 13 do not impose condition (14).

Theorem 12. [20] Let 1 < p < o0 and wi(x,r), we(x,r) be positive measurable functions
satisfying the condition

/Oo wl(az,t)% < ¢y wa(z,r) (17)

with ¢ > 0 not depending on x € R™ and t > 0. Then the operators M and T are bounded
from MP1O)(R?) to MP<2()(R™).

Theorem 13. [20] Let 0 < a < n, 1 < p < oo, % = %—% and wi(x,r), walz,r) be
positive measurable functions satisfying the condition
> . dt
t wl(x,t)T < crwa(x,T). (18)
r

Then the operators M® and I* are bounded from MP<1()(R™) to M3+20)(R™).

Theorem 14. [22] Let Q C R™ be an open bounded set and p € W L(S2) satisfy assumption
(1) and the function wy(z,r) and wa(x,r) satisfy the condition

¢ dt
wl(az,t)? < Cwsy(z,r), (19)
where C' does not depend on x and t. Then the maximal operators M and T are bounded
from the space MPO)<1(Q) to the space MPL)#2(Q).

Theorem 15. [22] Let Q C R™ be an open bounded set and p,q € W L(Q) satisfy assump-
tion (1), a(x),q(z) satisfy the conditions (4), (7) and the functions wi(x,r) and we(x,r)
fulfill the condition

£ o) dt
t wl(x,t)T < Cwolx,r), (20)
where C does not depend on x and r. Then the operators MY and I*V) are bounded
from MPOC)(Q) 10 MICw20)(Q).

Theorem 16. [22] Let p € WL(QY) satisfy assumption (1), a(z) fulfill the condition (4)
and let w(z,t) satisfy condition (19) and the conditions

C
w(z,r) < — (21)
1_px)
ra=)
¢ L p(z)
/to‘(m)_ w(z, t)dt < Cw(x,r)d), (22)
T

where q(x) > p(x) and C does not depend on x € Q and r € (0,£]. Suppose also that for
almost every x € Q, the function w(x,r) fulfills the condition

there exist an a = a(x) >0 such that w(x,-):[0,¢] — [a,00) is surjective. (23)
Then the operators M) and I*0) are bounded from MPO<0)(Q) to MIOw()(Q).
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4. The maximal operator in the spaces MP()<()I17(Q)

Theorem 17. Let Q be bounded and p € W L(QY) satisfy condition (1), zg € Q and (3).
Then

IMFI Lo te-201? (B ty)

B

_n_ t . __B_ 4
< Otr@ (t—|—‘x—x0‘)z?(z)/ s p@) 1(3—1—]3;\) p(m)HfHLp(_),‘xﬁo‘g(é(x S))ds, 0<t< 3 (24)
t K

for every f € Lp(')"x_xo‘ﬁ(Q), where C' does not depend on f,x € Q) and t.

Proof. We represent f as

f=h+tfe W) =FWXaaw®): L0)=FfWXosea®), t>0. (25

Then
HMfHLp(-),\:c—zO\B(é(x’t)) S ”Mfl”Lp(-),\zfcco\ﬂ(g(m’t)) + HMf2HLP(‘)JI*IO\B(E(LI&))’
By the Theorem 2 we obtain

HMfl ”Lp(-)»\wfro\ﬁ (E(x,t)) < HMfl HLP('),\HC*GC()\B(Q)

< CllAl (26)

Lp(.),‘zfzo‘B(Q) = CHfHLP(-MI*IO\B(E(m,%))’

where C' does not depend on f. We assume for simplicity that xp = 0. From (26) we
obtain

0
n_ B _n__q __B_
||Mf1||Lp(')""/3(§(.’ﬂ,t)) S Ctp(z) (t—|— |$ —$0|)P(I) Lt s p@) (S + |33|) p(z) ||f||Lp()’HB(§(-'E,S))dS

4
_n_ _B_ __n__1q __B_
< Ctr@) (t + |gj — $0|)P(z) / s p@) (3 + |$|) p(z) ||f||LP(')v\'\B(§(w s))dS (27)
t ’

easily obtained from the fact that [fI|,,..s (Blwary 15 non-decreasing in ¢, so that

Hf”LP(-)»\-\B(E(m,zt)) on the right-hand side of (26) is dominated by the right-hand side of

(27). Note that this ”complication” of estimate in comparison with (26) is done because
the term M fo will be estimated below in a similar way (see (29)).

