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Characterization of Parabolic Fractional Integral and Its
Commutators in Orlicz Spaces

G.A. Abasova®, F.M. Namazov, Z.V. Safarov

Abstract. In this paper, we characterize BM O space in terms of the boundedness of commutators
of parabolic maximal operator in Orlicz spaces. As an application of this boundedness, we give
necessary and sufficient condition for the boundedness of parabolic fractional integral and its
commutators in Orlicz spaces.
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1. Introduction

The theory of boundedness of classical operators of the real analysis, such as the
maximal operator, fractional maximal operator, Riesz potential and the singular integral
operators etc, from one Lebesgue space to another one is well studied by now. These
results have good applications in the theory of partial differential equations. However, in
the theory of partial differential equations, along with Lebesgue spaces, Orlicz spaces also
play an important role.

For x € R™ and r > 0, we denote by B(x,r) the open ball centered at x of radius r,
and by CB(:I:, r) denote its complement. Let |B(x,r)| be the Lebesgue measure of the ball
B(z,r).

Let P be a real n x n matrix, all of whose eigenvalues have positive real part. Let
A, =1tF (t > 0), and set v = ¢trP. Then, there exists a quasi-distance p associated with
P such that

(a) p(Aix) =tp(x), t>0, forevery xeR"
(0) p(0)=0, p(z—y)=ply—2z)=0
and  p(z —y) < k(p(z —2) + p(y — 2));
(¢) dx = p"~tdo(w)dp, where p=p(z),w= A,z

and do(w)is a C*measure on the ellipsoid {w : p(w) = 1}.
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Then, {R", p,dx} becomes a space of homogeneous type in the sense of Coifman-
Weiss. Thus R”, endowed with the metric p, defines a homogeneous metric space ([2, 3]).
The balls with respect to p, centered at x of radius r, are just the ellipsoids E(z,r) =
{y e R": p(x —y) < r}, with the Lebesgue measure |E(z,r)| = v,r?, where v, is the
volume of the unit ellipsoid in R". Let also " (x,r) =R™\ E(z,r) be the complement of
E(x,r). If P =1, then clearly p(x) = |z| and &(x,r) = B(x,r). Note that in the standard
parabolic case P = (1,...,1,2) we have

.%'/2+ x’4—i—x2
P(x):\/‘ | 2’ | 2, x= (2 zn).

Let S, = {w € R" : p(w) = 1} be the unit p-sphere (ellipsoid) in R™ (n > 2) equipped
with the normalized Lebesgue surface measure do. The parabolic maximal function M* f
and the parabolic fractional integral ILf, 0 < a < =, of a function f € Llloc(R”) are
defined by

M f(@) =swp e 0 [ 5wl
>

E(z,t)

P _ f(y)
fafle) = /]R" oa— o

If P=1, then M = M({ is the Hardy-Littlewood maximal operator. It is well known
that, the parabolic maximal function and the parabolic fractional integral operators play
an important role in harmonic analysis (see [4, 15]).

In this work we present the characterization for parabolic fractional integral operator
IP (Theorem 6) and its commutators [b, IZ'] (Theorem 7) in Orlicz spaces.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A & B and say that A and B are
equivalent.

2. On Young Functions and Orlicz Spaces

Orlicz space was first introduced by Orlicz in [12, 13] as a generalizations of Lebesgue
spaces LP. Since then this space has been one of important functional frames in the
mathematical analysis, and especially in real and harmonic analysis. Orlicz space is also
an appropriate substitute for L' space when L' space does not work.

First, we recall the definition of Young functions.

