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Integral Representations of Functions From the Spaces
S}QW (G), S]lgﬁB (G) and SIZ?ﬁF (G)
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Abstract. In the paper we construct an integral representation of functions from S;,W(G), Sll)ﬁB (@)
and Séﬂ}*_'(G)7 defined in n-dimensional domains and satisfying the flexible ¢-horn condition.
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1. Introduction

Integral representation of functions from the spaces with dominant mixed derivative
Sobolev - SLW (G) Besov Sl B (G) Lizorkin-Triebel- Sl F(G) in the case when the
domain G C R" satisfies the condltlons of rectangles, was ﬁrst studied in the paper of A.J.
Jabrailov [3], and then in the papers of R.A. Mashiev [5], M.K. Aliyev [1] and others, in
the case when the domain G C R" satisfies the ”"flexible horn condition”, in the papers of
A.M. Najafov [5], [6], [7].

In this paper we construct an integral representation of functions from these spaces,
defined in n-dimensional domains and satisfying the flexible ¢-horn condition. Let vector
functions ¢ (t) = (¢1 (t1) , ..., ¢n (tn)) be differentiable continuous on [0, 7] (0 < T} < c0),
@; (t;) > 0(t; > 0), tjlgr«lro(’pj (tj) =0, tjgrfm@j (tj) = A; < o0(j=1,2,...,n). Suppose

that e, = {1,2,...,n}, e C e, and for each z € G consider the vector-function

p((p (t) 755) = (Pl (Spl (tl) ,.T) 3+ Pn (Qpn (tn) 7$)) ;o 0< tj < Tj? J € én,

where p; (0,2) = 0 for all j € ey, the functions p; (¢; (t;), ) are absolutely continuous
n [0,75] and [p; (p; (t;),2)| < 1 for almost all t; € [0,T}], pj (uj,x) = %jej (uj, ),

j € en. Given 6]0,1]", each of the sets V (x,0) = 0<tL_J<T_ [p(e(t),z)+ ¢ (t)0I] and
J="2

x+V(x,0) C G, where I = [-1,1]", ¢ (t) 0 ={(v1 (t1) 0191, ..; n (tn) Onyn) : y € I}, is
called a flexible ¢-horn and the point x is called the vertex of the flexible ¢-horn z+V (z, 0).
In the case ¢; (t;) = t; the set x +V (z,0) is called the flexible horn introduced in [6], [7].
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Let 1¢ = (4%, ...,0%), where 65 =1for j € e and 6§ = 0 for je en\e = €. We suppose

that f € L'¢ (@) has all needed generahzed derlvatlves on G. Introduce the average of f
as follows:

fow) () = f(x+y) Y ,p(w(t)’x) dy, (1)
w(t) j@n / ( ) e )

where Q (y, 2z) = jeﬂenwl (Y5, 25)s ﬁ = (@f’él) ey %), in case ¢j (t;) = t% is the kernel
introduced by O.V. Besov [2]. The average of (1) is constructed from the values of f at

the points c +y € x + V (z,0) C G. Let € = (e1,...,65), 0 < &; < Tj(j € ey). Then the
following equality is valid:

fcp(s)( ) lle /Dle te+Te ( )dte7 (2)

/ / : be b]
where t°+ T =t; j=e; t°+T° =Tj,j€e and [f(z)dz®= | [[ [dz; ]| f(2) ie,
a® j€en aj
integration is carried out only with respect to the variables x; whose indices belong to e.
Differentiating with respect to ¢; (j € e), and using [2], we obtain

D fyesrey @) = ISy = 0" T o

j€e jee’

1) p(so (t“rTe/) :v) ,
/Kk'|r1 y ,p’(gp(te+Te>,x) X

P +T) ot + 1)

~ 0 T @) < s 0 T

jee’ ]Ge

Hat @; (t (3)

where k = (k1, ..., kn), kj -number in the kernel Q can be chosen arbitrarily large,