To estimate M fs, we first prove the following auxiliary inequality

¢ __n__ __B_
/ _ \x—y!‘”\f(y)\dyé(f/ T s+ 1) IO o 8 Bay @S 0 <E <L
O\B(x,t) ¢ ’
(28)
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To this end, we choose § > p—’i and proceed as follows:

YA
/ ey )ldy <6 / ey A )y / -1
Q\B(z,t) Q\B(z,t) |z—y|

l
_s / =014 / & — |70 £ ()| dy
t {ye:2t<|z—y|<s}

¢
—5—1 —n+0
<C [ 5 a1 = U 000 5
We then make use of Lemma 1 and obtain (28).

For z € B(z,t) we get

r>0

Mf(z) = sup | B(z, )| /B 1)y

<Cswp [ sy
r>2t J(Q\B(z,2t))NB(z,r)

< Csup / ey W)y
r>2t J(Q\B(z,2t))NB(z,r)

<C /[ _ lz—ylT"f()ldy.
O\B(z,2t)

Then by (28)
¢ __n__q __B_
Mf2(2)§0/2t5 @ s A 2PNl o148 (Ba,sy) 95

4
_.n__q S
gc/t s 2@ s+ [2]) PN Loer,r18 (B a,s)) 95

where C' does not depend on z,r. Thus, the function M fo(z), with fixed x and ¢, is
dominated by the expression not depending on z. Then

£ )
||Mf2||Lp(-),\-\5(§(m7t)) < C/ S_ﬁ_l(s + |$|)_% HfHLp(-),\-\ﬁ(E(x’s))ds HXé(w’t)||Lp(-),HB(Q)‘
t (29)
Since ||X§( < C’tﬁ(t + |x|)% by Lemma 1, we then obtain (24) from (27)
and (29).
The following theorem extends Theorem 15 to the case of generalized weighted Morrey
spaces Mp(')7w7|'|6(§2).

Theorem_lS. Let Q C R™ be an open bounded set and p € WL(Q) satisfy assumption
(1), zo € 2, (3) and the function wi(z,r) and wa(z,r) satisfy the condition

z,t) HLP(-M'W (Q)

¢ __B dr __B8_
/ (r+ |z — xo)) P(””)wl(x,r)? < C(t+ |z —xo|) P@wo(x,t). (30)
t
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Then the maximal operator M is bounded from the space MP(')ML\x—mO‘ﬂ(Q) to the
space Mp(')7w2,|m—gc0|6(Q).

Proof. Let f € MPOwnle=20l? () We have

_ -1 @ _
1M £y oot () = i (@, )t PE M oy tome018 Fary)

The estimation is obvious for g <t < ¢ in view of (13). For

~

—1 —_n_
MpOon lo=aolP () = SUD - W (z, )t P ML

zeQ, t€(0,%)

Ml LpOlz=20l8 (B(z,t))

by Theorem 17 we obtain

~

MPO) w2 le—z0lP ()

B8
<C osup  wy (@, t)(t+ |z — m|)P®
€, 0<t<t

M

0
__n__1 — .
/tr PE T (r Ao = o) PO NN ocysaaol (B 9T

Hence

~

||Mf||Mp(->,wz,\w*w0‘5(Q) =

8
sup  wy ! (x,8)(t + & — w|) P
z€Q, te(0,)

< CHfHMp(-),wl’\z*wo\'ﬁ(Q)

¢ __B dr
/t wl(x7r)(r + ‘.Z' - ‘TOD p(=) 7 S C”f”Mp(-),wl,\x—aco\ﬁ(ﬂ)7

by (30), which completes the proof.

