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Properties of Eigenvalues and Eigenfunctions of a
Spectral Problem With Discontinuity Point

G.V. Maharramova

Abstract. In this paper we obtain the asymptotics of eigenvalues and eigenfunctions of one spec-
tral problem for a discontinuous second-order differential operator with a spectral parameter in
discontinuity conditions which arises by solving the problem on vibrations of a loaded string with
fixed ends.
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1. Introduction

Consider the following boundary value problem

y(0) = y(1) =0,
y(—3) =y(+3), (2)
v (—3) =y (+3) = dmy(3),

which arises by solving the problem on vibrations of a loaded string with the fixed ends[1-3].
In the case when a load is placed in the middle of the string, this problem was investigated
in[4,5]. Similar questions for the problem on vibrations of a loaded string when the load
is fixed in one or two ends of a string, are investigated by [8-11].

For the case ¢ (x) = 0 the asymptotics of eigenvalues and eigenfunctions, also the basis
properties of eigenfunctions were investigated completely in [7].
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2. The asymptotic of eigenvalues and eigenfunctions

We denote A = p?, Imp = 7. Suppose that ¢ (z) is a complex valued summable
function on (—1,1). Denote by y; (x, \) the solution of (1) satisfying the initial conditions

Y1 (0) =0, }
/ 3
v (0) =p, ®)
and by y2 (z, A) the solution of (1) satisfying the initial conditions
Y2 (1) =0, }
/ 4
y2 (1) = —p. B

Lemma 1. The following integral representations hold:

1 [* 1
yl(x,)\):sinpa:+p/ sinp (x —1t)q(t)y1 (¢, \) dt, 0<x<§, (5)
0
* 1
) =peospr+ [ cosp(e—t)at)m A dh 0<a <, (6)
0
: 1t 1
e ) =sing(1=a)+ = [sinpt=0)a O N, g<a<i (@

1
1
BN = peosp(1=2) = [ cosp(t—)aOm(t Nt g<a<i (9
Proof. Since y;(x, \) satisfies (1), then
/ sinp(z—1t)q(t)y1 (t)dt = / sinp (z—t)y1 (£, \) di+p? / sinp (z —t)y1 (¢, A) dt.
0 0 0

Integrating by part the first integral in the right-hand side of the last equation twice
and taking into account (3), we find

x
/ sinp (z — 1) q(t) y1 (1) dt = —psinpz + py1 (2, ),
0
i.e. the equality (5).
The equality (6) is obtained by differentiating the equality (5).
The equalities (7) and (8) are obtained similarly.

Lemma 2. The following asymptotic formulas hold when p — oo

vi(eA) = O (), (9)

ya(a,\) = O (e‘ﬂ(l*x)) : (10)
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more precisely

yi(xz,\) =sinpx + O <e||7'||x> (11)
elTl(1—=)
ya(x,\) =sinp (1 —x) + O ( 7 ) . (12)

All estimates are satisfied uniformly on x for yi(x, ) when 0 < x < % and for ya(z, A)
when % <z<l.

The proof repeats that lemma in [6] word for word.
Denote

Theorem 1. The spectrum of problem (1)-(2) consists of three sequences A, = p?vn, i =
1,2,3; n=1,2,..., of asymptotically simple eigenvalues:

pl,n:3ﬂn+%+0(%)
pon =3+ 22 +o0 (1)
p3gn =3mn+ T + % 4o (L)

where a;, i = 1,2,3 are different numbers expressed by the values of the functions g1 (x)
and go (z) at the point .

Proof. Substitute asymptotics for yj(z) from (11) in the right-hand side of (5):
1 [* el
yl(x):sinpx+/ sinp(x—1t)q(t) |sinpt+O | — || dt =
P Jo p

1 x
:sinpa:—i—/ sinp (x — t)sinpt - q (t) dt+
P Jo

—I-i2 /x sinp (x —1t)q(t)O <e|T|t> dt =

—smpx+/ [cos p (x — 2t) — cos px| q (t) dt+

/ sinp (z —t) ()O(elﬂt):

X
:sinp:n—l—/ cosp(x—Qt)q(t)dt—Cospx/ q (t)dt+
2p Jo 2 0

P
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1 T
+— / sinp (x —1t)q(t)O (e'ﬂt) dt =
P Jo
1 x
= sin pzr + / cosp(x —2t) q(t)dt—
2p Jo

1 1/”‘1
——cospx | = q(t dt>+
P (2 0 ©)

