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Interpolation Theorems on the Nikolskii-Morrey type Spaces
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Abstract. In the paper was studied a differential and differential-difference properties of functions
from intersection of Nikolski-Morrey type spaces H s 5(Gy), (k=1,2,...,N).
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1. Introduction

In the paper, we study some differential properties functions from spaces type

U1 H;l)i:,go, 5(G<p), more precisely we prove inequality type Riesz-Torin for functions from
H:

spaces type H;l)i,go,,é’(Gw)’ (bn=1,2,...,N), and also we prove that for the functions from
intersection this spaces, the generalized mixed derivatives D" f satisfy the Holder condition
in the metric Ly(G) and C(G). The space HIIL%B(G)is defined in [1] as a linear normed
space of functions f, on G with the finite norm (m; > 1; — k; > 0,1 =1,2,...,n)

1l = If s

9 7ﬁ
+ sup — BEE, 1
i_zl 0<h<hgo @i (R)liFi )
where
= 1712t = 5w (e (0 1 001 - (2)

n

|(P([th) ‘718 - H ((pj ([t]l))_ﬁjv Bj € [07 1] ) ] = 172 - 13 l e ano)nv m; € N? kl € NOa

(
7=1
p € [1,00), [t}1 = min{1,¢}, and vector-functions ¢(t) = (p1(t), ..., n(t)) with Lebesgue

t)y=L<o0,7=1,2,...,n

t
measurable functions ¢;(t) > 0,¢ > 0, thIJIrlO p;(t) =0, hm goj(
—

Denote by A the set of vector functions .
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For any z € R",
1 .

Let for any t > 0, |¢([t]1)] < C, where C is some positive constant. Then the

embeddings Ly, , g(G) = Ly(G) and HIZWB(G) — HII) (G) hold, i.e.
/]

pG = Cllflpesa and [flaye <clfllm @ - 3)

Note that the spaces L, , 3(G) and Hll) »3(G) are Banach spaces. The space Hzl?,w,B(G)’

in the case 8; =0(j = 1,...,n) it coincides with the Nikolski space H}l7 (G). The spaces of
such type with different norms were introduced and studied in [3]-[8].

2. Preliminaries

Assuming that ;(t) (j=1,2,. ) are also differentiable on [0, 7).
N N N
Let A, >0 (u=1,2,..., N) and Z)\N_l =S 2w L sh A g SN ey, and

pn=1 p=1 pn=1 pn=1
Q(,y), M; (-, y) € Cg° (R") be such that

I
S (M;) = suppM; C I = {y Hyil <z, i=1,2, ,n} )

Assume that for any 0 < T' < 1 is a fixed number:
v=J {y:yeS(Mi)}.
ocier L 2

It is clear that V' C I ) and suppose that U +V C G. Assume p(t)(j = 1,2,...,n) are
also differentiable on [0, T7).

Lemma 1. Let 1 <p, <q, <r,<oo; 0<n, t<T <1, v=(vi,v2,..,1p), v; >0 are
integers, j =1,2,...,n; A" (¢i(t)) € Ly, 3(G) and let

Qr = [T[(eseny o Ga) Al gy o

N
J=1 1—- Z_:l O

(pi(t))

y P(SD(T)75U)>
o(T)" 2¢(T)

O\ﬂ

A(z):H//f(x+y+z)Q”<
x 2 p

R
z (¢(T), z)
((p(T)’ 20(T) ) flz+y+2)dydz. (4)
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where

(@1 // (55
xG (wf&) L) i) 0) ) AT (1 000 ] oy + e dudy (1)

Then for any T € U the following inequalities

N
A
sup [| 4l < Cu | [l lpyo.m:037 %
we) (@

e
T et W”)(‘)ﬂwsh)ﬂf’q’, )

"~ N . Au

45, = LT {0 0 0. 1], )

x| H (5 (1)) 77 (9)

ol = C T {000 2 (0.6 1}
Q| H (5 (€))7 (10)

b

where Uy (T) = {z: |z; — 7] < ;i (€),j=1,2,...,n} and ¢ € A, Ci, Cy are the
constants independent of ¢, £, n and T'.