5. Riesz potential operator in the spaces MP()«0)l17(Q)

5.1. Spanne type result

Theorem 19. Let p € WL(Q) satisfy conditions (1) and let (3), xg € Q, (5), (6),
a(x), q(x) satisfy the conditions (4) and (7). Then

%O £l oot (B )

_n_ 0 ! __n__ _
< Cti (tla—ao) ) [ 5T sk o aol) T oo BSOS
t
3

—
Nl TN

where t is an arbitrary number in (O, g) and C' does not depend on f, x and t.
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Proof. As in the proof of Theorem 17, we represent function f in form (25) and have
10 f(2) = 1°0 fi(@) +1°0) fo).
By Theorem 3 we obtain
1790 il gacr oot By < M Full pacrte-soin )
< ClAillpeeriz=aor ) = ClF I poe) ool (B 2t))-

Then

Hla(')flHLQ(-),\wfwo\“(E(x,t)) < C||f||LP('))\$*xOW(E(x72t))7

where the constant C' is independent of f.
We assume for simplicity that x¢p = 0. Taking into account that

~

l
_n_ —_n__1 .
I 2o (Ba,2ey) Sth(z)(tJr\xD”(z)/tS (s A 12]) PO pocr 17 (B, s 455

we get

!
) n_ o _n 1 0
[ )f1HLq<->,\-w(§(x,t)) < Cta@ (t + |z]) 7@ /t s 1@ (s + |zf) P Hf”Lp(-»\-mé(x,s))ds'
(32)
When |z — 2| < t, [z — y| > 2t, we have §|z — y| < |z — y| < 3|z — y|, and therefore

uwwxmrs/“~ 2 — =) £ (y)|dy

O\B(z,2t)

<C | Jz—ylOTF(y)ldy.
O\B(z,2t)

We choose 8 > ﬁ and obtain

RN
O\B(z,2¢)

l
=8 eyl ()] (/ s_ﬁ_lds> dy
\B(r.20) el
l

s [ s & — 2@ £(y)|dy | ds
2t {ye:2t<|z—y|<s}

!
< C/Zt 3_6_1”f”Lp(-)»\'W(E(x,s))”’x - y\a(x)_"wHL,,f(.),‘.m/ufp(x))(g(m))ds

l
a(r)— -1 S
scéf<>mw (5 + )7 |l oo By d5-
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Hence

I
o _n 2
1 ()f2”Lf1(')»\-\“(§(x,t)) < C/zts W@ (s ) PO o v B,sn FIX B Lo+ @)

Therefore

l
al- _n_ . —__n__1 [
12O foll Lot (e gy S CH (E+ |2]) 7 /f T (5 4 )77 | Fll ot 1 (Bas)) @
(33)
which together with (32) yields (31).

Theorem 20. Let Q C R™ be an open bounded set and p,q € W L(QY) satisfy assumptions
(1), (5), (6), (3), zo € Q, a(x),q(x) satisfy the conditions (4), (7) and the functions
wi(z,r) and wo(x,r) fulfill the condition

1
[+ = o) ()T <O+ o - mo) Fwnwr). (31)

Then the operators M) and I°0) are bounded from MPO@ChlE=20"(Q) ¢4
M2 () le=zol* ()
Proof. Let f € MPOwlz=20"(Q) As usual, when estimating the norm

gy
(z,1) (P4 fXg(m) HLq(-),\rfm\“(Q)a (35)

IO £ sgarwnda—soli () = SUP
| lgocrato=sor ) 2€Q, 150 W2

it suffices to consider only the values t € (0, g), thanks to condition (13). We estimate

HIO‘(')fXE(x,t)”L‘I(')"x’”o‘”(ﬂ) in (35) by means of Theorem 19 and obtain

17O £ pgatwa ozl (0

5
(t+ |z — xo|)?@ /Z _n .

< C su r a(@) r+lr—=x p(x) 3 o . dr
= xEQ,It)>0 oo (7, 1) ) (r+| ol) (FAIFTeeY ol (B(z,r))

~y
t+ |z — xg|)r@®
< CHfHMp(-),wl,\xfxow(Q) sup ( ’ ’) i

2€Q, 150 wa(z,t)

/f @) (r 4 |z — 20|) T@ w (2, 1)
t T

It remains to make use of condition (34).

