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Some Differential Properties of Generalized Nikolskii-
Morrey Type Spaces

R.F. Babayev

Abstract. In the paper a generalized Nikolski-Morrey type spaces were introduced and studied.
With help a integral representation are obtained Sobolev type inequalities for functions from this
spaces.
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1. Introduction

In the paper, we introduce a generalized Nikolski-Morrey type spaces

<l
ﬂ Ly @ M)
and help of method inetgral representation we study differential-difference properties of
functions from this spaces. Let G C R™1 < p' < oo; I' € (0,00)"%i = 0,1,...,n;
19> 0,05 > 00 #j=1,2,...,n),0; >0 = 1,2, )56[01]”'[]1:min{1t}

on(t)), 1th Lebesgue measurable functions
=L < o0, j=1,2,...,n Denote by

and let Vector—functlons o(t) = (p1(t),..., pn
vi(t) > 0,(t > 0), lim @;(t) =0, g_rgloo%( |
A the set of vector functions ¢. Let m® = (m{ md), m? € No(j=1,...,n), m" =
(mi,...,mb),mt € No(i # j = 1,...,n),m 6 N(z =1,...,n) kY = (k?,...,kg),k‘; €

j
No(j=1,...,n,i=1,...,n).

\_/

n .
Definition 1. The space type (| LS~ (Gy) we denote the spaces of all functions f €
i=0

JARTNC}
L¢(@) (mz > l;- —k; >0,i#£j=1,...,nsmi >~ ki >0,i=1,2,...,n) with the finite
norm
" [A™ (0 (h) s Gomy) DV S|,
1Al i =Y sup 0 : S (2)
Zﬂo LY 5 5(Ge) =0 0<h<hg 11 » (h)l;.—k
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where
HfHPi#P,B;G = |f|Lpi7%5(G) = :EESCIJJELO <|90([t]1)|7ﬁ ”pri,GLp(t)(ﬂc)) ) (3)

o ([t [ = TT (05 (1)), A™ (9 (h), Gyqry) £ =2, ho it is positive fized number,
j=1
and let for any x € R"™

1 .

For any t > 0,suppose |¢ ([t]1)| < C, then the embeddings | L;ili;B(G@) - N L;li>(G‘p)
i=0 ~ 7 i=0
and hold, i.e.

Il pciin gy Sl i )0 (4)
Ao = VA e

Note that the spaces ﬂ L<l > (G,) and is Banach space. The space (1) when [ =

P

(0,...,0), I* = (0,.. O ,1,0,...,0), p* = p(i = 0,1,...,n) coincides with the space
H]i 0.8 (Gy) introduced and stud1ed in [1], in the case 8; = 0(j = 1,...,n) it coincides with

generalized Nikolski space ﬂ L<l Z(Gy).The spaces of such type with different norms
introduced and studied [3]- [13]

Lemma 1. Let G C R", 1 < p' < o0, and f € ﬂ L<ll (Gy). Then we can construct

the sequence hs = hs(x) (s = 1,2,...) of infinitely dzﬁerentmble finite in R™ functions for
which
T bl =0 (5)

n L (Gy)
i

M
Proof. Let G = |J G* and for obtaining equality (5) we estimate the norm
A=1

_nz}_
If - h”an>¢>Z;*“ hs). (6)

ZOP

. A™i h),G
wﬁz(f . hs) — sup H (90( ) W(h))

0.8
7
0<h<h, X li—k; ( )
0 H1 ©; (h)
‘]:

The sequence hy(x) (s =1,2,...) is determined by the equality

hs(x) = F(@, ()1 = }jm
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here the averaging functions are determined as follows:

where K)(y) € Cg°(R") (A=1,2,...,M) suppK,(-) C [-1;1]

the functions ny = nx(z) (A =1,2,..., M) determine the expansion of a unit in the domain
G, i.e.
DI <n(z) <1in R™
2) m(x) =0in G\ Gy forall A\=1,2,..., M;
3) |D¥x(z)] < Cy, C\ = const for all /\— 1,2,...,M and o > 0.

