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Weak Solvability of the First Boundary Value Problem
for a Class of Parabolic Equations with Discontinuous
Coefficients in Paraboloid Type Domains

N.J. Jafarov

Abstract. In the paper, weak solvability of the first boundary value problem is proved for a
class of parabolic equations with discontinuous coefficients and given in parabolic type domains in
Sobolev’s weight spaces. The coefficients of these equation bear discontinuity at the vertex of P—
domain. At the vertex P— domain touches the characteristics of the equation.
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1. Introduction

Let E, and R,41 be — n- dimensional and (n+ 1) dimensional Euclidean spaces of the
points z = (z4,...,2,) and (z,t) = (x,...,xy,t) respectively. D be a bounded domain
E, with a boundary 0 D, 0€ D, R, ;= Ry1N{(z,t):t<0}.

The domain @ C R, is said to be a paraboloid type domain (or P—domain) if its
cross section with each hyperplane ¢ = 7 (7 < 0) has the form:

x
r———€ D>
b=l
The domain D is called a foot of the P— domain Q.
Let further Qr = QN {(z,t) : =T <t<0}, Sp= 90QN{(x,t) : T<t<0},
Dr=QnN{(z,t) : t=-T1}, I'(Qp) be a parabolic boundary of the domain Q7.
Consider in @7 the following operator

" 0? oU
L=A 2 2
A i;l 4(—t) 895283:] ot ’

where A is the Laplace operator and the number parameter A\ satisfies the condition
1
7 < A < 00. (1)
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Here d = sup,.p|y|. It is easy to see that subject to condition (1) the operator L
uniformly parabolic in the domain (7. By analogy with the elliptic case, we call the
operator L the Gilbarg-Serrin parabolic operator.

Let us agree in the following denotation u; and u;; are the derivatives of 5- ‘9“ and 8;? aux )

respectively,

n
2 2 2 2 .
Uz = (uij) , ui = E ui, UL, = E ug; s 4, j=1,n.

i=1 ij=1

Let the number parameter v satisfy the condition

76< (A—2)+2)\njoo>' 2

AF(Qr) be a space of inﬁnitely differentiable and finite in Q7 functions for which the
following integral is finite |, or t) u?dzdt, Lo ,(Qp) be Banach space of measurable

functions u(zx,t) given on, Qr Wlth finite norm

%
HUHLQ,v(QT) = (/ (—t)QUQdI‘dt) 5
Qr
0 1,0 0 1,1

Ws., (Qr) and Wy, (Q7) be Banach spaces of measurable functions u(z,t) given on
Q7 with finite norms

1
WM@&%»=(4 <w<u+u>mm>,
T

1
2
Hw%WM=<A<4mw+@+@me,
’ T
respectively.

1,0 o 1,1
W (Qr) andWQW (Q) be subspaces of VV2 (QT) and W27(QT) respectively, in
which A§°(Q) is a dense set.
In the domain Q7 consider the first boundary value problem

;% 0%u ou = 87]“’“
Lu=Au+A JZ_: (=) dmdn, ot T ; aiF 3
ulp(@r) = 0, (4)

where f€L2,'y(QT)7 fk€L2,'y(QT)§ k= 17771

Therewith, it is assumed that with regard to number parameters A and -y, conditions
(1) and (2) are fulfilled. At first give definition of the weak solution of the first boundary
value problem (3)-(4).
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The function u(m,t)eWi’,?(QT) is said to be a weak solution of equation (3) in the
o L1
domain Qr if for any function v(z,t)e W, (Q7)the following integral identity is fulfilled.

Bg, (u,v) = / (—t) u vedadt — / (—t)” Z ((5@ + )\W>viujda:dt+
T T 4 (_t)

ij=1

+A(n+1) /QT (—t)” z": 1 (JU_Zt) wvdzdt + )\n(rjl—kl) /T (—t) uvdzdt—

i=1

n

—'y/ (—t) uvdxdt :/ (—t)7 fodxdt — / (—t)Vkavkdxdt, (5)

T T T k=1
where d;; is the Kronecker symbol.
0 1.0
The function u(z,t)e Wy, (Q) being a weak solution of equation (3) in Q7 is called
a weak solution of boundary value problem (3)-(5). Now we show the relation between
equation (3) and integral identity (5). At first we represent the Hilbarg-Serrin parabolic
operator in the form of a divergent operator with unbounded minor coefficients. We have

n

Lu:Au+>\Z (4(i_i)ui>j_/\(”+1)z4(_it)“i_ut'

i,j=1 i=1

Consider the domain Qrs = Qr\Qs multiply the both parts of equation (3) by the
function v(z,t)eA5°(Qr) and integrate the obtained equality with respect to Qr,5. We get