K (z,y,2) = [Jwi (z5,05) [ [ s (5,9, 25) € C§° (R* x R* x R"),

jee’ j€e
p;j -is defined in [7] and
cha) (x7y7 Z) = Dg;a)Ke ($7y7 Z) ’ /Ke(a) (‘rvyv Z) dr =0 forall y,z,
Rn

and « such that o] > 0.
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By (2) from (3) we derive

.
= S s mn [ [

eCenjee’ ¢ Rn

g ele(er1) ) /
v (so (t‘”rTe) x) X

pte+T) @t +T7)

<fz+y) ]G &) 2] (¢)) dtdy. (4)

j€e j€e

Then, in view of the Remark on Lemma 5.2 of [2], we have the following: if f € L'¢ (Q)
and 1 < p < oo, then f ) — f(r) as ¢ — 0(j € en), moreover, for p > 1 we have
fo(e) (r) — f(x) for almost all x € G by the Remark on Theorem 1.7 of [2]. Then it

follows from (4) that
= > I (@)™ x

eCenjee’

//K(ke+1e y p (*D <t€ + T6/> x> 0 (‘P (te 4 T@’) 96) X

P +T) ot +17)

g€ R™
><f(:v+y)H(90] t;)) QHSOJ t;) dt“dy. (5)
j€e Jj€e
Let I = (lh,....,1n), [j € N, I¢ = (1f,...,1), I$=1jforjee lj=0forje e/, and let

functions f having on G the generalized mixed derivatives D' f € L' (G) and suppose
that [; < k; for jce

Fotry () =D (DT (o5 ()

eCen j€ee’

//M P(sﬂ (t6+T6’l) ,x>,p' (go (te+Te'> 7x> )

ST )
e¢ R"

<DV f (x4 ) [ [ (05 (£)) 7 ¢, (¢) dtedy. (6)

j€Ee

where ¢, (t) = [[e) (t)), Me (2,9, 2) = D¥ +1¢ —I°K, (,y, ). Suppose that we obtain
j€e

1201~ 3 UM I G

eCen jee’
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T° e e
X/R/Me(u) o (t i T’ : <(p¢<(tteij:;e’)),x) 4 <¢ (te - Te/) x) DY S (e 4y) x
e R»

LI G5 @) >0 () dtey. (7)

Suppose that ¢; (p; (¢;) , 2) and pf; (¢; (t;) , z) as functions of (p; (t;) , ) are locally summable
on (0,T5] xU (j =1,...,n), where U C G is an open set. Let v = (v1,...,15,) € N§; more-
over, l; < vj+k; for j € e, and l; < kj; for j € /. Applying the differentiation DY to
both sides of (4) (and moving the differentiation onto the kernel in the summands on the
right-hand side), we obtain.

Show now that if

ujZZj—Vj>0, JjEen (8)

then the generalized mixed derivative D” f € L, (G) exists on G. First, establish that

f(y) —f&;)%O as 0<ej<n —0, j€Eepy, 9)

in L'¢ (U). Let F C U be a compact set. Then F + hl C U for some h > 0. Put

M () — ’M@) ‘
() = max max \Mc™ (z,y, 2)

By Minkowski’s inequality, for sufficiently small € and T' = 7 we have

Hf&g) B f"(olz;)Hl,Fthl = CZ H (5 (n)) "

eCenj€e

DN H .
!/ 1,F+hl

From here and (8) we obtain (9). Suppose that D f exists on G, i.e.,

120 (@) = DV f (x)

for x + Cp(t)I C G with some C = (C4,...,C,) > 0. Pass to the limit in (7) as
ej — 0(j € en), observing that the limit exists in the sense of L'¢(U) by (8) and al-

most everywhere on U by the relation f&zz) — f(x) as ¢j (t;) = 0(j € ey,) applied to
DY f. Then the equality

i
D f =3 (~)MH] (g (Tj))“f//Me(”) () D" f (2 +y) x

eCen jEe 0¢ Rn

<[ (s (£)) 5740 o, (t) dtedy (10)

j€e
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holds for almost all € U. Recall that the flexible ¢- horn x + V (z, ) is the support of

the representation (10) for z € U. We can assume that the kernels M, and Me(y) satisfy
the following relations for all « and 8

/Dg‘Me (z,y,2)dx =0, /DfMe (x,y,z)dx = 0.