Obviously,
M
[NAQRS hs(')HiOOL;” ;an\ —farmOI <
M
LML AP 5)

As much as small for rather small, ¢, as a consequence of continuity of L,- average func-
tions, belonging to the space Lp(Gi‘,),from (6),(7) and (8) it follows

£ =m0l g, <
i=0 P
in other words,
hm |f — hs|| » A LU (@) =0.
1=0 Pt

Assuming that ¢;(t) (j =1,2,...,n) are also differentiable on [0, T], we can show that
for f € ﬂ L<l 7 (Gy) determined in n- dimensional domains, satisfying the condition of

flexible Lp—horn it holds the following integral representation (Va € U C G)

DVf(g;):(—l)|”+”0|ﬁ1(¢j( T // < p(ip((:g@))
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xflz+y+u+.. +un)dydu+z '+'“'///K(”)

0 R" —oc0

y ple@a)\ ([ u  pilpi(t,z) 1, NV
X(ww’ o (1) >Q<%®’ pilt) umwﬁ%>>& (i (0) w)

X f@ty+ur+ ... +un)dydu ] (0;() 77 ilgdtd dy, (9)
j=1 ‘

Let @; (-,y) € C§° (R") be such that

1 )
S0 € oty = {5 lpl < 3os(0h 5= 1.2}

for any 0 < T' < 1 assume that
Y
v= U {y:eswa}-
ocier U #()
It is clear that V' C I, and suppose that U +V C G.

Lemma 2. Let 1 < p' < p<r<oo; 0<nt<T<1, v= (v1,v2,...,v), v; > 0 are
integers, j = 1,2,....,n; A™ (h) € Ly, 3(G) and let

.ﬁ |W1//K@<y’mﬁ%@)

R™ —o00

u  pi(pi(t), ) 1 (i (1)
(G M e 02)
(

<A™ (p; (0)u) f (x +y + u) dedudy (10)
ﬁ@z/@mwﬂ ' W*ng (11)
0 j=1 GmI
[ d (t
i _ vy ©;
”@‘/M“”E@N”leﬁw“ (12)
[ (1-1) (1
T . vj—(1-B;p) #—% ¥ dt 00
Qi JEWN» It <
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e [ pi (pi(t),x) 1
CZ(%@)’ 2pi(t) 2

Then for any T € U the following inequalities are true

o (i(0), x>> AT (0 (8) ) (& 4y + uer) dudy (13)

n
SUD | Pl 2y < 1 || TL (i)™ A™ (&4(T), Giory) 1
’ J=1 10,0,6;G
< [ (esten ™ el H ) (14)
j=1 j=1
SUPH anUw(E @ = H A (@i(T), Gymy) f
J=1 Pt0.3:G
<|Qir| TT (w5 (1€1))% 7, (15)
j=1
21615 HF”THqUws)(f) <Gy H(%(t)) TAM (it), Gow) | Plp.BiG
< Qi | TT (s (€)% (16)
j=1

is hold, where Uy, ¢) (T) = {:z: oy =T < %wj €),7=1,2, ,n} and Y € A, Cq, Ca are
the constants independent of p, &, n and T.

Corollary 1.

IF], 500 < C1TT (pilt)) ™ A (¢i(t), Gony) f : (17)
J=t °,0,6;,G
1B e < Co | TT (i) ™5 A™ (0i(0), G £ (18)
=1 e, 0;G
H n,TH poab,BL: U = H ;Amz (@i(t)a Ggo(t)) / (19)
JRvNcHe,

The proof is similar to the proof of Lemma 2 in [1].
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2. Main results

Prove two theorems on the properties of the functions from the space ﬂ L;l; 5(G ).
=0

Theorem 1. Let G C R"™ satisfy the condition of flexible p-horn, 1 < p' < p < oo,
v = (n1,v2,.,v), v; > 0 be entire j = 1,2,...n, @y < oo (i = 1,2,...,n) and let
n .
fen L;il:;ﬂ(G“O)' Then the following embeddings hold
i:O K b

DY ﬂo L;l; 5(Gy) = Lgy 5 (G)

i.e. for f € ﬂ L;l;ﬁ( o) there exists a generalized derivative D” f and the following

inequalities are true

1DY fl,, e <
< Clz Q7| S T (it FA™ (), Gom) [ : (20)
=1 JRNeHE
DY < . 21
IDY fllg w516 < C2 ||f||ﬂL<”M(G¢)7p <p<o (21)
In particular, if
[ 0
i % t
Qro = /H 1=Aip)y H T dt < oo,
then DY f (x) is continuous on G, i.e.
n
SIGIEID" z)| < Z’QTO’ sup H )5 A™ (pilt), o) f (22)
7=l phe,BiG

0 < T <min{1,Tp}, Ty is a fired number; Cy, Co are the constants independent of f, Cy
are independent also on T.

