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Abstract. The existence of the derivative of simple layer logarithmic potential is shown and some
properties of the operator generated by the derivative of simple layer logarithmic potential are
studied in generalized Holder spaces.
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1. Introduction

As is known (see [1]), the boundary value problems for vector Laplace equations are
reduced to a singular integral equation which depends on the derivative of simple layer
logarithmic potential

V(z) = / gradud(z, y) ply)dLy, == (w1, 22) € L, (1)

L

where L C R? is a simple closed Lyapunov curve with the index 0 < o < 1, p(y) is
a continuous function on the curve L, ®(z,y) is a fundamental solution of the Laplace
equation Au =0, i.e.
1 1 )
D(x, y) = 2—ln7,x,y € R, x #y,
T |r—yl
and A is a Laplace operator.

Counterexamples provided by Lyapunov show (see [2]) that the derivatives for the
simple and double layer potentials with continuous density do not exist in general. It
should be noted that in [3], the boundedness of the operator generated by the direct
value of the derivative of simple layer acoustic potential was proved in generalized Holder
spaces, and in [4], the acceptable formula for the calculation of derivative of the double
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layer acoustic potential was obtained and the basic properties of the operator generated
by the derivative of double layer acoustic potential were studied in generalized Holder
spaces. Besides, based on these results, the approximate solutions of integral equations of
boundary value problems for the Helmholtz equation were studied in [5, 6, 7, 8]. However,
some basic properties of the operator (Ap) () = V(z), = € L in generalized Holder spaces
have not been studied yet. This work is just dedicated to this matter.

2. Main Results

We denote by C (L) a space of all continuous functions on L with the norm ||p|| ., =
max |p ()|, and we introduce a modulus of continuity of the form
re

w(p, 0) = 5supw((p’ T), 5 >0,
>0 T

for the function p(z) € C (L), where w(p, 7) = ‘ maTx lo(z) — @(y)].
z—y|<T
z,yeL
Theorem 1. Let L be a simple closed Lyapunov curve with the index 0 < a <1 and

diam L
t
/ w(,(;, )dt< +00.

0

Then the integral (1) exists in the sense of the Cauchy principal value, with

diam L
w(p,t
p V) < M (ol [0
zel
0
Proof. Let V (z) = (V1 (z), Va (z)), where
0®(zx,
V)= [ 229D gy an,, v = @ra) el m=1,2).
7 m
Simple calculation yields
Ym — Tm
Vin () = o— 5 0 (y) dLy

Let d > 0 be a radius of a standard circle for L (see [9]), and 7i(x) be an outer unit
normal at the point € L. Then, for every point = € L, the neighborhood L4(z) =
{y € L: |y — x| <d} either intersects the line parallel to the normal 7i(x) at one point

*Hereinafter M denotes a positive constant which can be different in different inequalities.



On the Properties of Operator Generated by the Direct Value 13

only or does not intersect it at all, i.e. the set Ly(z) is uniquely projected onto the interval
Q4(z) lying on the line I'(z) tangent to L at the point . On some part of Lg(x), we choose
a local rectangular coordinate system (u,v) centered at the point x, where the axis v is
directed along the normal 7i(z), and the axis u is directed in the positive direction of the
tangent line I'(x). It is known that the coordinates of the point x are (0, 0). Besides, in
this coordinate system the neighborhood L4(x) can be given by the equation v = f(u),
u € Qq(z), where f € Hyo(Q4(z)) and f(0) = 0, f/(0) = 0. Here Hy o(Q(z)) denotes
the linear space of all continuously differentiable functions f on Q4(z), which satisfy the
condition
|f'(ur) = f'(u2)| < My ur — ua|®, Yur, up € Qa(x),

where My is a positive constant depending on f, but not on w; and us. Let I'q(x) be a
part of the tangent line I'(x) at the point x € L lying inside a circle of radius d centered
at z. Besides, let § € I'(z) be a projection of the point y € Ly(x). Then (see [10])

e —g| <l|lxr—y| <Cy |z —g|, mesLy(x) < Cy mesly(x),

where C and Cy are positive constants depending only on L, and mesLg4(x) denotes the
length of the curve Lgy(x).

