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Abstract. In the paper we construct an integral representation of functions from SlpW (G), Slp,θB(G)

and Slp,θF (G), defined in n-dimensional domains and satisfying the flexible ϕ-horn condition.
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1. Introduction

Integral representation of functions from the spaces with dominant mixed derivative
Sobolev - SlpW (G) Besov -Slp,θB (G) Lizorkin-Triebel- Slp,θF (G) in the case when the
domain G ⊂ Rn satisfies the conditions of rectangles, was first studied in the paper of A.J.
Jabrailov [3], and then in the papers of R.A. Mashiev [5], M.K. Aliyev [1] and others, in
the case when the domain G ⊂ Rn satisfies the ”flexible horn condition”, in the papers of
A.M. Najafov [5], [6], [7].

In this paper we construct an integral representation of functions from these spaces,
defined in n-dimensional domains and satisfying the flexible ϕ-horn condition. Let vector
functions ϕ (t) = (ϕ1 (t1) , ..., ϕn (tn)) be differentiable continuous on [0, Tj ] (0 < Tj <∞),
ϕj (tj) > 0 (tj > 0), lim

tj→+0
ϕj (tj) = 0, lim

tj→+∞
ϕj (tj) = Aj ≤ ∞ (j = 1, 2, ..., n). Suppose

that en = {1, 2, ..., n}, e ⊆ en and for each x ∈ G consider the vector-function

ρ (ϕ (t) , x) = (ρ1 (ϕ1 (t1) , x) , ..., ρn (ϕn (tn) , x)) , 0 ≤ tj ≤ Tj , j ∈ en,

where ρj (0, x) = 0 for all j ∈ en, the functions ρj (ϕj (tj) , x) are absolutely continuous
on [0, Tj ] and |ρj (ϕj (tj) , x)| ≤ 1 for almost all tj ∈ [0, Tj ], ρ

′
j (uj , x) = ∂

∂uj
ej (uj , x),

j ∈ en. Given θ [0, 1]n, each of the sets V (x, θ) = ∪
0<tj≤Tj

[ρ (ϕ (t) , x) + ϕ (t) θI] and

x + V (x, θ) ⊂ G, where I = [−1, 1]n, ϕ (t) θI ={(ϕ1 (t1) θ1y1, ..., ϕn (tn) θnyn) : y ∈ I}, is
called a flexible ϕ-horn and the point x is called the vertex of the flexible ϕ-horn x+V (x, θ).
In the case ϕj (tj) = tj the set x+V (x, θ) is called the flexible horn introduced in [6], [7].
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Let 1e = (δe1, ..., δ
e
n), where δej = 1 for j ∈ e and δej = 0 for j∈ en\e = e′. We suppose

that f ∈ Lloc (G) has all needed generalized derivatives on G. Introduce the average of f
as follows:

fϕ(t) (x) =
∏
j∈en

(ϕj (tj))
−1
∫
Rn

f (x+ y) Ω

(
y

ϕ (t)
,
ρ (ϕ (t) , x)

ϕ (t)

)
dy, (1)

where Ω (y, z) = Π
j∈en

ω1 (yj , zj),
y
ϕ(t) =

(
y1

ϕ1(t1)
, ..., yn

ϕn(tn)

)
, in case ϕj (tj) = tλj is the kernel

introduced by O.V. Besov [2]. The average of (1) is constructed from the values of f at
the points x + y ∈ x + V (x, θ) ⊂ G. Let ε = (ε1, ..., εn), 0 < εj < Tj (j ∈ en). Then the
following equality is valid:

fϕ(ε) (x) =
∑
e⊆en

(−1)|1
e|
T e∫
εen

D1e

t fϕ(te+T e′) (x) dte, (2)

where te + T e
′

= tj j = e; te + T e
′

= Tj , j ∈ ei and
be∫
ae
f (x) dxe =

( ∏
j∈en

bj∫
aj

dxj

)
f (x) i.e.,

integration is carried out only with respect to the variables xj whose indices belong to e.

Differentiating with respect to tj (j ∈ e), and using [2], we obtain

D1efϕ(te+T e′) (x) =
∏
j∈e

∂

∂tj
fϕ(te+T e′) = (−1)|1

e|∏
j∈e′

(ϕj (Tj))
−1×

×
∫
Rn

K(ke+1e)
e

 y

ϕ (te + T ε′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)
, ρ′
(
ϕ
(
te + T e

′
)
, x
)×

× = (−1)|1
e|∏
j∈e′

(ϕj (Tj))
−1 × (ϕj (tj))

−1∏
j∈e

1

ϕj (tj)

∏
j∈e

∂

∂tj
ϕj (tj) dy, (3)

where k = (k1, ..., kn), kj -number in the kernel Ω can be chosen arbitrarily large,

Ke (x, y, z) =
∏
j∈e′

ωj (xj , yj)
∏
j∈e
ρj (xj , y, zj) ∈ C∞0 (Rn ×Rn ×Rn) ,

ρj -is defined in [7] and

K(α)
e (x, y, z) = D(α)

x Ke (x, y, z) ,

∫
Rn

K(α)
e (x, y, z) dx = 0 for all y, z,

and α such that |α| > 0.



