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On Global Bifurcation from Zero and Infinity in Fourth
Order Nonlinear Eigenvalue Problems

N.A. Mustafayeva

Abstract. In this paper we consider nonlinear eigenvalue problems for fourth order ordinary dif-
ferential equations. We study bifurcation problems from zero and infinity simultaneously for these
problems. We prove the existence of two pairs of unbounded continua of solutions corresponding to
the usual nodal properties and bifurcating from intervals of the line of trivial solutions and infinity.
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1. Introduction

We consider the following nonlinear eigenvalue problem
ty=y")" = (ay) +r(@)y = Aty + hz,y,9,y", ¥ N), x € (0,1), (1)

y'(0) cosa — (py”)(0) sinaw = 0,
y(0) cos B+ Ty(0)sin 8 = 0, ()
y'(1) cosy + (py")(1) siny =0,
y(l)cosd — Ty(l)sind = 0,
where \ € R is a spectral parameter, Ty = (py”) — qy/, p is positive, twice continuously
differentiable function on [0,!], ¢ is nonnegative, continuously differentiable function on
[0,1], 7 is real-valued continuous function on [0, ], 7 is positive continuous function on [0, /]
and a, 8,7, 0 € [0, §]. The nonlinear term h has the form h = f + g, where f and g are
real-valued continuous functions on [0,1] x R® and there exit M > 0 and sufficiently large
co > 0 such that

‘W’ <M,z €01, y,s,0v,w € R, |y| +|s| + |v| + |w| < %7 AER,  (3)
or

| Lewsotd)| < 0w € [0,1], y,5,0,w € R, [yl + Js| + o] + o] 2 co, AER. (4)
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Moreover, for any bounded interval A C R
9@y, s,0,w, A) = o(ly[ + [s] + |v[ + [w]) as |y + |s| + |v] + |w] =0, (5)

or

9@y, 5,0,w,7) = ofly| + |s| + o] + [w]) as [yl + |s| + [o] + |w| = 00, (6)

uniformly for € [0,{] and X € A.

An important role in nonlinear analysis is played bifurcation theory of nonlinear eigen-
value problems. The bifurcation problem in nonlinear eigenvalue problems occurs in all
fields of natural science (see, for example, [4, 5, 9, 10]). Note that, recently have been ob-
tained fundamental results on local and global bifurcation in nonlinear eigenvalue problems
for ordinary differential equations (see for example, [1-5, 7-20] and their references).

Similar problems for Sturm-Liouville equation has been considered before by Stuart
[19], Toland [20], Rabinowitz [15, 16], Berestycki [7], Schmitt and Smith [18], Rynne
[17], Ma and Dai [13], Przybycin [14]. For bifurcation problem from zero in [7, 13-15,
17, 18] the authors prove the existence of two families of global continua of solutions in
R x C', corresponding to the usual nodal properties and bifurcating from the eigenvalues
and intervals (in R x {0}, which we identify with R) surrounding the eigenvalues of the
corresponding linear problem. For bifurcation problem from infinity in [16, 17] show the
existence of two families of unbounded continua of solutions bifurcating from the points
and intervals in R x {oo} and having the usual nodal properties in the neighborhood of
these points and intervals.

The nonlinear eigenvalue problem (1)-(2) under the conditions (3) and (5) has been
considered by Aliyev [2] (see also [1]), under conditions (4) and (6) has been considered
in our recent paper [3]. In these papers for bifurcation problems from zero and infinity
we are able to obtain similar results as in the case of nonlinear Sturm-Liouville problems
from above.

The purpose of this paper is to study the global bifurcation of nontrivial solutions of
problem (1)-(2) in case when conditions (3), (5) and (4), (6) are satisfied simultaneously
for f and g, respectively.

2. Preliminary

Let E be the Banach space of all continuously three times differentiable functions
on [0,!] which satisfy the conditions (2) and is equipped with its usual norm ||u|ls =

[lelloo + 11elloo =+ [14loo + [[u™[loo, where [[ulloo = max [u(z)].