L e|72|$ /"” sinp (z — t)dt.
PRI T

Hence,

1 1 [*
yl(:c):sinpx—Q1(x)cospﬂs+2/ cosp(:c—2t)q(t)dt—|—0<
p P Jo

Substitute asymptotics for y; (x) from (11) in the right-hand side of (6):

y1 (x) = pCOpr+/ cosp(z—1t)q(t)yr (t,A)dt =
0

T ||t
:pcospx—i—/ cosp(z —1t) lsinpt—i—O <€>] q(t)dt =
0

ol

1 x
= pcospr + 3 / [sin px + sin p (2t — x)] ¢ (t) dt+
0

x |7t
+/ cosp(x—1t)O <e|p| > q (t) dt = pcos px+
0

1 [ 1 [
++2/ sinpxq(t)dt+2/ sinp (2t — x) ¢ (t) dt+
0 0

x |7t
+/ cosp(x—1)O <6> dt = pcos px + q1 () sin pr+
0

d

(Il

Tcosp(x—t)
o Jo el

1 T
+2/ sinp (2t — x) q (t) dt +
0

1 xT
= pcos px + q1 () sin px + 2/ sinp (2t — x) ¢ (t) dt+
0

||
1ol .
1d

Hence,

1 xX
Yy (x) = pcospr + q1 (ﬂv)sinpx—i—Q/ sinp(?t—x)q(t)dt—i—O(
0

O(1)q(t)dt

117

| ) (13)

P ) (14)
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The following asymptotic equalities are obtained analogously:

y2 (x) = sinp (1 —x) — 1go (z) cos p (1 — ) + .
—i—ﬁf;cosp(%—x—l) ()dt—i—O(%) (15)
and

yé( ) =—pcosp(l—x)—q(x)sinp(l—z)—

lTI(1—2) 16
fq sin p 1+a:—2t)dt+0( 7 ) (16)

Obviously, for any A # 0 the solution y (z, ) of the problem (1)-(2) have to be in the
form )
_ C1y1(f'3)7 fO?“ 0<$<§,
y(x)_{czyz(w% for Lt<a<l,

here C; and Cy are complex numbers. A # 0 is an eigenvalue of the problem (1)-(2) if and
only if
C1 and C are nontrivial solutions of following homogeneous system of linear equations:

i E1kd
01 (indo— b (e b+ oo (s~ 200110 () )

2 1. (1 2 1l 4 37l -
—Cy <sm 30— 502 (5)cos2p+ % fi cos (2t —3) q(t)dt+ O e|p|2 =0

: 5 I~
i (peos o+ () sin ot s (26— By +0 (47
. . [T
—Cs <—PCOS§P—Q2 (%) SlH%p—%fgq(t)sm (% )dt+O (efm > =

1 1 17
= Cip'm (Sm 3 qlE)S) cos 5p + 55 Ji cosp (5 —2t) q(t)dt + O (e|3|2|))

L ol

To define eigenvalues we obtain following equation

_|ai(p) a2(p) | _
A= o (p) a2 (p) ’_0

here
. 1 |7l
a1 (p) = sin %p - %ql (%) cos %p—i— ﬁ Jo¥ cosp (% —2t)q(t)dt+ O (e|3| )

o3Il
2
ol

ai2 (p) = —sin2p+ qg( )cosgp——fl cosp(2t—3)q (t)dt—O(
as (p) = (pcosg,o—p msmgp)+(q1( )51n3p+,0mq1( )cosBp)—l—
(5[ sinp (2t — 3) q () dt — %fo cosp (3 —2t) q(t )dt> +O(eg|r|>

i ; 317l
aso (p) = pcos %p—l—qg (%) sin %p—l— % f§1 q (t) sin (% — 2t) dt— 0O (efp| >

Using that, for any complex number z .

|sin 2| < elm=l
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and
|cos z| < el
we can write )
‘cosp(%—%)’ <esll for 0<t< %,
‘cosp(Zt—é)‘ < il for 1<t<i1
3 — 1 bl 3 = — bl
|sinp (2t = 3)| <esll, for 0<t <,
‘smp(%—%)‘ge%h, for %Stﬁl.
Taking into account the last inequalities, for |p| — oo we obtain:

foéq(t) cosp (3 — 2t )dt:O(elM)
1 4
félq(t)co p(2t—3)dt = O<€3| ‘),
Ji¢ a®)ysinp (26— 3) dt =0 (e3l)
1 2|7
féq(t)sm(f—%)dt O(eal ‘).
From the last asymptotic formulas we obtain that A (A) can be written as the form:

singp fsm%p
pcos3p p*msin 3p pCos 5p

AN =

‘ sin1p %QQ (3)cos 2p '+
p COs %p — p’msin %p Q2 (%) sin %p
sin 1p —ﬁfllq(t)cosp(%—%) dt
pcos%p—pzmsin%p %f%q(t)sin (%—2t) dt
.1 6%|7'|
sin 5p -0 PE
+ 20 +
p COS %p— p*msin %p (@] <efp| >
i ql(p)cos3p singp 4
q1 (%) sm L pmaqi (1) COs 3p p Ccos 3p
q1(l) 1 1 1
i - cosgp 542 (g) cos3p i
a1 (3) sin 5 + pmar (3) cos 3p @2 (3) sin 5p
a (3 1
N —15)3) S%p —ﬁf;q(t cosp (2t — 3) dt
q1 (%) sin g L1 pmaq (%) %f% q (t) sin (f — 275) dt
(%) -0 <e§T>
2
+ Jf‘ +
a1 () sin g + pmagy (%) cosip O (egp )
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120
n 2pf0 cosp(f—Qt)dt _sjn%p N
1
%fogl q(t)sinp (2t — ) dt fo t)cosp (3 —2t)dt pcosip
1
+ 1 2710 f03 (t) cos p (% *1 Qt) dt %QQ (%) cos %p
1 f0§1 (t)sinp (2t — 7) dt — 2[5 g (t) cosp (f —2t)dt g (%) Sin%p

37l
o< —sin 2
+ |f|2 Sulgp +0 ﬁ
O (esll p COs % p P
Opening all determinants in the last equality, we obtain the following for the function

A (N): .
A (\) = cos® 37 p (2p°m — g2 — 4q1 — 2mqiq2) +

.31 4
+ sin® 3 (—4/) —2pmqa — 2pmaq1 + pQIQQ> +

1 3
+ sin §p <3p + pmagz + 2pmq1 — pqmz) +

+ cos %,0 (—2p2m + 3qg2 + 3q1 + m(I1CJ2) +sin %px
1 i 1 Il
2 [y a()sin (3 —20)dt =55 [ra (1) COSP(2t—)dt+0(ef| >_ .

O <eg|ﬂ) + & félq( cosp (2t — 3) dt + q:0 < |3|| )

I7] .
1 %f%lq(t)cosp(zt— 3)dt+0 <e3p ) _ iql f%lq(t) sinp (3 — 2t) dt+
Teosgp 1 21| 3171 +
+5q f% q(t) cosp( t— 7) dt — q10 (e|p|2 > + mq, O (elpl >
1 1
11 5 inp (2t — 1) dt — pm [ 1_o
+sin Spcos 4 fol q (t)lsln,zl) (2t — 3) dt — pm [¥ q(t)cosp (5 — 2t) dt+ N
3 3 +2a2 (5) Jo* a (t) cosp (5 —2t) dt
1 1
9 % Jo q (t) cosp (f - 2t) dt — 2pq2 (l) J& g (t)sinp (2t — %) dt+
31l +

+cos —p
3 + 32 (%)fo (t)cosp (3 —2t)dt + O 7

o7l
+0 <|p|> . (17)

Circle the points py = 37k, k = 1,2,. by the circles with radius 7. Out of these circles

the inequality
16 (p)| = C'[pf* €]
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holds for the function

2 2
d(p) = psing (—pmsingp +2cos§p + 1>

here C' > 0is a constant. Since modules of remained summands of the right-hand side of
equality(17) don’t exceed A |p| €27l (here A > 0 is a constant), then by Rouchet theorem
for sufficiently large k function A (\) possesses exactly three zeroes multiplicity taking
into account in [Imp| < h, here h is a positive constant.

Since, all zeroes of A (p2) belong to strip |Imp| < h in a sequel assume that p runs only
in this strip. Under this assumptation the following asymptotic equalities are true for

lp| = 400 :
o) 0(5)-o(4) )
0<§>_0( ) (18)

p
O (e)y =0(1)

In the other hand, in the strip [Imp| < h

fo'l (t)cosp (3 —2t) dt =
—f1qtcosp(2t—§)
fo (t) 1np(2t—7)d
el 2= ot

(19)

for |p| — +oc.
Theorem is proved.

Now lets pass to study the asymptotic behavior of eigenfunctions of the problem (1)-(2).