Obviously,
Ym — Tm Ym — Tm
It ), = [ V) di
|z -y |z =yl
L\Lg()
Ym — Tm
v [ o) et dyt
Lg(x)
Ym — Tm
x —
Ly(x) Y

As we can see, the first integral on the right-hand side of the last equality exists as a
proper integral, while the second one converges as an improper integral, with

m — T
[ s L, <M ol Yoe L (m=12) (3)

and

t
w(’;’ ) dt < 400, Vrel (m=1,2).
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It remains to prove that the integral

/ Im = mar, (m=1,2)
|z —yl
Lg(x)

exists in the sense of the Cauchy principal value. Let dy = d/C4. It is clear that (—dy, dy) C
Q4(z). Using the calculation formula for curvilinear integral, we obtain

do
_ ur/ 1+ (f'(u 2
/ Y1 :c12 i, = (f'( )2) du 4 @_ﬁ_

|z —y| u? + (f(u)) u
Lg(x) Qq(z)\(—do,do) —do

Ao u (/14 (f(u)? - 1 g
+/ <u2+(f(u))2 )d“/ “<u2+<3<u>>2_:2>d“‘

_dO —d()

Denote the integrals on the right-hand side of the last equality by Aj,A2, As and Ay,
respectively.

As we can see, the integral A exists as a proper integral, while the integral A, exists in
the sense of the Cauchy principal value and is equal to zero. Besides, taking into account
that

£ (w)] < M Jul® (5)
(see [9]), we find
i (' ()’ i
43| = LA dul < M | |u** " du < M.
Z (2 + @) (14 Y1+ w)?) Z
As
| F)| = | f(u) = £O)] < M [u] 2, (6)
we have
T u(fw) T s
|Ay] = du| <M | |u]** " du< M
4 ! 2 (2 + (f(u)?) [
and

Y2 — T2 _ f (u) I+ (f/ (u))2 a—1
/ dL,| = / 21 ()2 du| < M / |u|*" du < M.
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So we obtain

Ym — T
p() /M;‘dfzy <Mlple, Y2eLl (m=1,2). (")
Lg(x)

Considering the inequalities (3), (4) and (7) in (2), we finish the proof of the theorem.
Now let’s show the validity of the Zygmund estimate for the direct value of the deriva-
tive of simple layer logarithmic potential.

Theorem 2. Let L be a simple closed Lyapunov curve with the index 0 < a <1 and

diam L
/ WP t) 4o
; .

0

Then for every m = 1,2 and for any two points ', " € L the following estimates hold:

h diamL
<M, [ h*+w(p.h)+ /w(f’t)dt—kh / ”(t@’t)dt if 0<a<l,
o h
|Vin(2) = Vin(2") | <
h diamL
M, [ hInh|+w(p, k) + /w(’:’t)dtJrh / “’(t’;’”dt if a=1,
o h

where h = |z’ — 2" |, and M, is a positive constant depending only on L and p.

Proof. Let 0 < a < 1 and m = 1. Consider any two points 2/, z”” € L such that h is
sufficiently small. It is not difficult to see that

mquﬂﬂy_l/<@—%)@@—pWD

=5 5

J 2" —y|
(=) (ply) —p(a")
2" —y[? > oyt

p(.’l:/) Y1 — '1;/1 dL. — P (f]f/,) Y1 — x/ll
Y

+
2m 1 — ql? 27 " g2
v 2" —y| 7 |z Y|

dL,

Denote two terms on the right-hand side of the last equality by F(2/, 2”) and G(2/, z"),
respectively.
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Estimate the integral F(z’, 2).