Let S = S1US,, where S = {u € E : u(z) # 0, Tu(z) # 0,  €[0,1], =0, 1, 2} and
Sy = {u € E : there existsig € {0, 1, 2} and 2 € (0,1) such that u()(zq) = 0, 0r Tu(zg) =0
and if u(zg)u” (zg) = 0, then ' (x)Tu(xz) < 0 inaneighborhood of z¢, and if u/(z)Tu(xy) = 0,
then u(z)u”(x) < 0inaneighborhood of x¢}.
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Note that if v € S then the Jacobian J = p3 cos 1) sin of the Priifer-type transforma-

tion
y/(:v) p(x)sin(x) cosO(x),

y'(z) = p(z) cos(z) sin p(x), (7
(py") (= )Zp( ) cos () cos p(x),
Ty(x) = p(x) sin ¢ (z) sin6(x),

does not vanish in (0,1) (see [1, 2, 5]).
For each uw € S we define p(u,z), 0(u,z), ¢(y,x) and w(u,z) to be the continuous
functions on [0, /] satisfying

pu, ) = u?(z) + u*(z) + (p(2)u" (2))* + (Tu(2))?,

O(u,x) = arctgj;fzg), 0(u,0)=p—m/2,

= arc M U =
o(u,z) = tg(pu,,)(x), ¢(u,0)

u'(x) cos O(u, x)

lU(u, IL‘) = ctgw(u,x) = ) w(u,O)
and Y(u,z) € (0,7/2), z € (0,1), in the cases u(0)u/(0) > 0; u(0) = 0; «/(0) = 0
and w(0)u”(0) > 0, Y(u,x) € (7/2,7), xz € (0,1), in the cases u(0)u'(0) < 0; u
0 and u(0)u”(0) < 0; «/(0) =u"(0) =0, 8 = 7/2 in the case (u,0) =0 and o = 0 in the
case ¥ (u,0) = 7/2.

It is apparent that p, 6, p,w : S x [0,1] — R are continuous.

u(z) sin p(u, x)

Remark 1. By (7) for each u € S the function w(u,z) can de determined by one of the
following relations

a) w(y, =) = ctgP(y, ) = (pj’ggﬁlsz(z%@v w(y,0) = W’
b) w(y, z) = ctg(y, ) = (%Zg 2;;1;9(3;;) w(y, 0) = W
) w(y,z) = ctgp(y, x) = :,{/;(( ))Ssi;g?y’xgz)’ w(y,0) = zy“y((oo))cs(:fy'

For each k € N and each v € {+, —} let by S/ denote the subset of y € S such that

1) 6(y,l) = (2k — 1)7/2 — 6, where § = /2 in the case ¥ (y,l) = 0;

2) p(y,1) = (k+1)m—~ or p(u,l) = km—- in the case ¢(y,0) € [0,7/2); o(y,l) = T—"
for k=1, p(y,l) = km—~ or ¢(y,l) = (k—1)m —~ for k > 2 in the case ¥(y,0) € [7/2,7),
where v = 0 in the case ¥(y,l) = 7/2;

3) for fixed y, as x increases from 0 to [, the function 6(y, z) (¢(y, x)) strictly increasing
takes values of mn/2, m € Z (sm, s € Z); as = decreases, the function 6(y,z) (¢(y,x)),
strictly decreasing takes values of mn/2, m € Z (sw, s € Z);
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4) the function vy(x) is positive in a deleted neighborhood of = = 0.

It follows immediately from the definition of the sets Slj, S, and Sy = SZ’US’I; , keN,
that they are disjoint and open in F.
By [2, Theorem 1.2] the eigenvalues of the linear problem

U(y)(x) = Ar(x)y(z), = € (0,1),
Y i B.C., ! (8)

are real and simple and form an infinitely increasing sequence {\;}32,, where by B.C. we
denote the set of boundary conditions (2). Moreover, for each k& € N the eigenfunction
yr(x) corresponding to the eigenvalue Ay is lies in Sy (therefore yi(x) has k — 1 simple
nodal zeros in the interval (0,1)).