Definition 1. A function ® : [0,00) — [0, 00] is called a Young function if ® is convex,
left-continuous, lim ®(r) = ®(0) =0 and lim P(r) = oco.
r—+0 T—00

From the convexity and ®(0) = 0 it follows that any Young function is increasing. If
there exists s € (0,00) such that ®(s) = oo, then ®(r) = oo for r > s. The set of Young
functions such that

0<P(r) <oo for 0<r<oo
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will be denoted by Y. If & € ), then & is absolutely continuous on every closed interval
in [0, c0) and bijective from [0, c0) to itself.
For a Young function ® and 0 < s < oo, let

& (s) = inf{r >0: ®(r) > s}.
If ® € ), then &' is the usual inverse function of ®. It is well known that
r<® M r)et(r) < 2r for r >0, (1)
where ®(r) is defined by

B(r) = { sup{rs — ®(s) : s € [0,00)} , r€]0,00)

o0 , o =00.
A Young function @ is said to satisfy the As-condition, denoted also as ® € Ao, if
O(2r) < CP(r), r >0

for some C' > 1. If & € Ay, then & € ). A Young function ® is said to satisfy the
Va-condition, denoted also by ® € Vg, if

1
< — >
O(r) < 20@(07“), r>0

for some C > 1.

Definition 2. (Orlicz Space). For a Young function ®, the set
L*(R") = {f € L (R") : / O(k|f(x)|)dx < oo for some k > 0 }

is called Orlicz space. If ®(r) = rP, 1 < p < oo, then L*(R™) = LP(R™). If &(r) =0, (0 <
r < 1) and ®(r) = oo, (r > 1), then L*(R") = L>®(R"). The space LY (R") is defined as

loc

the set of all functions f such that fx,. € L*(R™) for all parabolic balls & C R™.

L®(R") is a Banach space with respect to the norm

£l o :inf{)\>0:/n¢<|f(;)|)dx < 1}.

For a measurable set  C R™, a measurable function f and ¢ > 0, let m(Q2, f, t) =
{x € Q:|f(z)| > t}|. In the case Q = R", we shortly denote it by m(f, t).

Definition 3. The weak Orlicz space
WL®(R") = {f € Lioc(R™) : || fllwre < oo}

1s defined by the norm

| fllwre :inf{)\>0 : igg@(t)m(ﬁ, t) gl}.
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We note that || f[ly e < ||f]lLe,

sup ®(t)m(Q, f, t) =suptm(Q, f, <I)*1(t)) =suptm(Q, (|f]), t)
>0

t>0 t>0

and

/Q<I)(|f($)|>dx <1, sup @(t)m(Q

£l (o) >0

L)< )
Q)

" lwre

where || f[| @) = [ fxallLe and || fllwre@) = IfXallwre-
The following analogue of the Holder’s inequality is well known (see, for example, [14]).

Theorem 1. Let 2 C R™ be a measurable set and functions f and g measurable on Q2. For
a Young function ® and its complementary function ®, the following inequality is valid

[ I @at@)ldz < 20l lol o0

By elementary calculations we have the following property.

Lemma 1. Let ® be a Young function and € be a parabolic balls in R™. Then

1
IxellLe = lIxelwre = W

By Theorem 1, Lemma 1 and (1) we get the following estimate.
Lemma 2. For a Young function ® and for the parabolic balls £ = E(x,r) the following
inequality is valid:

/g @)y < 208127 (1E17) 1]l oge.

In [1] the boundedness of the parabolic maximal operator M’ in Orlicz spaces L®(R")
was obtained.

Theorem 2. [1] Let ® any Young function. Then the parabolic mazimal operator M¥ is
bounded from L*(R™) to WL®(R™) and for ® € Vy bounded in L®(R™).

We recall that the space BMO(R") = {b € L. (R") : ||b]l« < oo} is defined by the

loc
Seminorm

1
b||« := sup b(y) — bg(z. |dy < 00,
H H zER™ r>0 \E(x,r)\ 5(z,r)| ( ) £, )|

where bg ;) = m /. E(ar) b(y)dy. We will need the following properties of BMO-functions:

1 D
bll« = sup b(y) — bezmPdy | 3
H H z€R™,r>0 (‘S(JI,T')‘ S(a:,r)’ ( ) et )’ ( )
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where 1 < p < oo, and
t
‘bg(x7r) — b(g(%t)l < CHbH*ln; for 0<2r<t, (4)

where C' does not depend on b, z, r and ¢t. We refer for instance to [9] and [10] for details
on this space and properties.