Now we construct an integral representation for studying the properties of functions
from SAQB (Gy) defined in n-dimensional domains and satisfying the flexible ¢-horn con-
dition. Introduce the average of f as follows:

Tgp(t) (z) = (f¢(t))@(t)( z) = (5 (t)) // ( %St()t;x)> )

]Ge
z 1),
XQ(w(t)’ (2@(()@ )>f(x+y+z)dydz. (1)
i p(e(te+7¢") 2 . .
Obviously, 2 <p(t6-ll/—Te/), (ch(tE_i_Tel)) )> = () is possible only for ‘yj — %,Oj (5 (¢;) 7:6)‘ <

o [1+m; + 3m;] ¢; (t;), here o;, m; are integers in formula of w; determined in [2].
Hence, it follows that double averaging was constructed by contraction of f on = +
p(cp (t6+Te/> ,a:) + myp (O’ (te—l—Tel)) I and was defined for 0 < ¢ < mio, my =
max (2 + 3m;). Let

- Lo | o(3 25552

seen RrRn
x QW) ((p% 2 (;p(t()t;:c)> (2 +y+ 2) dydz. (12

Note that if there exists DV f € L!°°(G), then by G (2) [2] E(OV&) (x) = (D”f)f;&) for
xeU,0<t; <T;(j € en). Applying the equality

N N A oL R W
g(zj)_/]<90j(fj)’ 205 (¢5) >f( Tyte)dy

—00

we have

Dteia(teﬂwe ) (@ |1e| H (¢j (T, - HA 1H (g5 (t 73 H‘P; (t5) x

Jj€en j€e j€e j€e

X

//we p(o (e + 1) 0)

t6+T€) o (te+T¢)
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<TIs; ( uj  pi(p)(t)), )

1
vj (t5) 205 (t;) 2

—DPT (o5 @) T s )2 T (1) %

P (5 (t5) xv)) A™ (o (5u)) f (z 4+ y + u®) du®dy =

j€e

plo(te+T¢),z
o (st )
><Se<@1ét) ply (()t; )>Ame(gp(éu))f(x+y—|—ue)dydue, (13)

where A™ (¢)f = I1 Amj( ti)f,

(ot )
NGy

N S Y (T

e i (e (T}),x
A T 0 0) { [Tl (2, 2000 21)

jee’ jee’ jee’

e (%’ ?Tj)’ . (2%2((12{3)’5“)> dze/} ”

XH% < yjt] = (ﬁj(zzj)vx)> jijj (@jz(jtj)’ : (Qf;j(g;)7 x)> ’

Sj, A; are defined in [7, p. 88].

The equality (13) is valid in some vicinity of z(®) € U also for the vector function
pe(t) ,m(o)) instead of p (¢ (t),x). In this case, differentiating it with respect to = in the
vicinity of the point z(9), taking into account possibility of carrying over the differentiation
operation on the kernel, we have

DI ey (@) = (DM (o (@) [T s 80) 27 [ (1)

jee’ j€e j€e

(o (7).
//¢ te+Te) G

% U p((p(t),x)
S (cp

(t) 20(1) %p’ (v () ﬁv)) A™ (o (6u)) f(z+y+uf) dydu®.  (14)
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Hence we get

Df (@)=Y (-1 / DTy ()t =
eCen
_ Z ( |V| H —1-v; %
eCen jee’
Te oo® e e’
x///w y o eleferr) o) 5
0¢ Rn—oc€ ‘ ¥ (te + Te’) ’ ‘2 (te + Te’)

s <¢u - p(sa(tm)’;p/(@(t),x)) A™ (o (6u)) f (3 +y + ) x

0 20
<[ L es ()77 ][ (&) i dydu”. (15)

Note that 9. (y,2) € C® (R"™ x R™), i.e. is infinitely differentiable with respect to all
variables, and ). (-, z) is uniformly finite with respect to z from the arbitrary compact.
The equality (15) is valid almost everywhere on V', the set x + V (x, 6) is a support of this
representation.

