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Asymptotic Behavior of the Distribution Function of the
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Abstract. In the present paper, we study the asymptotic behavior of the distribution function of
the Ahlfors-Beurling transform of a Lebesgue integrable function as A — 400 and as A — 0+.
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1. Introduction

The Ahlfors-Beurling transform of a function f € L, (C), 1 < p < oo is defined as the
following singular integral:
1
(Bf)(z) = —=lim Mdm(

w) .
me=0 {weC: |z—w|>e} (Z — w)2

The Ahlfors—Beurling transform is one of the important operators in complex analysis.
It is the “Hilbert transform” on complex plane. It has been shown in [1,3,6,9,11,15,17]
that this transform plays an essential role in applications to the theory of quasiconformal
mappings and to the Beltrami equation with discontinuous coefficients.

From the theory of singular integrals (see [13]) it is known that the Ahlfors-Beurling
transform is a bounded operator in the space L, (C), 1 < p < oo, that is, if f € L, (C),
then B (f) € L, (C) and

IBSI, < Cyllfll,, - 1)
In the case f € Ly (C) only the weak inequality holds,

Cq
miz € C: [(Bf) ()] > A} < = Ifllz, » (2)
where m stands for the Lebesgue measure, C,, C; are constants independent of f and

m{z € C: |(Bf)(z)] > A} - the distribution function of the Ahlfors-Beurling transform
of the function f.
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In [2,4,5,7,8,10,12,14,16] the boundedness of the operator B in other function spaces
(in the spaces of Sobolev, Besov, Campanato, Morrey, etc.) was studied.

In the present paper, we study the asymptotic behavior of the distribution function
of the Ahlfors-Beurling transform of a Lebesgue integrable function as A — 400 and as
A — 0+.

2. Asymptotic behavior of the distribution function of the
Ahlfors-Beurling transform as A\ — +oo

In this section we studying the asymptotic behavior of the distribution function of the
Ahlfors-Beurling transform as A — +oo.

Theorem 1. Let f € Ly (C). Then the equation

lim Am{ze C: |[(Bf)(z)| >A}=0 (3)

A——+00
holds.

Proof. Since f € Ly (C), then for every € > 0 there exists n € N and R > 0 such that

1f = [l < E (4)

(2)]" = 0 for

where [f] (2) = [f" x (B(0; R)) (2), [f(2)]" = [f(2) for |f(2)] [
P {ze€ C: |z| < R}.

< n,
)- characteristic function of the circle B (0; R) =

£ (2)] > n, x (B(0; R)) (
It follows from (1) and (4) that for every A > 0 the inequality
A C
m{zeCs BU-UREI> 5] < T - Uk, < 55 6

holds. Since the function [f]}% () is bounded, then we get that [f]; € L, (C) for each
p > 1. It follows that B [f]} € Ly, (C') for each p > 1. Denote

Fi(2) = B[flg (2) - x (B (0; 2R)) , F> (2) = B[] (2) - x (C\B(0; 2R)).

Then
Bflr(2) = Fi1(2) + F2 (2),

The function Fj (z) is concentrated on the closed circle B (0; 2R), and the function F5 (z)
is concentrated on the set C'\ B (0; 2R). For every p > 1 from the inclusion B [f]} € L, (C)
it follows that Fy (z) € Ly, (C). Since the function Fj (z) is concentrated on the bounded
set, then we have that Fy (z) € L1 (C). Then for sufficiently large values of A > 0

%m{z eC: |Fi(2)|>A/2} < / |F1 (2)]dm (2) < (6)

{z€C: |F1(2)|>N\/2}

| o
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On the other hand, for any z € C\B (0; 2r) we have
(/TR (w)]
B EI= [ T w) <
B(O;R) |z —wl

1 1

n — b
SR Jyom 1R (w)ldm (w) = —5 IRz, < —m5 I1f]L, -

This shows that the function F» (2) is bounded. Then it follows from (6) that for sufficiently
large values of A > 0

m{ze C: |B[flg(2)| > N2} <m{zeC: |Fi(2)|>)\2} < % (7)
It follows from (5) and (7) that for sufficiently large values of A > 0

m{zeC: [(Bf)(2)| > A/2} <

<m{zeC: [B[flR(2) >A/2}+m{zec: B (f—[fI}) () >;} <gta=3

This shows that the equation (3) holds. Theorem 1 is proved. «

3. Asymptotic behavior of the distribution function of the
Ahlfors-Beurling transform as A — 0+

In this section we studying the asymptotic behavior of the distribution function of the
Ahlfors-Beurling transform as A — 0+.

Theorem 2. Let f € L1 (C). Then the equation

i Am (=€ O [(BF) ()] > A} = \ [1Gane

holds.
At first we prove the auxiliary lemma.
Lemma 1. If f € L1 (C) and [ f (z)dm (z) =0, then the equation
m{ze C: [(Bf)(2)] > A} =0(1/A),\ — 0+ 9)
holds.