Fo!, ") = / <(y1 — 1) (p(y) I—Qp(w’)) _ (i =27) (p(y) —‘2'0 (x”))> dL,+

21 |x! — 2w |z —
e 2/ —y \ y
e _ / o/ _ "
n / (y1 — 1) (p(y) 2p($))dLy_ (y1 — 1) (p(y) 2p(w ))dLy_
27 |2’ — vy 2m 2" — y|
Lps2(2') Lpya(z')

R/ o "
/ (y1 —z7) (p(y) 20(@’ ))dLyJr
2 2" —y|
Ly jo(a’) Ly, jo (")

N / (11— 24) (p(v) — p (2'))

La(@")\(Lp 2 (') U Ly 2 (2"))

1 1
X ( 7~ 2) dLy+
27 |a' — y| 27 |a" — vy

/ (@ =) () = p () 4y

(1 —=21) (p(y) —p (@) ., N
o |/ — y|? Y

—+

+Hp (")~ p () / N,

27 |2 — y|2
La(@")\ (L2 (') U Lp 2 (2"))

Denote the terms on the right-hand side of the last equality by Fy(z/,2"), Fa(2',z"),
Fs(2',2"), Fy(a,2"), Fs(a',2"), Fs(2/,2"), Fr(2',2") and Fg(2',2"), respectively.

Obviously, |Fy (2, 2")| < M ||p|| . h-

Using the calculation formula for curvilinear integral, we have

h h
t t
By, 2")| < M /“ (f’ Jat, |Fy(a!, "] SM/“ (f’ )as.
0 0

Besides, considering the inequalities
h/2§ ’y_$//| Sgh/2’ yELh/Q(‘r/)a

we obtain

‘F4(LUI, Z‘”)‘ S Mw (

'O’h?)h/Q)mesLh/Q(x’) <Muw (p, h).

Similarly, taking into account the inequality

h/2 < ‘y — x’| <3h/2, ye€ Lh/z(:r;”),
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we obtain |F5(2/, ") < M w (p, h).
For every y € La(z')\(Lp/2(2") U Ly 2(2")) we have

‘x'—y‘ < ‘x'—x"|—|—‘x"—y‘ <3 ’x”—y|

and
2" —y| <3 2" —y],

then
d d

w(p7t) w(p7t>

|F6(£L‘,,l‘”)‘ < Mh/ 2 dt, ‘F7(x/’$//)‘ < Mh/ 2 dt.

h h

17

Let’s estimate the term Fg(z', 2”). To do so, we choose on some part of Ly(z') a local
rectangular coordinate system (u, v) centered at the point 2/, where the axis v is directed
along the normal 7i(z’), and the axis u is directed in the positive direction of the tangent
line I'(z’). The coordinates of the point z’ are (0, 0), and the coordinates of the point z”
are denoted by (u”, f(u")). Let ho = [u"| and €5 (2',2") denote the projection of the

set Ly o (") U Ly 2 (2”) onto the tangent line I'(z”).
By the calculation formula for curvilinear integral, we obtain

" / U 1+ (f (u))2 -1
Fg(.r/, x//) p(x )—p(:c) ( )

27 u? + (f(u))?
Qa(z)\Qp 2 (2 ,z") (Fw))

ny / 1 1
P —p(a) / _ 2) wdus
2m u? + (f(u)” u
Qa(z')N\Qp2(z’,3")
1 /
— d
L) —p (@) du_
27 u

Qa(z")\Qp 2 (' 2"")

Taking into account (5), we find
L+ (f (w)? = 1< M [u*™, Yue Qq(a).

Besides, by virtue of (6) we obtain

1 1

W T2 <M |[ul**7%, Vu e Qq(z")\0.

Then

P st o (Ve ow? )

27 u? + (f(u))? N
Qa(a")\Qp 2 (" 2") (f(w)

du| < Mw (p,h)
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and
AN / 1 1
p(a") = p(a) / (2_2> wdu | < Mw (p,h).
o @+ (fw)®
Qd(a;/)\Qh/Z(x/?m”)
As
—2h do
du / du du
PR — + = (),
U U U
(—do,do) \ (—2h,2h) —do 2h
we have
p(2") — p(2) du|
27 u |

Qa(a)\Qp 2 (2" 2")

p(@") = (@) / du du
= |l " 7 _ + P
2 U U

Q4 (z")\(—do,do) (=2h,2R)\\Qp, j2 (2" 2"")

2h
h d
<@y / Y < Mw(p,h),
2w U
h/Cy

and, consequently, |Fg(z/, 2”)| < M w (p, h).