Show that if the function f satisfies the conditions

oof

/ IT (o5 ()% [|A™ (4 (1), )

0e JjEen

ff dt¢ <A (E), eCep,

where A, (E) are the constants independent of E and the vector v = (v1,...,vp),v; > 0
are entire (j € ey) satisfy the conditions €; = [; — v; > 0(j € e,,), then there exists the
derivative D” f € Ll (@) and identity (15) is valid.

Let p; (¢ (tj),2) = 0,0 < t; < Tj(j€ey) and the compact F' C G. Then for all
rather small h = (hq,...,hy), hj > 0(j € e,) F'+ h1 is contained in some compact E C G.
Based on (15), Minskovsky-Young and Holder generalized inequalities, we successively get

ISellg, Ae (B) [ (5 (1))

eCen j€e

hence it follows that H?f:() 75:()T H - —0for0<e; <T; =0, 7€ e, Then



100 N.R. Rustamova, A.M. Gasymova

ase; — 0(j € e,) in the sense of convergence L' (G). Based on lemma 6.2 [2] we deduce
that there exists D" f € L, (G).

Now, for studying the space S]le (G) we construct integral representation of functions
being some modification of the representation (15). Introduce the following averaging that
differ from previous ones:

Fo @)= (1)) @)=

o(t)
_ (p(t), )
=L@ (" (@ +y) dy, (16)
e 4 (so(t) 3¢ (t) >

and assume that me (ot) I C (me (t) 1),y C (@ () 1)y 05, m; are the numbers

contained in the formula of w; that were determined in [2]. In other words, f@(t) (x) was
constructed by contraction of f on G ,). Differentiating the equality (16) with respect
to z in the neighborhood of the point z(?) taking into account possibility to transfer the

differential operation on the kernel, we get

7 @) = ()M ] (e 1VJ/Q ( yt, plo (t)tim)>f(w+y)dy, (17)

Jj€en (

Differentiating with respect to ¢; and under the condition 0 < ¢; < T}, j € e, from
(17) we get

f:;lg) (@) = |1€| /Dte (te+T¢") (z) dt® =
eCen
_ Z (_ VH—|15| H —1—v; %
eCen jee’

fe(x+y,t) x

Te M(V) y p((p (te+Te/) ,x)
X

[ v s~
€® Rn

XH (5 (t5)) —2v ng:] ) dt¢dy, (18)

j€e j€e

where Méy) (y,a) = DéV)Me (y,a); y,a € R™,

a; a; a;
_31_‘[141 ij< ~—uj,§])wj<zj,§y>wj,§] X

j€e jee’
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fe(z,t) = e L1 s ) / / [ < (t;)’ (Z’)(fpitzzj,)m)> :

uj  pilps(ty),x) 1
e <90j (]tj) - 3s;j (Zj) 303 (%4 (13) ’x)> -

xA™ (90 (5u) ) Ggo(nt)) f (37 + 2¢ + Ue) du®dz®,

furthermore, we can show that

| fe (z,8)] < C/csme (¢ (61)) f (z + v (1)) dve.

716
Note that under the condition I; — v; > 0(j € n) there exists a generalized derivative
DYf € L'¢(G). Then f;'zg) (x) = (D”f) ()(a:) and as ¢; — 0(j €n) ﬁo(s) — DVf
(e
almost everywhere on G and b in the sense of L!°¢(G). Passing to the limit g —0,7€e,

for f € S;LQF (G)
Duf()_z \V|H 11/]X

eCenp jee’

//M(V gy ple(rrr) )

p(tc+T¢)  3p(te+17)

fe (CU + v, t) X
0¢ R™
X H (pj (t) 2" H(p] ) dt¢dy, (19)
jee’ j€e

where the equality is fulfilled almost everywhere on G in the sense L'°°(G) and the set

X+ . tU<T [p(¢(t),z) +me (ot)I] is the support of the representation (19). It should
<tjsij

be noted that M, € C§° (R"zR") and fMéV) (y,a) =0; ty,a € R", v € Nj.
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