/ (—t)"v Au dz dt+
Qrs

+A /Q” (—t)" En: <mui>jv do dt— \(n+1) /Q” (—t)" zn: 4(xjt) ujv du dt—

2,7=1

—/ (—t) ugv da dt :/ (=)' f v dx dt +/ (—t)"
Qr,s Qr,s Qr,s i

By Ostrogradskii‘s formula

/Qm (=)0 Au dx dt + )\/ (—t) Zn: <4x(i2) u) v dt =

Qr,s ij=1

n

— /Q - Y <5ij + Aﬂixi)) uivj dx dt. (7)

1,7=1
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In what follows we have

n

A +1) /Q D Ivar

=1

1
wiv dr dt = )\n(n—l—)/ (=) uw dx di+
4 Qr,s

n

+A(n+1) / (—t)" T da dt (8)
Qr,s i=1 4(=t)
Furthermore A
n 8fl
(—=t)7f v dx dt +/ (—t)” v dz dt=

/QT,5 Q.5 ZZ; Oz

= / (—=t)" f v dx dt — / (—t)“’Zfi v; dx dt 9)
Q.5 Qr,s i=1

Let Il = {x: |zi| < R, i:m}, Ks = Ir x (=T,-9). For simplicity we

will consider that we can continue the function wu(z,t) in Ks\Qz s so that the obtained
continuation u(x,t) be the element of the space W;;S(K(;). We continue the function v(z, t)
by a zero toKs\Qr s and denote the obtained continuation again by v(x,t).We have

Ji= — / (—t)Viigw do dt = —5 | 7D (2,—8) v (x,—6) du+t
K g

—i—/ (—t) v dx dt—*y/ (=)' v dx dt= —57/ u(x,—d) v (z,—0) dez+
K Ks Ks

+/ (—t)%;mdacdt—v/ (—t)" L uvdadt.
Qr,s Qrs

Hence it follows that
lim Js = / (—t) v u dx dt — 7/ (=) tu v da dt. (10)
0—0+ Qr Qr

Now, taking into account (7)-(10) in (6), and tending § to zero we arrive at integral

identity (5).

Theorem 1. If with respect to number parameters A and ~y conditions (1) and (2) are
fulfilled, then the first boundary value problem (3)-(4) is uniquely weakly solvable in the
1,0

space V([)/QZ'y (Qp) for any f(z,t) € Loy (Qr) and f*(x,t) € Loy (Qr);  k=1,n.

Proof. At first prove the existence of the solution. To this end we consider the extend-
ing sequence of domains {D,,}, m =1,2,...; approximating from within the domain D,
i.e. D, C Dyi1, Dy C D, limy, 400 Dy, = D . Therewith we choose D,,, so that for any
natural m 0D, € C?. Let further Q™ be a P—domain whose foot is the domain D,,,

Q?:Qmﬁ{(x,t):t>—T}, Q%ézQ?\é?éna 56(07T)'




46 N.J. Jafarov

Denote by f* and f*" the Friedrichs averaged functions, respectively, k = I, n with a
parameter h > 0. Consider for A > 0 and natural m the family of the first boundary value
problems

n

m,h Lilj m,h Ti  mh mh
Au +)\Z< t)ui >j—/\(n+1)z4(_t)ui —uy =

i,7=1 =1

k,h
_fh—i—zaf L (z,t) € QT (11)

m,h _
u ’F( = (12)

As for any natural m and positive h and § the coefficients and the right side of equation
(11) are infinitely differentiable in @';’5 functions, problem (11)-(12) has a unique classic
solution u™"(z,t). Indeed,u™"(x,t) depends on & as well, but for brevity of notation
we write u™"(z,t) instead of uy" "(x,t). Multiply the both sides of equation (11) by the
function (—t)"u™"(z,t) and 1ntegrate the obtained equality with respect to the domain
Q75

We get

1\ m,h  m,h ’y m,h TiZj mh B
/m( t)T Au u da:dt—i—/m( Z&%( (—t) )dxdt

T,5 T,5 i,7=1

—-A(n+ 1)/ (—t)” Z T ymhymh gy dt — / (ft)wu;n’hu;n’hd:vdt =
Q Q

KA
Ts i=1 4(-) s

n k,h
— / (—=t)" 1 u™hda dt + /m (—t)” Z a(;;um’hd:c dt. (13)

Ts T k=1 k

Further we have

L

T,5

(=) Au™ Ry dt+/\/ (—tyumn 3 2 < ] mh> da dt =

e
__/Qm

QT ij=1

2 n s
(=) () da dt — A /Q (=) S Tyt g, (14)