Theorem 21. Let p € WL(Q) satisfy assumption (1), xg € Q, 7, p satisfy conditions

n v
0 é < 7\ = ) 36
TS Y M o) 30
inga(:n) > 0 and let w(z,t) satisfy condition
xe
@z, r) < C. (37)

Then the operator M) is bounded from MPO@Chlz=20l"(Q) to [oole=wol" (),
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Proof. Let x € Q2 and r > 0. We assume for simplicity that xg = 0. By the Holder
inequality we get successively

pate)=n / )|y
B(z,r)

S Cra(m)—nrmw(a;, T)T_Ww—l(x, T)HfHLP(')’H“’(E(x,r))”XE(:(:,T)HLP’('),\-\'V/(I*P('))

. .
< Or*@u(a, r)le| "7 | fll ppoo0r < Clal 7@ [1f | ot

We again refer to the logarithmic condition for p(x) which provides the equivalence

27T~ [ 7

Theorem 22. Let p € WL(Q) satisfy assumption (1), zg € Q, v, p satisfy condition
(36), 0 < a < n and let w(z,t) satisfy condition (37).
Then the operator I® is bounded from MP) 0 lz=20"(Q) o BMO| 10 (£2).
Proof. Let f € MPOw(hle=ol” () In [1] it was proved that
M*(I° f)(z) < CM® f (). (38)

The proof of Theorem 22 follows from the Theorem 21 and inequality (38).

6. Singular operators in the spaces MP()«0:l17(Q)

Theorem 23. [33] Let Q be bounded, p € WL(Q2) and p satisfy conditions (1) and (3),
xo € Q. Then the operators T and T* are bounded in the space Lp(')"x_xo‘w(ﬁ).

Theorem 24. Let Q@ C R"™ be an open bounded set, p € W L(Q) satisfy conditions (1),
(3), 20 € Q and f € LPOle=20l"(Q). Then

ITf1l o). ew017 (B )

_n_ 0 ¢ __n__ _
< €t (e o) 7 [ 77T (o a0l) S e ey 0 < £
t
(3

O N s

)

where C does not depend on f and t.
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Proof. We represent function f as in (25) and have
ITfll Loy to—s0l7 By < NTF1llLoer im0l (B y) + 1T F2ll poe) tz—sol (B )
By the Theorem 23 we obtain
HTfl”Lp(-),\szo\”f(g(m,t)) < ”TfluLp(-),\wfwoW(Q) < CHJcl”LP(-)»\%woW(Q)v

so that
1T fill pocrto—vor By < CIFpoerie—ror (B 20

We assume for simplicity that xg = 0. Taking into account the inequality

I o1 (B <

N~

14
_n_ e __n_ _ __
€t ¢+ Jal) ) [ 775 70 fal) 0 0 < £
2t

9

we get

¢
_n_ 0 __n__1 N
”TflHLp(-),\-w(g(m)) < Ct7@ (¢ + [x]) P /t rorE (o fa) @ HfHLp(-),\-W(B’(m,r))dr'

(40)
To estimate ||Tf2||Lp(.),‘.m(§(x 1) We observe that
rae<c [ LUl
ly —2["
O\B(z,2t)

where z € B(z,t) and the inequalities |z — z| <, |z —y| > 2¢ imply 3|z —y| < [z —y| <
%’2 —y|, and therefore

Th)<C | |z—y["[f(y)ldy.
O\B(z,2t)

Hence by estimate (8) (with v(z) = 0) and inequality (28), we get

¢
—_n__1 0
1T f2ll oot (Ba.sy) SC/t ro P2 P o (B @ X B Lo (@)
(41)
From (40) and (41) we arrive at (39).

Theorem 25. Let @ C R™ be an open bounded set, p € W L(SY) satisfy condition (1), (3),
xo € Q and wi(x,t) and wo(z,r) fulfill conditions (30). Then the singular integral operator
T is bounded from the space MPO)<ulE=20l" () to the space MPL)wzlz=2l"(Q),
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Proof. Let f € MPOwnlz=20l"(Q)). As usual, when estimating the norm

+ @
HTfHMp(.),WQ,\%zOW(Q) = ch?)l,lIt)>0 m HTfXE(x,t) ”Lp(-),\szoW(Qy (42)

it suffices to consider only the values t € (O, g), thanks to condition (13). We estimate

||TfX§(x7t)HL,,(.),\%IOW(Q) in (42) by means of Theorem 24 and obtain

1T f | ) wozla—sol7 ()

t —
<C sup EHlE—z0l

LSl T + |z — 20]) 7| £ d
plx — plx ~
veQ t>0  w2(7,t) /t ' FTE— s LrOle==ol (B(a,r)) 4"

dr.

(t + |z — o) 7 /f (r + |z — z0]) TP wy (,7)
t

< CHfHMP('),wL\Ifzo\'Y(Q) sup .

€9, >0 wa(z, 1)

It remains to make use of condition (30).
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