As a result, summing up the estimates obtained above for Fj(z/, 2”), j = 1,8, we
find:

h diamL
t t
|F @, 2")| < M | ||pllo h+w(p,h) + /w(tp’)dt—kh / ”(tp?’ ) gt
o h

Now let’s estimate the expression G(z’, 2”). It is clear that

N 7 .,
G( / //) — p(l’) p(fE ) Y1 ':L'12 dLy+
2m S Ja =yl

" o W/,
ACS) / |y1 "L, - / |y1 “ar, |+

T —
IN\Lg(z) I\Lg(a') Y

" o o/
S / NN g, - / AN gL,
2m 2" —y] 2" —y|

La(z') La(=")
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Denote the terms on the right-hand side of the last equality by Gy (', 2"), Ga(2', 2")
and Gs(a',2"), respectively.
As the integral
Y1 — T

L dL,
lz" — 9

L

converges in the sense of the Cauchy principal value, we have
|G1(2', 2")| < Mw (p, h).

Besides, it is clear that
|Ga(a’, 2")| < M |lpll .
As is known, the following relations are true in the sense of the Cauchy principal value:
do d u 4+do—ho d
U U
/:0 and / —7 =0.
U U—Uu

—dg u’ —do+hg

Then the term Gs(2’, ") can be represented as follows:

2 du
Gala!, 2") = p(27r) - / w
(—do,do)\ (v’ —do+ho,u'"+do—ho)
- ( “__ u—u ) Lt (/)P du
u? 4 (f(u)? (u—u)?+ (f(u) = f(u")?

Q4(z")\(—do,do)

o (Vi -1)
1 (f()?

+ du+

(=do,do) \((—=ho/2,h0/2) U(w"’ —ho/2,u" +ho /2))

+ / (VIF (@) -1) x
(=do,do)\((—ho/2,h0/2) U(w’—ho/2,u"” +ho /2))

(=) (=) = + (f(w) = F@")? = (f(w))’)
X du +

(w2 + (F)?) (=) + (F(u) = ()

o (/1 ()P -1)

21wy

_l’_

—ho/2
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iy (i -1) e e-an (Visew?-1)

+ du — " - )2 du=
w'=ho /2 u? + (f(u))? _ﬁ£2 (u—u")?+ (f(u) — f(u"))
Yt (f'(w)? =1 U//+/hO/2 du
1+ (f/(u”))Q u—ho /2 v
u”+ho/2(u _ u”) <\/1 + (f’(u))2 _ \/1 4 (f/(u’/))2>
B du—
(u— "2 + (f(u) — f(u"))?
u''—ho /2
u'’+ho/2 1 ( //)2
()2 — e -
— ( 1+(f ( )) 1>u”{0/2 u—u’ ((u—u”)2+ (f(u) —f(w/))2
1 L !
) / Sl

(—do,do)\(u" —do+ho,u"+do—ho)

~ ) <(u —u")? + (;(U) —fn)? —IU”)2>> et

+ / u” <u2+(1f(u))2 - u12> du+

(u"7d0+h0,u//+d07h0)\((7h0/2,h0/2) U(u”7h0/2,u/’+h0/2))

: / (G

(u”fd0+h0,u”+d07h0)\((7h0/2,h0/2) U(ullfho/Q,u”%»ho/Q))

- ! ) + : Ik
(w— "+ (fw) = S\ =) (14 (f@n)?) %

ho/2

” 1 1
x(u—u)du+ u2+(f(u))2—u2>udu+
—ho/2
u''+ho /2 ) ho/2 .
1
+ ( - ) wdu + —
u_[ , u?+ (f(u)? @ _;Z/z ((uu”)2 (14 (7))
1

— uw—u") du
(u— " 1 (f(u) f(U”))2> (=) dut
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u”+h0/2
1 1

—|—u”_h0/2 (u— u”)Q (1 + (f’(u”))Q) B (u—u")? + (f(u) — f(u”))2

(u — u") du

As there exists a point u, = v’ + 60 (u — u”) such that
flu) = f(u") = f'(u) (u—u"),
where 0 € (0, 1), it is not difficult to show that
Gs(2, 2")] < M |pl|o h