Proof. At first note that in the conditions of our theorem there exists a generalized
derivative DY f on G. Indeed, from the condition Q% < oo for all (i = 1,2, ...,n) it follows

that for f € ﬂ L;l(;B(G(p) =N L;li>(G¢), there exists D” f € L,(G) and for it integral
i=0

representatlon (9) with the same kernels is valid.
Based around the Minkowsky inequality, from identities (9) we get

n
1D* Fllge < I1F e+ D I Fill, - (23)
i=1
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By means of inequality (14) for U = G, M; = K!, t = T we get

n -
1], q < C11Q7] H (i)™ A™ (i(t), Giry) f ) (24)
=t P00.8;:G
and by means inequality (15) for n =T, M; = K!, U = G, we get
IFllg.q < CalQ7 H (i(8) ™ A™ (9i1), Gor) | , (25)
B Plp.BiG
Substituting (25) and (24) in (23), we get inequality (20). By means of inequalities
(17), (18) and (19) for n =T we get inequality (21).

Now let conditions QiT < o0 (1 =1,2,...,n) be satisfied, then based around identities
(9) from inequality (23) we get

i

Am

—

pilt), Gow) f
(i(t))"

HDl’f—f&;)H e <CZ‘QT0} sup

0<t<to

s

1

J Pp,B8;G
As T — 0, the left side of this inequality tends to zero, since f&)T) (x) is continuous on G
and the convergence on Lo (G) coincides with the uniform convergence. Then the limit
function DY f is continuous on G.

Theorem 1 is proved.

Let v be an n-dimensional vector.

Theorem 2. Let all the conditions of theorem 1 be fulfilled. Then for Qi;p < 00
(i =1,2,...,n) the derivative D" f satisfies on G the Holder generalized condition, i.e. the
following inequality is valid:

1A (7, G) D fllga < CIfI 2 f L5 ) H (e 1) (26)
—o PH¥.B
where C is a constant independent of f, |y| and T'.
In particular, if Qiﬂo < oo, (1=1,2,...,n), then
sup |A (v, <C|r ; “|Ho (7], 9, 1) 27
xeG! (v, G) D f (z)] < C HZ A L5 G [Ho (7], ¢, T)] (27)

where 7 (ol 0. 7) = ma {1 Q1. @l -} (o (ol 0. 7) = ma {11 @ s @y 1} )

Proof. According to lemma 8.6 from [2] there exists a domain

Go CGw=(r(z),(>0r(x)=p(z,0G), z € Q)
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and assume that || < w, then for any = € G, the segment connecting the points z, x +
is contained in G. Consequently, for all the points of this segment, identities (9) with the
same kernels are valid. After same transformations, from (9) and (4) we get

A (7, G) DY f ()] < Cy [ ] (1) 77 x
j=1

Tl 25 i o
u_ pi(pi(t),z) 1

ei(t) 2pi(t) 2

( ﬁ’j@, (ﬂ’f) DLy (so(tm))

A (o(8)) (4 4t + e+ ) |- |CO < p m(t),x)) dudy-+

vl

-l-CQ X —

X ‘Ami (pi(O)u) fle+y+ur+...+ Un)‘ H (‘Pj(t))yj_2 H 20 dydudt

e jEmi%(t)
] Tl (2 22 e (i 222 b))

P =

x/‘Am (pi(é)u)f(x—i-y—&-ul+...+un7)‘H(% ))vi2 H iz(gdvdudydt

0 Jj=1 jEM?
n

=C1F (z,7)+C2 > (Fi(z,7) + F3 (2.7)) , (28)
=1

where 0 < T' < {1,Tp} we also assume that |y| < 7. Consequently, |y| < min (w,T"). If
x € G\ Gy, then by definition

A(4,G) D" f () = 0.
Based around (28) we have

1A (1, &) D" fllye < I1FL )

+Z(HE Moe + 15 D6 (29)

vl

F (z,7) gﬁ 2/d(//|f(:v+y+u1+...+un)|

J=1 0 R"Rn
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(5 ) P

Taking into account {e,+G,, C G, based around the generalized Minkowsky inequality,
from inequality (19) for U = G, we have

X

n 0o
IF )y, < Crlrl | T (ei®) ™ " (0i(t), G f (30)
=1 pl0.B;G

By means of inequality (16), for U = G, n = || we get

H‘l 1Z (’V)H G <Oy Q\lﬂ | | ((pl(t))il; Aml (Soi(t)aGgo(t)) f (31)
q7
=1 Ph0,8,G

and by means of inequality (10) for U = G, n = || we get

|75 ("V)Hq,aw < Cj ‘Qfﬂj‘ H (pi(t)) "l A™ (¢i(t), Gp)) f : (32)
7=t PG
From inequalities (29) -(32) we get the required inequality.
Now suppose that |y| > min (w,T"). Then
1A (v, @) D fll, 6 < 21D fllpe < CWOT) D" fllp e [H (0], 5T -

Estimating for || D" f prG by means of inequality (20), in this case we get estimation
(26).
Theorem 2 is proved.
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