Integral Representations of Functions From the Spaces 95

By (2) from (3) we derive

fϕ(ε) (x) =
∑
e⊆en

∏
j∈e′

(ϕj (Tj))
−1

T e∫
εe

∫
Rn

K(ke+1e)
e ×

×

 y

ϕ (te + T ε′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)
, ρ′
(
ϕ
(
te + T e

′
)
, x
)×

×f (x+ y)
∏
j∈e

(ϕj (tj))
−2∏

j∈e
ϕ′j (tj) dt

edy. (4)

Then, in view of the Remark on Lemma 5.2 of [2], we have the following: if f ∈ Lloc (G)
and 1 ≤ p < ∞, then fϕ(ε) → f (x) as εj → 0 (j ∈ en), moreover, for p > 1 we have
fϕ(ε) (x) → f (x) for almost all x ∈ G by the Remark on Theorem 1.7 of [2]. Then it
follows from (4) that

f (x) =
∑
e⊆en

∏
j∈e′

(ϕj (Tj))
−1×

×
T e∫
εe

∫
Rn

K(ke+1e)
e

 y

ϕ (te + T ε′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)
, ρ′
(
ϕ
(
te + T e

′
)
, x
)×

×f (x+ y)
∏
j∈e

(ϕj (tj))
−2∏

j∈e
ϕ′j (tj) dt

edy. (5)

Let l = (l1, ..., ln), lj ∈ N , le = (le1, ..., l
e
n), lej = lj for j ∈ e, lej = 0 for j ∈ e′, and let

functions f having on G the generalized mixed derivatives Dlef ∈ Lloc (G) and suppose
that lj ≤ kj for j ∈ e

fϕ(ε) (x) =
∑
e⊆en

(−1)|l
e|∏
j∈e′

(ϕj (Tj))
−1×

×
T e∫
εe

∫
Rn

Me

 y

ϕ (te + T ε′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)
, ρ′
(
ϕ
(
te + T e

′
)
, x
)×

×Dlef (x+ y)
∏
j∈e

(ϕj (tj))
−2+lj ϕ′e (t) dtedy. (6)

where ϕ′e (t) =
∏
j∈e
εϕ′j (tj), Me (x, y, z) = Dke

x + 1e− leKe (x, y, z). Suppose that we obtain

f
(ν)
ϕ(ε) (x) =

∑
e⊆en

(−1)|ν|+||l
e||∏
j∈e′

(ϕj (Tj))
−1−νj ×
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×
T e∫
εe

∫
Rn

M (ν)
e

 y

ϕ (te + T ε′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)
, ρ′
(
ϕ
(
te + T e

′
)
, x
)Dlef (x+ y)×

∏
j∈e

(ϕj (tj))
−2+lj−νj ϕ′e (t) dtedy. (7)

Suppose that ϕj (ϕj (tj) , x) and ρ′j (ϕj (tj) , x) as functions of (ϕj (tj) , x) are locally summable
on (0, Tj ]×U (j = 1, ..., n), where U ⊂ G is an open set. Let ν = (ν1, ..., νn) ∈ Nn

0 ; more-
over, lj ≤ νj + kj for j ∈ e, and lj ≤ kj for j ∈ e′. Applying the differentiation Dν

x to
both sides of (4) (and moving the differentiation onto the kernel in the summands on the
right-hand side), we obtain.

Show now that if

µj = lj − νj > 0, j ∈ en (8)

then the generalized mixed derivative Dνf ∈ Lp (G) exists on G. First, establish that

f
(ν)
ϕ(ε) − f

(ν)
ϕ(η) → 0 as 0 < εj < ηj → 0, j ∈ en, (9)

in Lloc (U). Let F ⊂ U be a compact set. Then F + hI ⊂ U for some h > 0. Put

M (ν) (x) = max
e⊆en

max
y1z∈I

∣∣∣M (ν)
e (x, y, z)

∣∣∣ .
By Minkowski’s inequality, for sufficiently small ε and T ≡ η we have∥∥∥f (ν)ϕ(ε) − f

(ν)
ϕ(η)

∥∥∥
1,F+hI

≤ C
∑
e⊆en

∏
j∈e

(ϕj (ηj))
µj−νj

∥∥∥Dλef
∥∥∥
1,F+hI

.