The commutators generated by b € L
is defined by

1

1 .(R™) and the parabolic maximal operator M*

My (f)(x) = sup [E(z, 1) /g( ) b(x) = b(»)[|f (y)ldy-

t>0

)

Next, we recall the notion of weights. Let w be a locally integrable and positive
function on R™. The function w is said to be a Muckenhoupt A; weight if there exists a
positive constant C' such that for any ellipsoid £

]81\ / w(z)dr < Cess inf cew(x).
&

Lemma 3. [6, Chapter 1] Let w € A1, then the reverse Hélder inequality holds, that is,
there exist ¢ > 1 such that

1
1/ . >q 1
— [ w(z)ldzr) < — | w(x)dx
(1 Lo el )
for all ellipsoids .

Lemma 4. Let ® be a Young function with ® € Ag. Then we have

1 - B . %
g 1@t <@ (6 Iflae) < (g7 [ 1@Pa)

for some 1 < p < c0.

Proof. The left-hand side inequality is just Lemma 2.
Next we prove the right-hand side inequality. Our idea is based on [8]. Take g € Ly

with [|gllz; < 1. Note that ® € V, since ® € Ay, therefore M is bounded on Lz(R™)
from Theorem 2. Let @ := || M|z -1 and define a function

Ry(z) := Z M

k )
2. 72Q)
where
g1 k=0,
ng = Mg k=1,

M(M*1tg) k>2.
For every g € Lg with ||g|| Ly <1, the function Ry satisfies the following properties:
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e |g(x)| < Rg(x) for almost every x € R™;

e Ryl <29z,

e M(Rg)(z) < 2QRg(x), that is, Rg is a Muckenhoupt A; weight with the A; constant
less than or equal to 2Q).

By Lemma 3, there exist positive constants ¢ > 1 and C independent of g such that for

all ellipsoids &,
1 i C
( / Rg(x)%lm) < o [ Rawanta)
€] Je 1€l Je

By Lemmas 2 and 3, we obtain

1
1 q 1
IRgloce) = 1€1/2 ( / Rg(x)qu) Sletl [ Ryt
IE] Je €] Je
IRolley _ le|Ye

o 1(JE[) ~ o1 (g 1)

S |gHe

Thus we have

[ Wr@s@lds < [ 17@)IRg(e)de < 1l ol ie
& &

<(w f(x)!q’dx)"l' T

Since the Luxemburg-Nakano norm is equivalent to the Orlicz norm (see, for example [14,

p. 61]) we get
ooy < sun{| [ F@ras s € 2, o, <1

< (g7 L e > = 1(|15; o)

Consequently, the right-hand side inequality follows with p = ¢'.

We have the following result from (3) and Lemma 4.

Lemma 5. Let b € BMO(R") and ® be a Young function with ® € Ay. Then
~ 1= ) —
bl = sup @) 60) = beten o egon)

The known boundedness statements for the commutator operator M, lfj on Orlicz spaces
run as follows, see [5, Corollary 2.3].

Theorem 3. Let ® be a Young function with ® € Ay N Vy and b € BMO(R™). Then
M is bounded on L*(R™) and the inequality

185 fll o < Collblls ]| £ o (5)
holds with constant Cy independent of f.
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3. Parabolic fractional integral and its commutators in Orlicz spaces
For proving our main results, we need the following estimate.
Lemma 6. If & := E(xp,10), then for every x € &
corg < I3 xe (@),
where ¢y = (2k)*77|£(0,1)].
Proof. If z,y € &, then p(x —y) < k(p(x — xo) + p(y — x0)) < 2krp. Since 0 < a < 7,

we get (2kro)*™Y < p(x — y)*~7. Therefore

17 xe, (1) = /g ol — y)*dy > (2kre)* €| = cors.
0

The known boundedness statement for I, 0{3 in Orlicz spaces on spaces of homogeneous
type runs as follows.

