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The System of Convolution Equations in Concrete
Banach Space

H.K. Musaev

Abstract. The regularity properties of degenerate abstract convolution-elliptic equations are in-
vestigated. We prove that the corresponding convolution-elliptic operator is R—sectorial and is also
a negative generator of an analytic semigroup. These results permit us to, show the separability of
the differential operators in a EF'—valued weighted spaces. By using these results integro-differential
equations in concrete weighted Banach space L, , (R";l,) are obtained.
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1. Introduction, notations and background

Regularity properties of differential operator equations, especially elliptic and parabolic
type have been studied extensively e.g in [1], [2], [4], [7-8], [12], [16-18], [21-22] and
the references therein. Moreover, convolution-differential equations (CDEs) have been
treated e.g. in [4], [15]. Convolution operators in Banach-valued function spaces studied
e.g. in [3], [10], [13], [16], [17], [18]. However, the convolution-differential operator
equations (CDOEs) are relatively less investigated subject. In [4] the parabolic type
CDEs with bounded operator coefficient was investigated. In [18] regularity properties of
degenerate CDOEs are studied. The main aim of the present paper is to study the maximal
L,—regularity properties of the following degenerate integro-differential equations

Z ag * Dy, + idm*umem, (1.1)
m=1

o<l

in concrete weighted Banach space L, ~ (R";ly), where [ is a natural number, aq = aq ()
are complex-valued functions, d; = d; (z), u; = uj(x), fm = fm(z), a = (a1, a2, ...,an) ,

n
oy are nonnegative integers, |a] = ) ag, A is a complex parameter and A = A (x) is a
k=1
linear operator in a Banach space E for z € R"™.
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In this paper, first we establish the uniform separability properties of the linear CDOEs
and the uniform maximal regularity of the infinite system of degenrate integro-differential
equations (1.1). Moreover, we prove that the operator generated by problem linear CDOEs
is R—sectorial. Since the equation (1.1) has an unbounded operator coefficient, some
difficulties occur. This fact is derived by using the representation formula for the solution of
corresponding convolution equation and operator valued multipliers in £— valued weighted
L,— spaces.

We start by giving the notation and definitions to be used in paper.

Let E be a Banach space and v = y(z), * = (x1, 22, ..., x,) be a positive measurable
weighted function on a measurable subset Q@ C R". Let L,~(£; E) denote the space of
strongly E—valued functions that are defined on 2 with the norm

1/p

1l = Ifllz, m) = /Wﬂmmm@mm L 1<p<os,
Q

11 cum) = €5 sup [v(@) [/ @)1 5]
z€eQ

The weight v = 7 (x) satisfy an A, condition, i.e., v € A4,, p € (1,00) if there is a
positive constant C' such that

1 1 -
— — p—1
sup Q| /’Y(x)dw 0l /’Y (x)dx <C

for all cubes Q C R"™ (see e.g [11, Ch.9]).
The result [20] implies that the space [, for ¢ € (1, 00) satisfies multiplier condition with
n

respect to p € (1,00) and the weight functions v (z) = [] |zg|” for —2 <v <1 (p—1).
k=1

Here, N denotes the set of natural numbers. R denotes the set of real numbers. Let C
be the set of complex numbers and

Se={AeC, |argA| <¢}U{0}, 0<p <.

Let Fy and Es be two Banach spaces and let B (E7, E2) denote the space of bounded
linear operators from F; to Es. For Ey = Ey = E we denote B (E, E) by B (E).

Let D (A), R (A) denote the domain and range of the linear operator in E, respectively.
Let Ker A denote a null space of A.

A closed linear operator A is said to be ¢— sectorial (or sectorial for ¢ = 0) in a
Banach space F with bound M > 0 if Ker A = {0}, D (A) and R (A) are dense on E, and

H(A+ )\I)AHB(E) < MM for all X e Se, ¢ € [0, 7), where I is an identity operator
in E. Sometimes A + A will be written as A + A and will be denoted by Aj. It is known

(see e.g. [19, §1.15.1]) that the fractional powers of the operator A are well defined.
Let E(A?) denote the space D(A?) with the graph norm
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1
1
lellsgan = (el + [4%[)P, 1<p<o0, —co<t<o0,

Note that the above norms are equivalent for p € [1, 00).

Here, S = S(R"™; F) denotes the E—valued Schwartz class, i.e. the space of E—valued
rapidly decreasing smooth functions on R", equipped with its usual topology generated
by seminorms. S(R™;C) will be denoted by just S.

Let S’(R™; E) denote the space of all continuous linear operators, L : S — E, equipped
with topology of bounded convergence. Recall S(R"; F) is norm dense in L, ,(R"; E') when
l1<p<oo,veEA),.