From here and (8) we obtain (9). Suppose that Dνf exists on G, i.e.,

f
(ν)
ϕ(t) (x) = Dνf (x)

for x + Cϕ (t) I ⊂ G with some C = (C1, ..., Cn) > 0. Pass to the limit in (7) as
εj → 0 (j ∈ en), observing that the limit exists in the sense of Lloc (U) by (8) and al-

most everywhere on U by the relation f
(ν)
ϕ(t) → f (x) as ϕj (tj) → 0 (j ∈ en) applied to

Dνf . Then the equality

Dνf =
∑
e⊆en

(−1)|ν|+|l
e|∏
j∈e

(ϕj (Tj))
−1−νj

T e∫
oe

∫
Rn

M (ν)
e (, , )Dlef (x+ y)×

×
∏
j∈e

(ϕj (tj))
−2+lj−νj ϕ′e (t) dtedy (10)
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holds for almost all x ∈ U . Recall that the flexible ϕ- horn x+ V (x, θ) is the support of

the representation (10) for x ∈ U . We can assume that the kernels Me and M
(ν)
e satisfy

the following relations for all α and β∫
Dα
xMe (x, y, z) dx = 0,

∫
Dβ
xMe (x, y, z) dx = 0.

Now we construct an integral representation for studying the properties of functions
from Slp,θB (Gϕ) defined in n-dimensional domains and satisfying the flexible ϕ-horn con-
dition. Introduce the average of f as follows:

fϕ(t) (x) =
(
fϕ(t)

)
ϕ(t)

(x) =
∏
j∈en

(ϕj (tj))
−2
∫ ∫

Ω

(
y

ϕ (t)
,
ρ (ϕ (t) , x)

2ϕ (t)

)
×

×Ω

(
z

ϕ (t)
,
ρ (ϕ (t) , x)

2ϕ (t)

)
f (x+ y + z) dydz. (11)

Obviously, Ω

(
y

ϕ(te+T e′)
,
ρ
(
ϕ
(
te+T e

′)
,x
)

2ϕ(te+T e′)

)
6= 0 is possible only for

∣∣yj − 1
2ρj (ϕj (tj) , x)

∣∣ <
σj
[
1 +mj + 1

2mj

]
ϕj (tj), here σj , mj are integers in formula of ωj determined in [2].

Hence, it follows that double averaging was constructed by contraction of f on x +

ρ
(
ϕ
(
te + T e

′
)
, x
)

+ mϕ
(
σ
(
te + T e

′
))

I and was defined for 0 < σ < η
m0

, m0 =

max (2 + 3mj). Let

f
(ν)
ϕ(t) (x) = (−1)|ν|

∏
j∈en

(ϕj (tj))
−2−νj

∫
Rn

∫
Rn

Ω

(
y

ϕ (t)
,
ρ (ϕ (t) , x)

2ϕ (t)

)
×

×Ω(ν)

(
y

ϕ (t)
,
ρ (ϕ (t) , x)

2ϕ (t)

)
f (x+ y + z) dydz. (12)

Note that if there exists Dνf ∈ Lloc (G), then by G (2) [2] f
(ν)
ϕ(t) (x) = (Dνf)

(x)
ϕ(t) for

x ∈ U , 0 < tj ≤ Tj (j ∈ en). Applying the equality

g (zj) =

∞∫
−∞

ωj

(
y

ϕj (tj)
,
ρj (ϕj (tj) , x)

2ϕj (tj)

)
f (x+ y + z) dyj

we have

D1e

t fϕ(te+T e′) (x) = (−1)|1
e| ∏
j∈en

(ϕj (Tj))
−1∏

j∈e
A−1j

∏
j∈e

(ϕj (tj))
−3∏

j∈e
ϕ′j (tj)×

×
∫
Rn

∞∫
−∞

ψe

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)

×
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×
∏
j∈e
Sj

(
uj

ϕj (tj)
− ρj (ϕj (tj) , x)

2ϕj (tj)
,
1

2
ρ′j (ϕj (tj) , x)

)
∆me (ϕ (δu)) f (x+ y + ue) duedy =

= (−1)|1
e|∏
j∈e′

(ϕj (Tj))
−1∏

j∈e
(ϕj (tj))

−3∏
j∈e
ϕ′j (tj)×

×
∫
Rn

∞∫
−∞

ψe

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)

×
×Se

(
u

ϕ (t)
− ρ (ϕ (t) , x)