Theorem 4. [11] Let ®,V € Y and

/ e () dt St (r7) for 0 <r < oo, (6)

re®d~ !t (r) SO (rY) for 0 <r < oo. (7)
Then I is bounded from L®(R™) to WLY(R"). Moreover, if ® € Va, then IL is bounded
from L®(R™) to LY (R™).

Theorem 5. Let @,V € Y and IL is bounded from L®(R") to W LY (R"™) then condition
(7) holds.

Proof. Let & = E(xo,19) and z € &. By Lemmas 6 and 1, we have
o S ‘I’_l(ro_v)”IngO lwree) ‘11_1(7“0_7)”[5&0 lw e
_ U=1(r,7)
<yl < - V0 J
Since this is true for every rg > 0, we are done.

Combining Theorems 4 and 5 we have the following result.

Theorem 6. Let &, ¥ € Y. If (6) holds, then the condition (7) is necessary and sufficient
for the boundedness of IY from L®(R™) to W LY(R"). Moreover, if ® € Vs, the condition
(7) is necessary and sufficient for the boundedness of IL from L®(R™) to LY (R"™).

Remark 1. Note that Theorem 6 in the isotropic case P = I were proved in [7].
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The commutators [b, I1], |b, 17| generated by b € Ll (R™) and the operator I are

defined by
b(x) —b
1815 = [ S
b(x) —b
1215w = [ D= ppay, 0<a<n,
respectively.

The following lemma is the analogue of the Hedberg’s trick for [b, I,,].
Lemma 7. If0 < a < v and f,b € L} (R"), then for all x € R™ and r > 0 we get

loc

16, 12| (Xe o LA D () S 7 M f ().
Proof.

81 e @) = [ o)~ a1y

E(z,r) p(l‘ - y)'y—a

/W)l
j=0 /E(I,QJT)\S(z,zjlr) p(x — y)'yfa | ( ) ( )|

o

$> o [ Sl by S M S )

Jj=0

Lemma 8. Ifb € LL _(R") and & = E(xo,10), then
r§1b(x) = be| < Cb, 17 |xe, ()
for every x € &.

Proof. The proof is similar to the proof of Theorem 6.

Theorem 7. Let 0 < a <7, b€ BMO(R") and &,V € ).
1. If® € Vy and ¥ € Ag, then the condition

P (r7) 4 /OO (1+m ;)qu(ﬁ) ot dt < CU (r7) (8)

for allr > 0, where C' > 0 does not depend on r, is sufficient for the boundedness of [b, I
from L®(R™) to LY (R™).

2. If U € Ay, then the condition (7) is necessary for the boundedness of |b, IY| from
L®(R™) to LY(R").

3. Let ® € Vo and ¥ € Ay. If the condition

/TOO (1+m ;)<I>_1 () o Ldt < Cree~ (r) (9)

holds for all r > 0, where C' > 0 does not depend on r, then the condition (7) is necessary
and sufficient for the boundedness of |b, IY| from L®(R™) to LY (R™).
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Proof. (1) For arbitrary z¢ € R", set &€ = E(xq,r) for the ball centered at zp and of

radius 7. Write f = f1 + fo with fi = fx,,. and fo = fx, , where k is the constant
(2k€)

from the triangle inequality.
For x € £ we have

; bly) — b(z) L[ b))
Ry e TRy 7wy

re P(T p(y — o)1=
|b(y) — be] Ib(x) — bel
< _10y) — be| b(x) = be|
- /3(%5) p(y — x0)71~ F@)ldy =+ /“(2k8) ply — xp)1=@ 7 Widy
= J1 + Jo(z),

since z € £ and y € C(Zké’ ) implies

ip(y —x0) < plz—y) < (k + %)P(?J ~ o).

Let us estimate Jj.