Lemma 1. 2, Lemma 2.2] If (\,y) € R x E is a solution of (1)-(2) and y € 05}, k €
N, ve{+, -}, theny=0.

Let C C R x E denote the set of solutions of problem (1)-(2). We say (\, 00) is a bifur-
cation point (or asymptotic bifurcation point) for problem (1)-(2) if every neighborhood
of (X, 00) contains solutions of this problem, i.e. there exists a sequence {(\p, un)}22, C C
such that A, — X and [|up|ls = +00 as n — oo (we add the points {(A,00) : A € R}
to space R x E). Next for any A € R, we say that a subset D C C meets (\,00) (re-
spectively, (X,0)) if there exists a sequence {(An,up)}22; C D such that A\, — X and
[|un||ls = 4+ oo (respectively, ||uy||s — 0) as n — oo. Furthermore, we will say that D C C
meets (A, 00) (respectively, (X,0)) through R x S{, k € N, v € {+, —}, if the sequence
{(An,un)}22 C D can be chosen so that u, € S} for all n € N (in this case we also say
that (A, 00) (respectively, (A, 0)) is a bifurcation point of (1)-(2) with respect to the set
R x S¢). If I € R is a bounded interval we say that D C C meets I x {oo} (respectively,
I x {0}) if D meets (A, 00) (respectively, (A,0)) for some \ € I; we define D C C meets
I x {oo} (respectively, I x {0}) through R x SY, k € N, v € {+, —}, similarly (see [16]).

When the functions f and g satisfies conditions (3) and (5) in [2] show that problem
(1)-(2) has a nonempty set of bifurcation points, and if (A,0) is a bifurcation point of
this problem with respect to the set R x S}, then A € I, where I, = [\, — %, Ap + %],

To = min 7(x).
0 x€(0,1] ( )

For ke Nand v € {+, —} let C~,‘€’ denote the union of the connected components C;/ |
of the solutions set of (1)-(2) under conditions (3) and (5) emanating from bifurcation
points (A, 0) € I, x {0} with respect to R x SY. Let C; = C; U I, x {0}.

Theorem 1. For each k € N and each v € {4+, —} the connected component C; of C lies
in (R x SY)U (I x {0}) and is unbounded in R x E.

The proof of this theorem is similar to that of [2, Theorem 1.3] by using [2, Theorem
1.2].

In [3] it is prove that the set of asymptotic bifurcation points of problem (1)-(2) under
conditions (4) and (6) with respect to the set R x S} is nonempty. Moreover, if (), c0) is
an asymptotic bifurcation point for (1)-(2) with respect to the set R x S{, then X € Ij.
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For each k € N and each v € {4, —} we define the set D} C C to be the union of
all the components of C which meet I}, x {oo} through R x S}/. The set D} may not be
connected in R x E, but the set D} U (I}, x {oo}) is connected in R x E.

For any set A C R x E we let Pr(A) denote the natural projection of A onto R x {0}.

Theorem 2. For each k € N and each v € {4, —} for the set D} at least one of the
followings holds:

(i) DY meets Iy x {oo} through R x SY for some (K',v') # (k,v);

(ii) Dy meets R for some A € R;

(ili) Pr(Dy) is unbounded.

In addition, if the union Dy = D;f UD; does not satisfy (ii) or (iii) then it must
satisfy (i) with k' # k.

3. Global bifurcation from zero and infinity of solutions of problem

(1)-(2)

If conditions (3), (5) and (4), (6) are satisfied simultaneously for f and g, respectively,
then we can improve Theorems 1 and 2 as follows.

Theorem 3. Let the conditions (3)-(6) both hold. Then for each k € N and each v €
{+, =} we have D} C Rx S} and alternative (i) of Theorem 2 cannot hold. Furthermore,
if D meets (X, 00) for some X € R, then X € Iy. Similarly, if C; meets (X,0) for some
A ER, then \ € I.