Let Q be a domain in R”. C(Q, E) and C™)(Q; F) will denote the spaces of E—valued
uniformly bounded strongly continuous and m—times continuously differentiable functions
on (), respectively.

Here, a = (a1, o, ...,ay,), where «; are integers. An E—valued generalized function
D“ f is called a generalized derivative in the sense of Schwartz distributions of the function
feS(R"E)if

(D*f, ) = (—1)\*1(f, D%p)

holds for all ¢ € S.
Let F' denote the Fourier transform. Throughout this section the Fourier transforma-
tion of a function f will be denoted by f and F~'f = f. It is known that

F(Dgf) = (i) ...(i&n)" f, Dg(F(f)) = F [(=iz1)™...(=izn )" f]
for all f € S'(R™; E).

Suppose E; and FEj are two Banach spaces. A function U € Lo (R"; B(E1, Es)) is
called a Fourier multiplier from L, ,(R"; E1) to Ly~(R"; E3) for p € (1,00) if the map
u— Tu = F7Y(&)Fu, u € S(R"; Ey) is well defined and extends to a bounded linear
operator

T: Ly (R";E1) = Lyp~(R"; E2).

A Banach space E is called a UMD space (see e.g [5], [6]) if the Hilbert operator

(1)) = lim [

e—0
|lz—y|>e

fy) dy
—y

x

is initially defined on S(R; E) and is bounded in L,(R; E), p € (1,00) (see e.g. [6],[8]).
UMD spaces include e.g. Ly, [, spaces and Lorentz spaces Ly, p,q € (1,00).

A set K C B(E1, E») is called R—bounded (see e.g [7], [21]) if there is a constant
C > 0 such that for all 71,75, ..., T), € K and uy,us, ...,u;m € E1, m €N
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1 m 1 m
[ rnwnu| a<e [|Srwmw|
0 o |[7=1

j=1 Fo o

where {r;} is a sequence of independent symmetric {—1;1} —valued random variables on
[0,1] . The smallest C for which the above estimate holds is called the R—bound of K and
denoted by R (K).

A Banach space F is said to be a space satisfying the multiplier condition with respect
to weighted function v and p € (1,00) (or multiplier condition with respect to p € (1, 00)
when 7 (z) = 1) if for any ¥ € C™ (R"\ {0} ; B (E)) the R—boundedness of the set

{1617 D2w (€): € € R\ {0}, 8= (B1, By o), B € 0,11}

implies that W is a Fourier multiplier in L, - (R™; E).

Note that, if Fis UM D space then it satisfies the multiplier condition with respect to
p € (1,00) (see e.g. [7], [10], [21]).

A sectorial operator A (z), z € R" is said to be uniformly R—sectorial in a Banach
space E if there exists a ¢ € [0, ) such that

sup R ({ [A (z) (A (2) +51)—1} Lt sg,}) <M.

rER™

Note that, in Hilbert spaces every norm bounded set is R—bounded. Therefore, in
Hilbert spaces all sectorial operators are R—sectorial.

Let A= A(x), z € R" be closed linear operator in E with domain D (A) independent
of x. The Fourier transformation of A (z) is a linear operator with the domain D (A)
defined as

A€ ulp) = A@@)u(@) forue & (R D(A), peS(R").

(For details see e.g [2, Section 3]).
Let Ey and F be two Banach spaces, where Fjy is continuously and densely embedded
into E. Let [ be a natural number. Wéﬁ (R™; Ey, E) denotes the space of all functions

from S’ (R"; Ep) such that u € L, (R"; Fy) and the generalized derivatives D\ u = % €
Ly~ (R"; E) with the norm

< 0.

n
e . Diul
by oy = Vol + 3R]

It is clear that

W/ (R"; Eo, E) =W} _ (R"; E) N Ly, (R"; Eq) .
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W]yly (R™; Ey, E) denotes the space of all functions from S’ (R"; Ey) such that v € L, (R"; Ey)
and D,[j]u € L, (R™; E) with the norm

n
]
U = ||u R HD[ u” < 0.
lallyin (o y = Ialzy i) kZ P
Note that if [ > 2, FE is a space satisfying the multiplier condition with respect to
weighted function v and p € (1, 00), then the above definitions are equivalent with usual

definitions, i.e.

HUHWAW(R";EO,E) = HUHLM(RTL;EO) + Z HDauHLM(Rn;E),
| <t

Il oy = Wl iy + D ||

Ly(R“:E)
& o(R5E)

In a similar way as [7, Theorem 3.25] we obtain:

Proposition A. Let £ be a UMD space and 7 € Aj,. Assume ¥, is a set of operator
functions in C™ (R™\ {0} ; B (E)) depending on the parameter h € Q € R and there exists
a positive constant K such that

sup 1 ({[¢]” D7wi (€): € € R™\{0}, B € {0,1}}) < K.

heQ

Then the set ¥y, is a uniformly bounded collection of Fourier multipliers in L, , (R"; E) .