1b(y) — be| ~ g
J—/ Noly) —bel_\, dyz/ by) — b fy/ g,
ey Wl ) el [
dt
—b d
/ri/wo, (2kE) ng( )| yt’Hl @

S b(y) — bellf(y dyi-
/%T/mo,t)'” ellF(0)dy

Applying Holder’s inequality, by (1), (4), (5) and Lemma 2 we get

h dt
J1 < b(u) — b p
1 N/QT /5(9507,5) (y) 5(:1:07t)||f( )| yt7+1 -

dt
b )|d
+ [ M)~ beeao) / [ Ol

o0 dt
S /27“ |6(-) _bS(xo,t)HL&)(g(xO’t)) Hf”L@(S(zo,t))W

> i . dt
+ [ M) = et 1 atetanay ™ (EGe0, O ) 555

dt
10l [ (10 ) aetanen® (20 O 7

Sl Iflle [ (1 D)o () e

2r

A geometric observation shows 2k€ C £(z,0) for all z € &£, where 6 = (2k + 1)kr.
Using Lemma 7, we get

Joe) = I 7 @) < [ [by) = b)) 1y

oke P(T —Y)7™
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ly) — b(z) T
S L g @y S g ),

Consequently, we have

o0

Jo@) + I S [olr ML £a) + ol [

2r

Thus, by (8) we obtain

U—L(r=)
16

Choose 7 > 0 so that ®~(r=7) = % Then
L

o) + 51 < o] (M;’ﬂx) T \P*(r—wuﬂm) |

_1 My f ()

o1(r) (T7"o (I))(C()Hbﬁ*w)

> 1(r) _ Myf(z) '
Col[bl[«[1f1l L@

Therefore, we get

MP
Jo(x) + J1 < C1||bl[«]| fll L2 (T~ o ®)<Cb||fj|j|1!(;ﬁm>.

Let Cy be as in (5). Consequently by Theorem 3 we have
P
/\p (JO(x) ) >da; < /<I> (Mb /(@) > dz
e \Culbll][fl L g \Collbll]lfllLe
MP
< / i) <b}j(x)> dr <1,
rr \ M, fllze

1J0(-) + Jillpw ey < oMl 1l o

In order to estimate Jo, by (5), Lemma 2 and condition (8), we also get

i.e.

[b() — be]

Joll e ey = L AVA
I72llee Cake) P(Y — 20) 7™

[/ (y)ldy
LY (€)

/()]
~||b(-) = b / oy —zo0) =
6O = tellzsie) [y,

< lbll« / |f ()]
YU () Jeokey p(y — 20)7 7

bl Ny / N
\I]_l(r v 2kE) p(y—x0) t7+1 @

(1+m ;)qu (t77) >t
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||b\| / / ()|dy dt
2k JE (wo,t)\(2KE) trl-a
b dt
5 || H / / |dyt7+1 Y
2r 5(1‘0,t)

1511, .
<—‘ A o ey @ () £ e

S
1Bl /°° 1 ol
< f () o gt
U— ( )H HL o ( )
S ol 1 fll e
Consequently, we have
[2llze ey < 0l l1f 1l e (11)
Combining (10) and (11), we get
116, I 1 f e ey S MBIl fll - (12)

By taking supremum over £ in (12), we get

116, ZZ1f | v < DBl lIf | e

since the constants in (12) don’t depend on xg and 7.
(2) We shall now prove the second part. Let & = E(xg,79) and = € &. By Lemmas
8, 5 and 1 we have

116, 1, \Xg ||L‘I'(go)
(RS ” ST g b, 1Y Ixe, Il Lo
0 16(-) — bEOHL\If(gO) 0 g0 1LY (&o)
iiJ

— — P _ —
SUT g Db I X e S ¥ lIxeg, e S STy
0
Since this is true for every ro > 0, we are done.

(3) The third statement of the theorem follows from the first and second parts of the
theorem.

Remark 2. Note that Theorem 7 in the isotropic case P = I were proved in [7].
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