Proof. Using the Minkowsky inequality for any T € U

n

V—2§Dz(t)
([ / VOl o T 0% 2 £ )
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and we get
%
A
LD <€ | [ H{rL [y ide
Use) (@) 7
Once again using the Holder’s inequality with indication «ay, = qq/\—“u, w=12... N
N
1 _ Au

(; an = ay. = 1). Then we have

1)l o o) < O H{HL Ol P (12)

Taking Holder inequality (g, < r,) we get

n

I Dl < V- Dl T )i (13)

Let X be a characteristic function of the set S (M;) = supp M;. Noting that 1 <
pu <1y <00, 5, <1y i =1- i + %), and apply for |L;| the Holder inequality

<L_|_ (i — i) + (i — —) = 1) , and we obtain

Pu Pu Tu Sp T

ILiCs )l vy @ <
0 (pilt). z) 1
U Pi (@i y L /
Sxeill(g@ //Cz‘(%(t), i) 720i(<ﬂ(t)7$)>
R"™ o0
XA (i(t) f (@ + y + uer) dul” x (J(jt)) d'”) o
+o0
u  pilpit),r) 1,
| [ [ (GG o)
Uy ()(T) o0

(suppose that |M;(z,y, 2)| < C|M;(z)|).
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For any = € U we have

| et 2201 )

R™ oo

XA (i (0)u) f (2 +y + ue;) dul™ x (%) dy

p(t)
+0o0
(_u pilpit),x) 1, .
(U4V) p) (@) o0

x AT (05 (0) w) f (y + ue;) dulP dy <

< ity ()7 AT (2 (6) H H)I.(15)

ForyeV

/ U)OQ ( u_ pi (¢i(t), x) lp; (¢(t),x)) A (i (8) u) f (z + y + ue;) du
)

Pu

dx

ei(t)  @i(t) 72
Uy(e)(®) o0

</ Uoci(? pi(“”%““”f),;p;(@(t),x)) AT (5 (6) 0) f (@ + es) du

{[ERER

Pu

dx

Gw(&) ()

xi(t) AT (01 (8) w, ) folu]|””

PusGo(t) (T)
< @il || AT (1 (9), Gon) Z”¢6H<wj<[51 ) (16)
(R/ \M dy) = 8z TT s (17)
k=1

From inequalities (11)-(17) for (r, = q,) and for any = € U reduce to the estimation

)‘M
pu7@7ﬁ;G}

1450 1, o) < ln{H% AT (1 () u) f
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< @y TT (wilghn™ s (@} < o0). (18)
j=1

In the case Q;T < 00 inequality (10) and (8) is proved in the same way.
From last inequalities it follows that

N A
7 —I* Amy
1451l 1.7 < Cl,}l{“(wi(t)) AT (90, Cow) S pu,w;c} ’ 19)
N - Ay
7 2 —l; m; .
145zl 1.0 <€ H {H(w(t» AT (@i(t), Gy B} . (0)

C and CY are the constants independent of .

3. Main results

Theorem 1. Let G C R" satisfy the condition of flexible p-horn(1], 1 < p, < g, < oo,u =
1,2,...,N, v=(v1,v2,..,v), vj >0 be entire j = 1,2,..,n, Q7 < oo (i=1,2,...,n) and

N
let f € HL:JI H};j%ﬂ(GSD). Then the following embedding hold

N

v, »
D" U Hpu,so,ﬁ(G%(’) - Lq,wﬂl(G)
p=1

(Gy) there exists a generalized derivative DY f and the

N
more precisely, for f € |J Hzlal; 0.3
u:l b 9.

following inequalities are valid:

v A
DAl < a0 ] (Al o (21)
v A
10" Fllg 1 < 01] {1, oo} " P<a<o. (22)

In particular, if

Qo= | TTtes() ™77 x

<
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then the function D" f (z) is continuous on G, and
v )\N‘
sup D4 (@) < Catot) [T Ul 6}

7

where H(T) = 3 |Q%|, Ho(T) = i ’Q%“,O )

1=0 1=0
1_1

Qf = wsey G

Jj=1

117

(23)

0 <T <min{l,Tp}, Ty is a fized number; C1, Cy are the constants independent of f,

also C1 is independent from T.

Proof. At first note that in the conditions of our theorem there exists a generalized
derivative D¥ f on G. Indeed, from the condition Q% < oo forall (i =1,2,...,n) it follows
that for f € H;;; op5(G) = HIZJZ(G), there exists D f € L, (G) and for almost every point

of x € GG integral representation is valid.