2. Convolution-elliptic equations

The main aim of the present section is to study the maximal L,—regularity properties
of the degenerate linear CDOEs

Zaa*D[o‘}u+(A+)\)*u:f(:r), x € R", (2.1)
|| <l
in £— valued weighted L,— spaces, where [ is a natural number, a, = a, () are complex-
n
valued functions, o = (ay,qo,...,ay), af are nonnegative integers, |a] = > ag, A is a
k=1

complex parameter and A = A (x) is a linear operator in a Banach space E for = € R™

Here, the convolutions ag * D®u, A xu are defined in the distribution sense (see e.g.
[2]). ¥ = v (z) is a positive measurable function on Q C R" and

@ @ « [e7% - o \"
plel = plerl pleel _ plan] - ploul — <7 (z) 8xi> '

First we consider the following nondegenerate CDOE



70 H.K. Musaev

Zaa*Dau—}-(A—{—)\)*u:f, (2.2)

lal<l

where )\ are parameters, a, are complex-valued functions defined in (2.1) and A is a
linear operator in a Banach space F.
Condition 2.1. Suppose the following are satisfied:

(1) L(§) = 22 aa(§)(i§)* € Sy, ¢1 € [0,m) for £ € R,

<t

|L(€)’ > Ckz |aa(l7k)‘ ‘fk‘l, O[(l, ]{Z) = (0,0, ...,Z,0,0, ,0) i.e.ai = 0, 7 7é ]{7, Of = l,
=1

(2) Go € CO(R™) and [ |D%a, (6)] < C1, e € {0,1},0 < 6] < m
(8) for 0 < 8] < n, &6 € R™\ {0}, |[D?A(¢)| A7 (&) € C (R B(B)).

7| [p?A©] A (@) < o

In a similar way as [16, Theorem 2.7] we obtain:

Theorem 2.1. Assume that Condition 2.1 holds and FE is a Banach space satisfying
the multiplier condition with respect to weighted function v € Ay, and p € (1,00). Let Abe
a uniformly R—sectorial operator in £ with ¢ € [0, 7), A € S, and 0 < @+ 1+ 2 < 7.
Then, problem (2.2) has a unique solution u and the coercive uniform estimate holds

_lel
Z ‘)\’1 " aa x DauHLP,v(R"§E) + 1A uHLn'y(R"%E) +IAl ”uHpr(R"%E) <C HfHLpfy(R"%E)
o] <1
(2.3)
for all f e L,,(R"E).
Let O be an operator in L, , (R"; E) generated by problem (2.2) for A = 0, i.e.

D(0) c WAW(R”;E(A),E), Ou = Z aq * D% + A * u.
lal<t

From Theorem 2.1 we have:
Result 2.1. Assume that the all conditions of Theorem 2.1 hold. Then, for all A € S,
the following uniform coercive estimate holds

S

lal<t

aq * D* (O + )\)_1H
B(Lp,y(R™;E))

HA*(OJr)\)’lH ))+H>\(O+)\)’1H

B(Lp(R™;E B(Lp,(R";E)) =

Result 2.2. Theorem 2.1, particularly implies that the operator O is uniformly
sectorial in L, (R™; E); moreover, if A is uniformly R—sectorial for ¢ € (g,w) , then
the operator O is a negative generator of an analytic semigroup in L, (R™; E) (see e.g.

19, §1.14.5)).
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From Theorem 2.1 and Proposition A we obtain:

Result 2.3. Let conditions of Theorem 2.1 hold for £ € UM D. Then the assertions
of Theorem 2.1 are valid.

We find sufficient conditions that guarantee the separability of the problem (2.1). For
this purpose we need the following

Remark 2.1. Consider the following substitution

Tk

Y = /7_1(z)dz, k=1,2,...,n. (2.4)
0

It is clear that, under the substitution (2.4), D!®u transforms to D%u. Moreover,
the spaces L, (R™; E), I/V]y}7 (R™; E(A), E) are mapped isomorphically onto the weighted
spaces L, ,(R"; E) and Wzlw(R”; E(A), E) respectively where,

v=7) =v(@(y) =7 (@1 (y1) 22 (Y2) s s Tn (Yn)) -

Moreover, under (2.4) the degenerate problem (2.1) considered in L, (R"; E) is transformed
into the non degenerate problem (2.2) in L, ,(R"; E), where

o = Ao (Y) = aa(Y(y)), u=u(y) =1u(y) = u(F(y)),

A=Ay)=Aly) =AGW), f=1W) =Ffl)=FfEW).
Let

X =L,(R%E), Y =Wl (R E(A),E), pe(1,00).

