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A Boundary Value Problem for an Irrational Order Par-
tial Equation
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Abstract. It is known that as the investigation of the solutions of problems stated for partial
equations is difficult than the investigation of problems stated for ordinary equations, the solution
of problems stated for fractional order equations is more difficult than the investigation of the
solutions of problems stated for irrational order equations. Here we will be engaged in finding the
solution of a boundary value problem for a partial equation whose order is an irrational number.
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1. Introduction

The problems for natural number order partial equations have been studied enough [1],
[3]. Recently, the problems for rational order equations are the most considered ones and
the problems stated for partial equations are considered under various boundary conditions
[4], [5]. Finally, the problems for ordinary and partial equations whose order of derivative
are real positive members (mainly the irrational numbers) are considered [6], [7], [8].

For the sake of completeness of historical analysis we should note that the most in-
teresting is the investigation of mathematical problems stated for ordinary and partial
equations with continuous variable order derivative.

2. Problem statement
Let’s consider the following boundary value problem
D;c/gu (x,y) = Dfu (x,y), z€(0,1), y€(0,1), (1)
apu (0,t) + aju (1,t) + Bou (t,0) + Sru (t,1) = ¢ (t), t € [0,1], (2)
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where (1) is a differential irrational order partial differential equation with discretely vari-
able order derivative, (2) is a boundary condition stated for it.

The coefficients of the boundary condition are real numbers, the right side is a real
valued continuous function. The problem is considered in a unique square.

Let’s turn back to Euler’s theory. It is known that the function constructed by Euler
is in the form

Here the derivative of each term (first order) gives the previous term, the derivative of the
first term gives a zero.
At the same time for the function

(2—7”)!+(é)!+"'22(i;_2)!7 (4)

being the analogue of the Mittag-Loffler function, beginning from the second one, as the
% order derivative of each term is the previous term, and the % order derivative of the
first term is

(~1)! = o0,

it is equal to zero. Note that the factorials taking part in the denominator of (4) are
obtained by means of the Euler gamma function.
So, we sought for the solution of equation (1) in the form

1+(m—1)\/§ y—l+n\/§

Zzum" (D)1 (L +nva) ! ®)

m=1n=1

here u,,  are unknown coefficients. For determining these unknown constants, we take
into account
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and as the functions

2~ 1+mV3 y—1+n\/§
(-1+mv3)! (-1+nV3) !’

are linear independent, we get the infinitely many equations

m,n = 1,00,

Um+1,n = Umn+1, TN = 1, 00. (6)

From the obtained system (6) we get the result

Um,n = Um+n—1,1, M, N = 17 o0, (7)

i.e. all the coefficients u,,, are expressed by the coefficients u; ;. Then the solution of
equation (1) accepts the form

p—1HmV3 y—l—i-n\/i
;;”mm S V) (L nva) ®
We can show this expression in the form
@) iu zk: p—1+mV3 y—1+(k+1—m)x/§ ©
S myE) -1+ (k+ 1 —m) V2]

Now give a boundary condition for equation (1). As the obtained expression (9) satisfies
equation Uy 1 regardless the coefficients x > 0,y > 0 if for

{ u(z,0)=0, >0, (10)

u(0,y) =0, y >0,

we consider this equation in the first quarter, we see that the solution satisfying the
boundary conditions is of infinite number.
Indeed, the functions

2~ 1+mv3 y—1+(k+1—m)\/§ (1)
k=100 11

k
n; —1+mV3) ! [-1+ (k+1—m)V2]

satisfy the problem (1), (10).
Here, as form = 1,k, k = 1, oo, the orders of x and y are always positive, the functions
(11) satisfy the conditions (10). A

k p—1H(m=1)V3 —14(k+1-m)v2

Y
D - pr—
ey Zl =1V <1+ (ot 1—m) V2]
—! ZL'_1+m\/§ y_l"'(k_m)\f k-1 —1+771\/3 y—l—i-(k—m)\/i
_mZ::o(—Hm\/?) =1+ (k—m) Zl ST+ m3) ! [~ + (k—m) V2]
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DVa, @) k o 1HmV3 y—1+(k—m)\/§
y k ’ = -

Tl rm3) 1+ (h—m) V2!

k=l —14my3 y—1+(k—m)\/§
—T; (=14+mv3)! [-1+ (k—m) V2]’
the functions (11) satisfy the equation (1).

Finally, in a square with a side equal to a unit for equation (1) we consider the following
boundary condition

aqu (1, t) + fru(t,1) = ¢ (t), te]0,1], (12)

where ay and (3 are the given constants, ¢ () is a continuous function.
If we write the general solution (9) obtained for the given equation (1) in the boundary
condition (12), we get

f: z’“: 1 14 (b1 —m)VE
ag Uk,1 +
k=1 m=1 (14 mv3)! [-1+ (k+1—m)V2]!
0 k —14m+/3
t 1
+61 Uk,1 = o (t)
; n;(—l+m\/§)![—1+(k+1—m)\/§]!
or N
Z'Iuc,l?)k (t) =@ (t) s t e [07 1] , (13)
k=1
where
_ k a =14+ (k+1-m)v2 81 i~ 14mv3
o (t) =2 (_1+71n\/§) [-1+(k+1-m)V2]! + [~ 1+ (k+1-m)V2]! (—1+mV/3) ,} ) (14)

k=100t €(0,1].

It is easily seen that the functions (14) are linear independent.
Let’s construct such functions ws (t) biorthogonal with them so that the relations

1, k=s,
(o) =d = { 7 £ (15)
be fulfilled. Then from (13) we get:
Zuk,l (Ulmws) = ((,D,ws) , §= 17 . (16)
k=1

Here, according to (15),

us,l = (¢7w8) y, S = 1700' (17)
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Having written them in (9), we get the solution of problem (1), (2) in the form

k p—1+mV3 y—1+(k+1—m)\/§

“@W%:gx%w”g:04+ww®!kl+%+1—mhﬁw’

k=1 =1

(18)

So, we get the following statement:
Theorem. If a; and (1 are the given constants, ¢ (t) are continuous, the functions

ws (t) are biorthogonal to vy (t) in the form (14) and satisfy the condition (15), then the
solution of boundary value problem is given in the form (18).

Remark. In the same way, the solution of problem (1), (2) is given in the form (18)

because the solution of (18) for x =0 and y = 0 becomes zero.
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