2ϕ (t)

)
∆me (ϕ (δu)) f (x+ y + ue) dydue, (13)

where ∆me(t)f =
∏
j∈e

∆
mj
j (tj)f ,

ψe

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)

 =

= 2|1
e|
∏
j∈e′

A−1j
∏
j∈e′

(ϕj (tj))
−1


∫ ∏

j∈e′
ωj

(
yj

ϕj (Tj)
,
ρj (ϕj (Tj) , x)

2ϕj (Tj)

)
×

×ωj
(

z

ϕj (Tj)
,
ρj (ϕj (Tj) , x)

2ϕj (Tj)

)
dze

′
}
×

×
∏
j∈e
ωj

(
yj

ϕj (tj)
,
ρj (ϕj (tj) , x)

2ϕj (tj)

)
∂

∂yj
ωj

(
zj

ϕj (tj)
,
ρj (ϕj (tj) , x)

2ϕj (tj)

)
,

Sj , Aj are defined in [7, p. 88].

The equality (13) is valid in some vicinity of x(0) ∈ U also for the vector function
ρ
(
ϕ (t) , x(0)

)
instead of ρ (ϕ (t) , x). In this case, differentiating it with respect to x in the

vicinity of the point x(0), taking into account possibility of carrying over the differentiation
operation on the kernel, we have

D1e

t f
(ν)
ϕ(te+T ) (x) = (−1)|ν|+|1

e|∏
j∈e′

(ϕj (Tj))
−1−νj

∏
j∈e

(ϕj (tj))
−3−νj

∏
j∈e
ϕ′j (tj)×

×
∫
Rn

∞∫
−∞

ψ(ν)
e

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)

×
×Se

(
u

ϕ (t)
− ρ (ϕ (t) , x)

2ϕ (t)
,
1

2
ρ′ (ϕ (t) , x)

)
∆me (ϕ (δu)) f (x+ y + ue) dydue. (14)
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Hence we get

Dνf (x) =
∑
e⊆en

(−1)|ν|
T e∫
0e

D1e
t f

(ν)

ϕ(te+T e′) (x) dte =

=
∑
e⊆en

(−1)|ν|
∏
j∈e′

(ϕj (Tj))
−1−νj ×

×
T e∫
0e

∫
Rn

∞e∫
−∞e

ψ(ν)
e

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

ϕ (te + T e′)

×
×Se

(
u

ϕ (t)
− ρ (ϕ (t) , x)

2ϕ (t)
,
1

2
ρ′ (ϕ (t) , x)

)
∆me (ϕ (δu)) f (x+ y + ue)×

×
∏
j∈e

(ϕj (Tj))
−3−νj

∏
j∈e
ϕ′j (tj) dt

edydue. (15)

Note that ψe (y, z) ∈ C∞ (Rn ×Rn), i.e. is infinitely differentiable with respect to all
variables, and ψe (·, z) is uniformly finite with respect to z from the arbitrary compact.
The equality (15) is valid almost everywhere on V , the set x+V (x, θ) is a support of this
representation.

Show that if the function f satisfies the conditions

∞e∫
0e

∏
j∈en

(ϕj (tj))
−1−θelj

∥∥∆me (ϕ (t) , E) f
∥∥θε
p
dte


1
θe

≤ Ae (E) , e ⊆ en,

where Ae (E) are the constants independent of E and the vector ν = (ν1, ..., νn),νj ≥ 0
are entire (j ∈ en) satisfy the conditions εj = lj − νj > 0 (j ∈ en), then there exists the
derivative Dνf ∈ Llocp (G) and identity (15) is valid.

Let ρj (ϕj (tj) , x) = 0, 0 ≤ tj ≤ Tj (j ∈ en) and the compact F ⊂ G. Then for all
rather small h = (h1, ..., hn), hj > 0 (j ∈ en)F + hI is contained in some compact E ⊂ G.
Based on (15), Minskovsky-Young and Holder generalized inequalities, we successively get∥∥∥f (ν)ϕ(ε) − f

(ν)
ϕ(T )

∥∥∥
p,F
≤

≤
∑
e⊆en

Ce

∥∥∥ψ(ν)
e

∥∥∥
1
‖Se‖θe Ae (E)

∏
j∈e

(ϕj (Tj))
lj−νj

hence it follows that
∥∥∥f (ν)ϕ(ε) − f

(ν)
ϕ(T )

∥∥∥
p,F
→ 0 for 0 < εj < Tj → 0, j ∈ en. Then

fϕ(ε) (x)→ f (x)
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as εj → 0 (j ∈ en) in the sense of convergence Lloc (G). Based on lemma 6.2 [2] we deduce
that there exists Dνf ∈ Lp (G).