Proof of Lemma 1. At first assume that the function f is concentrated on some
circle B (0; R) C C. In this case, from the equality
1
[

(Bf)(z) = —=lim m(w) =
T30 JweBO:R) : [o—w|>e} (2 — w)”
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1
Te=0 JweB(0; R):|s—u|>e} (2 — w) T JB(0;R) (2 = 20)
= llim (20 —w) X
Te—=0 {weB(0; R) : |z—w|>e}

X[ 1 n 1
(z:—w)2 (z—20) (z—w)(z—20

where zg € C, we get that

)2] f(w)dm (w),z # zo,

16 ko

(Bf) ()| < —3 120 — w[ |f (w)|dm (w) = —3,
m|z|” JB(0; R) |2
for values of |z| > Ry, where
16
ko= — |z0 — w| | f (w)|dm (w) , Ry = 2max{R, |zl|}.
™ JB(0;R)

Then it follows that

m{zeC: |[(Bf)(2)| > A} <m{zeC: IZ\SRO}—l—m{zeC’: |I;T3>)\}:

=m{zeC: |z|<R : ohol e ko "
= 2| <K Rob+mzeC: |z < 3 =nRy+m 3 ,

whence it follows asymptotic equality (9).

Now let’s consider the general case. From the condition [, f (z)dm (z) = 0 it follows
that for any € > 0 there exist the functions f; and f, satisfying the condition: f = f1+ fo,
the function f; is concentrated on some circle B (0; R) C C' and [ f1 (2) dm (z) = 0, the
function f; satisfies the inequality || f2||;, < z&;, where C1 is a constant in estimation (1).
Since the function f; is concentrated on the circle B (0; R) C C and [ fi (z)dm (z) =0,
then for the function f; equality (9) is satisfied, and therefore there exists A (¢) > 0 such
that for 0 < A < A (eg) the inequality

)\m{ze(]: |(Bf1)(z)|>;\}<; (10)

holds. On the other hand, from the inequality (1) it follows that

€

wn{secs (BR)G)> 5} <2001, < 5 (11)

for any A > 0. From inequalities (10), (11) and the inclusion

Geciien@>ncfzec el 3 Ufecr Bme1> 3
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we get
am{zeC: |(Bf)(2)| > A} <e

for 0 < A < A (g). This shows that equality (9) was satisfied for all functions f € Ly (C),
satisfying the condition [, f (z) dm (z) = 0. This completes the Proof of the Lemma 1 «

Proof of Theorem 2. In the case [, f(2)dm (z) = 0 the assertion of the Theorem
follows from Lemma 1. Let’s consider the case [, f(z)dm(z) = n # 0. Denote by
f1(2) = Zx (B (0; 1)) (2), where x (B (0; 1)) is a characteristic function on the unit circle
B(0; 1) and fa (2) = f(2) — f1(2). Then [, fa(z)dm (z) =0, and from Lemma 1

mi{zeC: ](Bfg)(z)\>>\}:o<i>,)\—>0+. (12)

Since for any |z| > 2

_|nl dmw) | | 1
BEI=g|f s e
_Inl dm(w) | _ |l _dm (w)
(Bf1) ()] = 5 /B(O;l) (z—w)?| 72 /3(0;1) (|2] — w)? -

U1 dm (w) Il (2l = 1)
=t </B(0;1) (IZIw)2> ok (Jzl + )"

then for any 0 < A\ < Inl

491
1
m{zEC:|(Bf1)(z)|>)\}§m{z60:|z|§2}+m{z€0:’Z~(H1)2>)\}:
z_
2
=4dn+mgzeC: |z <1+ Il =dr 47 |1+ Inl ) (13)
TA TA
m{zeC: [(Bfi)(2)]>A}>m<|z|>2: m-M>)\ =
' - - T (2 + 1)
(2] +1)° ] 4 ]
= >2: —)F — = >2: >
m{|z|_2 |z| — 1 SV mq bl = |Z|+3+|z|—1< A |
i AN
n n
> >2: — > — — — 4.
_m{]z_Z |z| +7 < ﬂ_)\}_ﬂ'< o 7) AT (14)

It follows from (13) and (14) that

Jlim dm =z € C1 (B) ()] > A} = . (15)
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For any 0 < ¢ < 1, by the inclusions

{zeC: |(Bfi)(»)|>Q+e)A}\{z€C:
(Bf2) (2)] > A} C{z e C: |(Bf) ()| > A} C
ClzeC: [(Bf2) (2)| > AUz € C: [(Bfi) (2)| > (1 —) A}

and equalities (12), (15) we have

Il
< . : <
1+€_h)\r£1>(1)1if>\ m{zeC: |[(Bf)(z)| > A} <

<limsupA-m{z e C: |(Bf)(2)] > A} < 1’1

A—0+

This implies the equation (8) and completes the proof of the Theorem 2. <«
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