Proof. It follows from Lemma 1 that if conditions (3)-(4) hold, then CN(R x 9SY) = 0.
Hence the sets C N (R x S) and C\(R x S}) are mutually separated in R x E (see [21,
Definition 26.4]). Thus by [21, Corollary 26.6] it follows that any connected component
of the set C must be a subset of one or another of the sets C N (R x S7) and C\(R x S}).
Since Dy is a connected component of C which intersect R x S}/, then D;/ must be a subset
of R x S, ie. D} C Rx S{. But this shows that the alternative (i) of Theorem 2 cannot
hold.

Now let C;/ meets (X, 00) for some A € R. Then there exists a sequence {(Ar, n, Y. n) 1o
C Cy such that Ay , — A and ||1Yk, n||3 = 00 as m — oo and

Eyk,n - )\k,nT(x)yk,n + f(xvyk,n7y;c,n7 )\k,n) + g(xa Yk, n» y;c,nv /\k,n)'

Let A ¢ Ij, and
dist{\, I}

S p—
2
Then there exists ng € N such that

dist {\g n, I} > 0.
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Obviously, (Mg nsYk,n) € C solves the nonlinear problem

by + o, n(2)y = A(2)y + g(z,y, 9, 9", 4", N), (9)
y € B.C.,

where

Yk, n(m)

o f(xvyk,n(x)vyil(x)vyg,n(x)aygjn(x)7>\k,n) .
@kn(fv) _ l‘f ykn(ﬂf) #0,
0 if yp n(x)=0.

By virtue of (5) we have |¢; n(2)] < M, n € N, z € [0,1]. Since yn(x), n € N, has
k — 1 simple zeros on (0,!) and is bounded on the closed interval [0, ], it follows from [3,
Lemma 5.2 and Remark 5.1] that the k-th eigenvalue A} of the linear problem

fy + Sok,n($)y = )\T(ZL‘)y, T € (0’ l))
y € B.C.

lies in I. By [11, Ch. 4, §3, Theorem 3.1] for each n € N the point ()\;;n, 00) is a unique
asymptotic bifurcation point of (9) which corresponds to a continuous branch of solutions
that meets this point through R x Sy. Hence for each sufficiently large n > ng we can
assign a small &, > 0 such that 6, < ¢ and |\, — )\,’g’ n| < 0n. Then it follows that
dist { Ak, n, Ik} < 0, contradicting dist {\g n, I} > 9. 'Thus Cf can only meet (A, 00) if
A = Ag. Similarly is proved that Dj can only meet (A,0) if A = A;. The proof of this
theorem is complete.

The naturally question arises whether or not C}/ intersects D}/. The following examples
show that, both cases are possible.

Example 1. Now we consider the boundary problem

{ y W (@) = My(x) + 2y(2) + Ag(z,y(2), ' (x),y" (2),y" () y(2), 0 <z <L, (10)
y(0) =y"(0) =y(l) =y"(1) =0,

It is obvious that in this case f(x,y, s,v,w, A) = 2y and g(z,y, s, v, w, ) = Ag(z,y, s,v,w) y.
We assume that the function g is satisfied the following conditions:
(i) there exist positive constants K, d and 6 such that

(2,1, 5,0,w)] < K(Jul + |s| + [o] + [w])~°

for all (z,u, s,v,w) € [0,1] x R* with |u| + |s| + |v| + |w| > d;

(ii) g is continuous in [0,1] x R* and f(z,0,0,0,0) = 0 for = € [0, 1].

These two conditions ensures that for the function g(z,u, s,v,w,\) = Ag(x,u, s, v, w)
conditions (4) and (6) both hold.

Then it follows from [3, Example 4.1] that if g(x,u,s,v,w) > 0 for (z,u,s,v,w) €
[0,1] x R%, then CY N DY # (), and if §(x,u,s,v,w) <0 for (z,u,s,v,w) € [0,I] x R*, then
crnDY =9,
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