Now, for studying the space Slp,θF (G) we construct integral representation of functions
being some modification of the representation (15). Introduce the following averaging that
differ from previous ones:

f̃ϕ(t) (x) =

((
f
(x)
ϕ(t)

)
ϕ(t)

)
ϕ(t)

(x) =

=
∏
j∈en

(ϕj (tj))
−1
∫
Rn

Ω

(
y

ϕ (t)
,
ρ (ϕ (t) , x)

3ϕ (t)

)
f (x+ y) dy, (16)

and assume that mϕ (σt) I ⊂ (mϕ (ηt) I)ϕ(ηt) ⊂ (ϕ (ηt) I)ϕ(σt) σj ,mj are the numbers

contained in the formula of ωj that were determined in [2]. In other words, f̃ϕ(t) (x) was
constructed by contraction of f on Gϕ(σt). Differentiating the equality (16) with respect

to x in the neighborhood of the point x(0) taking into account possibility to transfer the
differential operation on the kernel, we get

f̃
(ν)
ϕ(t) (x) = (−1)|ν|

∏
j∈en

(ϕj (tj))
−1−νj

∫
Rn

Ω(ν)

(
y

ϕ (t)
,
ρ (ϕ (t) , x)

3ϕ (t)

)
f (x+ y) dy, (17)

Differentiating with respect to tj and under the condition 0 < εj < Tj , j ∈ en from
(17) we get

f̃
(ν)
ϕ(ε) (x) =

∑
e⊆en

(−1)|1
ε|
T ε∫
εe

D1e

t fϕ(te+T e′) (x) dte =

=
∑
e⊆en

(−1)|ν|+|1
ε|∏
j∈e′

(ϕj (Tj))
−1−νj ×

×
T ε∫
εe

∫
Rn

M (ν)
e

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

3ϕ (te + T e′)

 fe (x+ y, t)×

×
∏
j∈e

(ϕj (tj))
−2−νj

∏
j∈e
ϕ′j (tj) dt

edy, (18)

where M
(ν)
e (y, a) = D

(ν)
y Me (y, a); y, a ∈ Rn,

M (ν)
e (y, a) = 3

∏
j∈e
A−1j

∏
j∈e′

ωj

(
yj − zj − uj ,

aj
3

)
ωj

(
zj ,

aj
3

)
ωj ,

aj
3

×
×
∏
j∈e

∂

∂yj
ωj

(
yj ,

aj
3

)
,



Integral Representations of Functions From the Spaces 101

fe (x, t) =
∏
j∈e

(ϕj (tj))
−2
∫ ∫ ∏

j∈e
ωj

(
zj

ϕj (tj)
,
ρ (ϕ (te) , x)

3ϕj (tj)

)
×

×ρj
(

uj
ϕj (tj)

− ρj (ϕj (tj) , x)

3ϕj (tj)
,
1

3
ρj (ϕj (tj) , x)

)
×

×∆me
(
ϕ (δu) , Gϕ(ηt)

)
f (x+ ze + ue) duedze,

furthermore, we can show that

|fe (x, t)| ≤ C
1e∫
−1e

δm
e

(ϕ (δt)) f (x+ vϕ (t)) dve.

Note that under the condition lj − νj > 0 (j ∈ n) there exists a generalized derivative

Dνf ∈ Lloc (G). Then f̃
(ν)
ϕ(ε) (x) =

(
Dν f̃

)
ϕ(ε)

(x) and as εj → 0 (j ∈ n) f̃ϕ(ε) → Dνf

almost everywhere on G and b in the sense of Lloc (G). Passing to the limit εj → 0, j ∈ en
for f ∈ Slp,θF (G)

Dνf (x) =
∑
e⊆en

(−1)|ν|
∏
j∈e′

(ϕj (Tj))
−1−νj ×

×
T e∫
0e

∫
Rn

M (ν)
e

 y

ϕ (te + T e′)
,
ρ
(
ϕ
(
te + T e

′
)
, x
)

3ϕ (te + T e′)

 fe (x+ y, t)×

×
∏
j∈e′

(ϕj (tj))
−2−νj

∏
j∈e
ϕ′j (tj) dt

edy, (19)

where the equality is fulfilled almost everywhere on G in the sense Lloc (G) and the set
X + ∪

0<tj≤Tj
[ρ (ϕ (t) , x) +mϕ (σt) I] is the support of the representation (19). It should

be noted that Me ∈ C∞0 (RnxRn) and
∫
M

(ν)
e (y, a) = 0; ty, a ∈ Rn, ν ∈ Nn

0 .
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