T8 %5 i,j=1 4 (_t)
Furthermore
"oy Aln+1)-n u?
A1) / (=) wg dadt = 2D / () - gw dt, (1)
or, T 100 5 o, VI

n k.h n

/ (e S kg gy — / (1) S ey dy (16)
6xk m
QT s k=1 QT 5 k=1
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Finally, by means of arguments similar to ones that were used by deriving integral
identity (5), we get

—/ (—t) u updxdt = —g / (—t)YuPdadt + iy (0), (17)
s Ts
where 6lim i1(6) =0.
—00
Taking into account (13)-(16) in (12) and tending ¢ to zero, we conclude

2 TiTj m,h  m,h
(=07 | (uh) 4+ L
/Q DB

A (n+1)—4y / (—t) (um,h)2 o

2 1)
- / (=) S frude dt — / () f u™dg dt. (18)
Qr k=1 T

Here u™" (z,t) = lims_,o4 ugn’h (z,t) .
The existence of the pointwise limit is proved in the same as in [1].
If now w <0,ie v> %, then from (17) it follows

/ (—t)7 (u;"h> —i—)\z xlx] mhu;nh dr dt <

T ,jl

< / (—t)7 Z FEruh dg dt — / (=t)7 frum™Pdz dt. (19)

T k=1 T

Note that for >0, A 7, 1f’mj)umh mh>0 But if —% <A <0, then

)\Z ”J)uznh =\ (u mh)

3,j=1

Thus, if v > %, then from (18) we get

2
/ (—m(u;nvh) de dt < Cy(\n,d,n).

m
T

( / . (—t)VZH: FEP " dae dt — / (-t Frumhdz dt) . (20)

T k=1 T
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Now consider the case

e <n2()\—dlz)—|—2)\n )\n(n+1)>‘ (1)

\]

8

According to inequality (17)

An(n+1) —4y / ()" (um,h)2 ol <
Q

2

m
T

U .
<PAnlr D=8 / (—1) 3 S e (22)
n Qr i,j=1

But on the other hand, from (20) it follows that there exists € (0, 1) for which

2An(n+1)—8y 1 1

So, from (18) and (21) we conclude

2 -1 = Wty m m
/ (=) <u2nh) +Hd2 Zf(g)u" M di | <

< /m (—t)” (i fi’hu;-n’h - fhum’h> dx dt. (23)

As p < 1, then

n

Mil TiTj  m,h mh m 2
2 a2 e ) () (24)

ij=1

From (22)-(23) it follows that

2 n
,u/ (—t)” (u;n’h) dx dt < / (—t)” <Z fk’huz,n’h — fhum’h> dx dt.
Q QF

k=1
The last inequality and estimation (19) allows to conclude that for

e (n2 ()\—d%)+2>\n

T
g ,00 | the following inequality is valid

/m (—t)" (ugﬁhydm‘ dt < Csy (\,n,d, 7)/

(—t)7 (Z Frumh — fhum’h> dz dt. (25)
¥ Qy

k=1
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According to Friedrich‘s inequality we get

n

/ (1) (wm ) da dt < C5 (A, d.) / (—t) (Z Flhym _ fhum’h> dx dt. (26)
" o

k=1
Thus, from (24)-(25) we conclude

/m (—t) <<um’h)2 + (u;”’h)2> dz dt <

T

leCy (\,n,d, ) /Qm (—t)” (i: fk’hu;n’h - fhum’h> dx dt. (27)

T k=1

Further, for any € > 0 we have

/ (—t)? <Z frhah — f’%/””‘) da dt <

T k=1

gz/m(—tﬁ Y ( ) dz dt+21/m( t)Vzn:(f’“’lfd:cdth

T k=1 k=1

o5 [ con () e e o [ ooy (um) ar (28)

Now choosing ¢ = C%L from (26)-(27) we get

/m (—t)" ((um,h>2 + (u?vh>2> dx dt < Cs (A, n,d,v) X
X (/m (—t) Y (f’f»h)de dt+/m (—t)“’(fh>2dx dt) . (29)

k=1

Without loss of generality, we can consider that for f # 0; f* # 0; k = I, n. Therefore
from (28) it follows that for rather small A > 0

L2 ~(QT) ) ’ (30)

Fix an arbitrary natural m. From inequality (29) it follows that the family of functions
0 1,0

{u™h (z,t)} is weakly compact (with respect to h) in the space W2 ~ (QF). Thus, there
0 1,0
exists such a sequence h; — 0 as [ — oo and the function v (z,t) € W2 ~ (QF) that the

functional sequence {u™" (z,t)} weakly converges to the function u™ (z,t) in Wz,»y (QF)

[ o gy < Co oo (umMQT +2Hf |
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0 1,0
as | — oo. This means that for any function u™ (z,t) € W, , (QF) it holds the limit
equality

lim BQIW} (um’hl,’u) = BQy (um,v) . (31)

l—00

But on the other hand

m,h _
BQ? <u Z,U) —/Q

Furthermore

lim /
l—o0 Q%
/,

From (30)-(32) we conclude that

(—=t)7 fh v dx dt — /

(=) fohda dt. (32)
QT k=1

m
T

(=) fM v da dt —/
Q7

(—t)7 ka’hlvk dx dt) =
k=1

(=)' f v dx dt — /

(—t)” i frupda dt. (33)
Qr k=1

m
T

Bom (u™,v) = /m (=) f v dx dt —/ (—t)7 Z fropdz dt.