T +oco
vy = £ () 1 () - w (v ple) )
D f(x) = f) (@) + (1) Z;O/_éR/K (. 2etnn)
e Pi ((Pi(t)vx) 1 / ) "
CZ <50i t)’ 2<Pi(t) ’ 2101, (@z(t)’ ))

£ @) =TT (i) 7 x

L G 35y

Applying the Minkowsky inequality we have

1l < 580+ - Mol

(24)

(25)

(26)

By means of inequality (8) and (9) for M; = Ki(y), n =T we get inequality (21). By

means of inequality (19) for M; = K @) n =T we get inequality (22).

7

Now let conditions Q% < oo(i = 1,2,...,n), then take into account (24),and (25),

from inequality (26) we get

o5 =i =
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A
(901 (t) ch(t)) f

(P ()"

<CZ‘QT|H sup

=1 0<t<tg

P, 3G

As T — 0, the left side of this inequality tends to zero, since f;’E)T) (z) is continuous on G

and the convergence on Lo (G) coincides with the absolutely convergence. Consequently,
the derivative function is continuous G.

Let v be an n-dimensional vector.

Theorem 2. Let all the conditions of Theorem 1 be fulfilled. Then for Qi;p <o (1=1,2,....,n)
the derivative DY f satisfies on G the Holder generalized condition, i.e. the following in-
equality is valid:

1A (1,G) D* fll, ¢ <

Ap
{ufHHm e} IR e T (27)
pn=
in particular, if Q%’,O < o0, (1= ..,n), then
v Au
sup[A (3,6 D (z \<CH{HfHHw Lan) IRl (28)
x =1

where R (17],,T) = max {111, Q0. QL+ } (ho (11,0, T) = max {I], QL . Qf;l,m}) .
Proof. According to Lemma 8.6 from [2] there exists a domain
Go CGw=(r(z),(>0r(x)=p(z,0G), z € Q)

and assume that |y| < w, then for any x € G, the segment connecting the points z, x + 7
is contained in G. For all the points of this segment,from identies (24), (25) after same
transformations we get

|A(, G) DY f ()| < IIB () lg.ct

+Z 1B1 (%) llg.c + B2 (5 7) lla.c) (29)

where

B(x,7) =[] (ps(t)) >
j=1

<[ [y arfon (Lo e

R R™
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oy plet),) -
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< fac [ 1+ cecr2)

0 R™ R™
QW <¢?(/t), P (2‘(’;(?;;”)) ‘ dydz,

vy plet),)
DjQ()<so<t>’ 20(0) )‘

vl +oo

B [ ]

0 R

X

o u pilpi(tx) 1, .
(ot g e00)

x| K;

(u)< y ple(tz)
() p(t)

T +oo
32<m>=///’ng><¢1(}t>,p<s;<(%x>>)

Iy 2 —oo

(et 1,
o (s 2D Lo,

) ' AT (@i (0) u) f (x4 y + ue;)| dydudt

X

X

1
« / AT (; (6) ) f (2 + y + v7)| dvdudydt.
0

Here 0 < T < min{1,7p}. Additionally, we assume that |y| < T, then |vy| < min (w,T)
and for z € G\ G,, then
A(y,G) D" f (x) = 0.

Taking into account {e,+G,, C G, based around the generalized Minkowsky inequality,
from inequality (8) for U = G, we have

A
13 ¢y, < b TL{IA g o} (30)
M:

By means of inequality (9),(10) for U = G, M; = KZ.(V), n = |y| we get

1B1 (Dl < €2 |Qfy| >

)‘H
31
p#7@7ﬂ;G} ( )

1B2 (Ml < Cs Q]

<]1 {H«oz-(t))—lé‘ AT (1(1), Gy |

p=1
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A
. 32
pu,cpﬁ;G} ( )

<[] {H(w(ﬂ)‘lf AT (i), Goy) f
p=1

From inequalities (29) —(32) we get the required inequality (27).
Let || > min (w,T), then

1A (v, @) D flly o < 211D flly o < CWT) D" fllgq |R (V] T)I -

Estimating for ||D”f[|, ; by means of inequality (21), in this case we get estimation

(27).
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