Theorem 2. Let the function q(x) satisfies the conditions of the Theorem 1. Then the
eigenfunctions y1 ., (x) corresponding to eigenvalues A1, = (an)2 , the eigenfunctions
Y2.n (z) corresponding to eigenvalues Mg, = (p27n)2 and the eigenfunctions ys, (x) corre-
sponding to eigenvalues A3, = (,03,7n)2 satisfies the following asymptotic equalities:

[ sin3mnz+0 (L), z €0, %]
Yin (x) = { Y1,n sin3mnz + O (%) » T € [% 1] ’

_ [ sin3mnz+0 (L), z €0, %]
Yon (2) —{ Yonsindmnz +0 (1), z € [3 1],

_fO(}), ze]o,35],
Y3 (@) —{ mcos)gw<n+[;)?£+o(;), v e (31].
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Proof. From the asymptotic equalities obtained for p; ,,p2,, and p3, and asymptotic
expression for Asy (p) for the sufficiently large n we have

a2 (p1n) #0, ag(p2n) #0 and a (p3n) # 0.

Hence, for the sufficiently large n the eigenfunction of the problem (1)-(2) corresponding
to eigenvalue \q ,, = (,()Ln)2 will be

(z) = p%am (p1n) y1 (z, A1), for xz€]0,%],
YLn _p%a21 (pl,n) Y2 (IE, /\l,n) 5 fOT’ HANS [%a 1] )
and the eigenfunction corresponding to eigenvalue Ay, = (p27n)2 and A3, = (p37n)2 will
be
yom () { p%am(pzn)m(x o), for 956[07%]
2.n =

_p% 21 (p?n) Y2 ($ )‘2n)7 fO’l“ T € [%71]7

1

——Lag (p3n) Y2 (, Agn),  for =z € [4,1].

" ():{ pTa22(P3n)y1($C A3n), for SCE[O,%],
P3,n

Let x € [0 ] Since,

cosz:1+O(z2), z—0,
sinz=2+0(2*=0(z2)), z—0."

Then we have:

p%agg (p1n) = cos3 (37m+ L +o ( )
+0 (E) = oS (27m + 230;11 +o (%))

— 140 ()

1
y1 (z,\) =sinpy pz + O () ,

,—\v
\_/
I

3

sin p1pz = sin (3rn + 2 +0(2))z =
= sin (37T1’LZL‘ + 0 (%)) = gin3wnx + O (%) ,

1 1

——a21 (P1,n) = —COS zpP1,n + p1umsin
Pl,n 3

1
3
1 1
—1mqq cos §p1,n +o(l)=—=(1+maq 3 X
i (e 5t (7))
xcos—|3m+ —+o| — +
3 n n
1 1 1
m<37m+a1+o<)>sin<37rn+a1+0<>>+0(1)—
n n 3 n n
1 (65} 1
—1+mq | = cos|\m™m+ — +o| — +
3 3n n

7/)1”_
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+m(3m+—4o(—||sin|mm+——4+o0|— =
n n 3n n
1 1 1
= (1) m (37rn—|— 4o <>> (O‘l o ( e (3>>> Fo(1) =
n n n n n

= (- (1 +mq (;) —~ momr) +o(1).

By the same way as for y; (z, A\1,,) we can prove, that
Y2 (2, A1) = (=1)" ! sin37nz + O (L) yo (2, Mi0) = (=1)"" sin 3rna + O (1).
Finally for x € [%, 1] we have

1

Y10 () = y1,nsin3mnx + O <> )
n

here

1
Yin = <1 + maqp <3> — ma17r> +o(1).

The following asymptotic equality for the eigenfunction ys, (z) proves analogously:

sin3mnz + O (L), z € [0,%],
Yo, Sin 3mnx + O (l) S [%, 1] )

n/?

Ya,n (z) = {

here

1
Yon =1+ maq <3> —magm +o0(1).

Now we derive formulae for ys, (z). At first let = € [0,1]. In this case we obtain

La (p3n) = 1 X
B 2 T s+ 1) 0 (3)

><cosg <37T <n+1> +%+0(1>> +O<1>
3 2 n n n

Consequently, for x € [(), %] we obtain

Ysn () = O (i) :

Now let x € [%, 1}. In this case we obtain

I
)
A
S|
~

1 1 1
———a21 (p1,n) = ——— cos 303,n+
3,n 3,n

1 a .1
+msin - p3p, — S =03 n—
3 P3n 3
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mq1 1
2 C0S3P3n +o(1) =
p3,n

(oo (1) 0(2)
oo () () -mioreof()

sin pg,, (1 — ) = sin (37 (n+ 3) +
= (—1)"* cos Br(n+3)z+0(2).

Consequently, for x € [%, 1] we obtain

Yo (2) = (m (~1)"1 40 (i)) - (<—1>”+1 (zﬂ (n n ;) 240 (;))) _
et (1 D)0 (1),

y&n(x):{ O(3), =<l03],

mecos3m (n+3)z+0 (L), z e [3,1].

Thus,

Theorem is proved.
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