T QT k=1

The last equality means that the function u™ (z,t) is a weak solution of equation (3) in
the domain Q7. Furthermore, for the function u™ (z,t) the following estimation is valid

. 34
L2,’Y (QT)) ( )

For any natural m we continue the function u™ (z,t) by a zero in Q7\Q7" and denote

™29y < Cr Asmed,) (ufHLM(QT) + > ||
’ k=1

0+
the obtained continuation again by u™ (z,t). It is easy to see that u™ (x,t) € W, , (Qr)-
Therewith, according to (33) the following estimation is valid

. 35
LQ,W (QT)) ( )

From (34) it follows that the family of functions {u"™ (z,t)},....m =1,2,... is weakly
1,0 o L0

0
compact in the space Wy, (Qr). Thus, there exists such a function u (z,t) € Wy, (QT)

and sequence m, — oo as r — oo that u(z,t) is a weak limit of ™" (z,t) as r — ooin
1,0 ;

0 0
Wy, (Q7F). This means that for any function v (z,t) € W, the following limit equality
is valid:

I 207y < Cs (”f”LQ’”(QT) Eb
5 k=1

lim Bg, (u™",v) = Bg, (u,v) .

T—00
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Moreover, using the above arguments, we can show that
n
Bg, (u,v) = / (=)' f v dx dt —/ (—t)Vka v dx dt.
T Qr k=1

From the last equality it follows that the function u (x,t) is a weak solution of the
first boundary value problem (3)-(4). Furthermore, for the functions u (x,t) the following
estimation is valid

™l gro, < Co <|f\|L2,W<QT> +> 7]
(@7) =1

. (36)

I/VQ,7 T LQ,W(QT)
Thereby the existence of the weak solution of the first boundary value problem (3)-(4)
is proved. Now prove its uniqueness. It suffices to show that a homogeneous problem
has only a trivial solution. Let u (z,t) be the solution of homogeneous problem (3)-(4),

ie. for f =0; f¥ =0, k= 1I,n Fix an arbitrary 6 € (0,T) and consider the
0 L1

function v (x,t) € WQ'y(QT+5) vanishing for ¢ < T and ¢t > —0. Let further K =
g x (=T —=4,0), Iz ={z: |z <R, i=1,n}. Continue the function u(z,t) and

v (x,t) by zero to K\Qr and denote the obtained continuations again by u (x,t) and
o L1 o L1

v (x,t), respectively. It is easy to see that u (z,t) € WQ’Y (K), while v (z,t) € Wo, (K),
Denote for

1

t
hE(O,é]h/t hv(m,T) dr by vy, (2, 7)

and put into integral identity (5) instead of the function u (x,t) the function vy (x,7)
and get

Bik (u,vy;) = 0. (37)
Taking into account the equalities (vy;) = )y, (1@)1 = (v;); i =1,nand also

_ /K (=) (v)y da dt = — /K (=) ) vrde dt — / (—t) "), vde dt,

K

n

[y (

1,j=1

n

ij 4~T(Z)>uu (vj); do dt = /K (=) > <5ZJ+A e t)uz>v] da dt,

7,7=1

where uy, (z,t) = + |, hy (z,7)dr , assuming v (x,t) = uy (x,t) tending h to zero, from
(36) we get

)\n(ngl)llv/ ( )'y 1 wl dr di— / (_t) Z <5Z]-|-A ( ;))ulu] dx dt = 0.
Qr,s Qr.s =
(38)
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Now, behaving as in deriving estimation (24), we get that if with respect to number

parameters A and 7 conditions (1) and (2) are fulfilled, then fQTa (—t)"u2 dx dt = 0. The
last equality yields ’

/ (—=t)"" "2 da dt = 0.
Qr,s

With regard to arbitrariness of § we conclude

/ (=) '? dx dt =0,
T

Hence it follows that u (z,t) = 0 almost everywhere in Q7. <

In fact in the course of proof we established the estimation of the weak solution of

the first boundary value problem (3)-(4). We formulate this statement in the form of a
separate theorem.

Theorem 2. If the conditions of the previous theorem are fulfilled then for the weak
solution of the first boundary value problem (3)-(4), estimation (35) is valid.

1]
2]

[3]
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