Consequently,
|G(2', 2")| < M (w(p, h) +lplloc h®) -

Now, taking into account the estimates derived above for F(a/, 2”’) and G(2/, 2), we
arrive at the conclusion that if 0 < o < 1, then

h diamL
@) - Vi) | < M, (h“+w<p,h>+ / w(f’t)dt+h/ ”<t’;’“dt).
o h

Similarly, it is not difficult to prove that

h diamL
Va(a') — Va(a") | < M, (ha+w<p,h>+ / w(f’t)dH—h/ “<tf;’t>dt>.
o h

It follows from the proof of the theorem that if & = 1, then

h
V(@) = Vin(2") | < M, | B I h] +w (o, 1 +/w ) it

diamL
t _
+h / “(t@ Jat| . m=T2.

h

Theorem is proved.

Theorem 3. Let L be a simple closed Lyapunov curve with the index 0 < a <1 and

/mm;@dﬁ<+m
) ¢

Then the following estimates hold:
w(V,h) < M, (h” tw(ph)+ [PeleDgp o [diemd el ) if0<a<l,

w(V,h) <M, (h I h|+w(ph)+ [MeCDar 4 fd““"L wp, )dt> ifa=1,
where M, 1s a positive constant depending only on L and p.
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Proof. Consider the function

he +w(p,h) + [Fe@arpp [Femt g if0<a <1,
(G (h) = h w(p,t) diamL w(p,t) . _
hlnh|+w(p,h)+ [F=22dt+h ) Ledt,  if a=1.

It is not difficult to show that }llin%w (h) = 0, the function ¢ (h) is non-decreasing, and
—

the function ¢ (h) /h is non-increasing. Then, using Theorem 2, we finish the proof of the
theorem.
Introduce the following classes of functions on (0, diamL]:

X = {w: @T,;ig(l)w@):&w@)/ﬂ},

diamL
()

o

Also consider the function

h t diamL o(t
he o)+ [2Dat+n [FrteBag if 0<a <1,
Z(h,(,D) = ° diamL

h
hinhl+e®) + [Ehat+n [ 2Rat, if a=1.
o h

Where there is no misunderstanding, we will sometimes write Z (h), Z (¢) instead of
Z (h,p). It is clear that }llin%)Z (h) = 0, the function Z (h) is non-decreasing, and the
ﬁ.
function Z (h) /h is non-increasing.
Let ¢ € x. Denote by H () the linear space of all continuous functions p on L which
satisfy the condition

p(x) —p W) < Cop(lz—yl),z,y € L,

where C), is a positive constant depending on L and p, but not on z and y. It is known
(see [11]) that the space H (i) is a Banach space equipped with the norm

lp(z) —p(y)|
p =sup|(p(x)|+ sup —————.
Iolle) = suplp (@) eyt ¢ (o)
TFY

Theorem 3 implies

Theorem 4. Let ¢ € Jo(L). Then the operator (Ap) (z) = V(x), x € L, acts boundedly
from H () to H (Z (¢)), and

IVIlgze) <M ol ) -
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Denote by Hg (L) the space of all continuous functions f on L which satisfy the Holder
condition

where 0 < 8 < 1 and M} is a positive constant depending on f, but not on x and y. It is
known (see [11]) that the space Hg (L) is a Banach space equipped with the norm

17115 = supf (@) + sup LD =S W]
zel mi:zfyL | — y|

Corollary 1. Let L be a simple closed Lyapunov curve with the inder 0 < a < 1 and
p€ Hg (L), 0< B < 1. The following assertions are true:

(a) if « < B, then' V € Hy (L) and ||V, < M |pll5;

(b) if B<a<1,thenV € Hg(L) and ||[Vz < M ||pl|s:

(c)ifa=1, B<1, thenV € Hg(L) and ||V| 5 < M |pll5;

(d) ifa=1, =1, thenV € H, (L) and |V, < M |pl|;, where v € (0,1).
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