In this section we show the following result:
Theorem 2.2. Assume that Condition 2.1 holds for a, = a, (y) and E is a Banach
space satisfying the multiplier condition with respect to weighted function v € A, and
€ (1,00). Let A be a uniformly R—sectorial operator in E with ¢ € [0, 7), A € S,, and
0< @+ ¢+ <mfor A= A(y). Then for all f € X there is a unique solution of the
problem (2.1) and the following coercive uniform estimate holds:

_lal o
> AT |aa x DI|| 4 A ull g + N lullx < ClIf g (2.5)

laf<t
Proof. By Remark 2.1, the degenerate problem (2.1) is transformed into the non

degenerate problem (2.2) considered in the weighted space Ly, (R"; E). Then in view of
Theorem 2.1 we obtain the estimate (2.5).

3. Degenerate convolution equations in the space L, (R";l,)
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Consider the following system of convolution equations

Z ag * D@, + f: A * Uy = fim, (3.1)

la|<l m=1

in the concrete Banach space Ly,  (R";l,), where [ is a natural number, aq = aq (z) are
complex-valued functions, o = (aq, ag, ..., ), i are nonnegative integers, dp, = dy, (),
U = U, (), frn = fm (), x € R™. The convolutions a, * Dy, d,, * u,, are defined in
the distribution sense and

is a positive measurable weighted function.
For 1 < g < oo we set

e} 1/q
lg = {§;§ ={&}2q; Hleq = <21 §i|q> < 00, & — complex numbers} .
Moreover, if v(z) is a positive measurable function, and if 1 < p < oo, then
1/p
Ly (R 1,) = {f;f — @2 I, gy = (Rf N v(x)dw> < oo}.

Clearly, L, (R";1,) is a Banach space. It is known that

p

IfllL, . (rry) = (an <:01 ’fi($)|Q> 7 ’y(:l:)dx) .

Let d(z) = {dm(z)}, dm > 0, u = {um}, d*u = {dm *un}, l4(d) =

1
q

u € ly, HUqu(d) = (Z |dm () * Um’q> <00, 1<g<oo,
m=1

X =1L, (Rn§lq) , Y = Wzgl,]fy(Ran(d)’lq)u B=B(X),
and @ denote the differential operator in L, (R";l,) generated by (3.1), i.e., D (Q) =
Wiy (R™15(d), 1), Qu="3" aq * D%u + dxu
o<l

Condition 3.1. Assume that there exist positive constants C; and Cy such that for
{dm (2)}]° €, for all x € R™ and some z¢ € R",

Ci ldm (wo)| < |dm ()| < Co |di (20)] -
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Suppose aq, d,, € C" (R™) and there exist positive constants M; and My such that

67| DPaa(©)] < 2, 1617 |DPdn(©)| < M,

e R\ {0}, Br€{0,1},0< (8] <n.

Applying Theorem 2.2. we have:

Theorem 3.1. Suppose Condition 3.1 and the (1) part of Condition 2.1 are satisfied.
Then:

(a) for all f (z) = {fm (x)}7° € Ly (R";14(d)), for A € S, ¢ € [0,7) problem (3.1) has
a unique solution u = {uy, (z)}{° that belongs to Y and the following coercive estimate

holds
1
/ a « Dledy, ‘q / Z‘dm*um|q> dx
la|<I
P
<C / Z|fm|q "o
(b) For A € S, there exists a resolvent (Q +A)” " and
_lal o _
ST faa s [DEN @+ 27|+
|| <l

|2+ @+n7, + [r@e 7 <
Proof. In fact, let £ = [; and A = [dy, () 0jm], m, j = 1,2,...00, where 0}, is the

Kronecker symbol (0, = 1 for j = m, §;,, = 0 for j # m). Then it is easy to see that
Ag) = [cim (&) 5jm} is uniformly R—sectorial in [, and the all conditions of Theorem 2.2
hold. Moreover, by [20] we get that the space [, satisﬁes the multiplier condition with

respect to power weighted function y (z) = |27, =2 <y < 2= Land p € (1,00). Therefore,
by virtue of Theorem 2.2 we obtain the ) Haa * D[a]uHX + || d*u|lxy <C|f|lx. From
|o| <1

this we get that assertion (a). Taking into account Theorem 2.2 and Remark 2.1 we have
for all A € S, there exist the resolvent of operator ) and has the estimate

ST

|| <l

+ HA(Q+A)‘1H

e D@07 #lar @7

B(X) B(X)

This means that the assertion (b) is obtained.
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Remark 3.1. There are a lot of sectorial operators in concrete Banach spaces.
Therefore, putting in (2.1) concrete Banach spaces instead of E and concrete sectorial
differential, pseudo differential operators, or finite, infinite matrices, etc. instead of A, by
virtue of Theorem 2.2 we can obtain the maximal regularity properties of different class
of convolution equations.
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