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On an Inverse Boundary-value Problem for the Equation
of Motion of a Homogeneous Beam
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Abstract. In this work, a classical solution of an inverse boundary-value problem for the equation
of motion of a homogeneous beam with periodic boundary conditions is studied. Firstly, the
original problem is reduced to an equivalent (in a defined sense) problem, for which the existence
and uniqueness theorem of the solution is proved. Further, using the unique solvability of the
equivalent problem, the classical solvability of the original problem is showed.
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1. Introduction

Recently, there are many cases in which the needs in a practice lead to the problems of
determining the coefficients of a differential equation (ordinary or in partial derivatives)
from some known functional of its solution. Such problems are called inverse problems
of mathematical physics. The applied importance of inverse problems is so great (they
arise in various fields of human activity, such as seismology, mineral exploration, biology,
medicine, desalination of seawater, movement of liquid in a porous medium, etc.) which
puts them a series of the most actual problems of modern mathematics. The presence in
the inverse problems of additional unknown functions requires that in the complement to
the boundary conditions that are natural for a particular class of differential equations,
impose some additional conditions - overdetermination conditions. The basics of the theory
and practice of investigating inverse problems of mathematical physics were established
and developed in the fundamental works of the outstanding scientists A.N.Tikhonov [1],
M.M.Lavrent’ev [2], V.K.Ivanov [3], and their followers.

Inverse problems associated with equations of various types, have been studied by
many papers and monographs, in particular, [4]-[13]. But the problem statement and the
proof techniques used in this paper are different from those presented in these works. The
technique used in this paper is based on the passing from the original inverse problem to
the new equivalent one, the study of the solvability of the equivalent problem, and then
in the reverse transition to the original problem.
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Moreover, the vibrations and wave movements of an elastic beam on an elastic base
were investigated by Yu.A. Mitropolsky [14], J.M.Thompson [15], B.S.Bardin [16], V.Z.
Vlasov [17], D.V.Kostin [18], T.P.Goy [19], Ya.T.Mehraliyev [20], and et al. The simplest
nonlinear model of the motion of a homogeneous beam is described by the equation

82w+84w+k62w+ wb =0
oaw 4+ w® =
otz ozt Ox? ’
where w is beam deflection (after the displacements of the points of the midline of the
elastic beam located along the z-axis). Note that a similar equation also arises in the
theory of crystals, in which w is parameter of order [21].

2. Statement of the problem

This paper is concerned with the following inverse problem of finding a pair {u(z,t), p(t)}
in the domain Dy = {(z,t) : 0 <z < 1,0 <t < T} for the following system

utt(xvt)+u1‘3333$<m7t)+5ul‘$(xat)—i_au(‘rvt)—i_ug(xvt) :p(t)g(x,t)—l-f(x,t), (l’,t) € DT; (1)

u(z,0) + du(z, T) = p(z), u(z,0) + due(x, T) = ¢(x), 0<z<1, (2)
w(0,t) = u(1,t), ux(0,t) =uy(1,t),

Uz (0,8) = Upe (1, 8), Upaw(0,) = ugee(1,t), 0<t < T, (3)

u(zo,t) = h(t), 0<t<T, (4)

where g € (0,1) is fixed number, o > 0, § > 0, and J§ are given numbers, and <
da, g(x,t), f(z,t), e(x), ¥(x), h(t) are known functions.
We introduce the set of functions

6'2’4(DT) = {u(x,t) : u(x,t) € CZ(DT),umm(m,t) e C(Dr)}.

Definition 1. The pair {u(z,t),p(t)} defined on Dr is said to be a classical solution of
the problem (1)-(4), if the functions u(z,t) € C?**(Dr) and p(t) € C[0,T)] satisfies Eq.
(1), condition (2) on [0,1], and the statements (3)-(4) on the interval [0,T].

It’s easy to prove that

Lemma 1. Suppose that f(z,t), g(z,t) € C(Dr), g(0,t) #0, 0 <t <T, o(x), ¥(x) €
C[0,1], h(t) € C?[0,T), § # £1, and the condition

p(w0) = h(0) + 6A(T), (o) = 1'(0) + 61'(T)

holds. Then the problem of finding a classical solution of (1)-(4) is equivalent to the problem
of determining the functions u(x,t) € C*>*(Dr) and p(t) € C[0,T] from the (1)-(3), and
satisfying the condition

B () + Uzgre (T0, 1) + Buze(xo,t) + ah(t) + u3(a:0, t)

=p(t)g(zo,t) + f(z0,t), 0 <t < T. (5)
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3. Classical solvability of inverse boundary-value problem
It is known that [22] the system
1,cos A1z, sin Az, ..., cos Apx, sin \gz, ... (6)
are a bases in Ly(0,1), for Ay, = 2kw (k=0,1,...).

Since the system (6) forms a basis in L2 (0, 1), then it is obvious that the first component
of the solution {u(z,t),p(t)} has the form:

t) = Zulk(t) COS AT + Zugk(t) sin \px, A\ = 2km, k=0,1,..., (7)
k=1

where

1 1
uip(t) = /u(:c,t)d:c, uig(t) = Z/U(x,t) cos \pxdr, k=0,1,...,
0 0

1
ugk(t) = 2/u(aj,t) sin \pxdzr, k=0,1,....
0

Then applying the formal scheme of the Fourier method, from (1) and (2) we have

U,IIO(t) + Oéulo(t) = Flo(t; U,p), 0<t< Ta (8)
ui () + (N — BAE + @ua(t) = Fi(t;u,p), 0<t<T; i=1,2; k=1,2,...,  (9)
u10(0) + du10(T) = 10, ulo(o) + duio(T') = tro, (10)

where
Flk(ta U,p) :p( )glk( ) + flk( ) le(t7u)7 k= 0) 1)2"'5
1

gk(t) = mk/g(ﬂ%t) cos \pxdz,

=]

Flk(t; u,p) = flk(t) +p( )ulk( ) k=0,1,2...

flz,t)dz, fix(t) =2 [ f(z,t)cos \pxdx, k=1,2,...,

fio(t) =

O\H
o _

flx,t)dz, qrx(t) =2 [ f(z,t)cos \gxdx, k=1,2,...,

gio(t) =

O\H
o _
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GlO (t7 u)

I
o _

1
wd(x,t)dr, Gii(t,u) = 2/u3(:n,t) cos \pzdr, k=1,2,...,
0

1 1
10 = [ o(x)dz, Y19 = [ Y(x)dx
/ /

1
o1 = 2/90(1‘) cos \pzdr, Y1 = 2/w($) cos \prdr, k=1,2,...,
0
For(t;u,p) = p(t)gor(t) + for(t) — Gag(t,u), k=0,1,2, ...,

1 1
for(t) :2/f(:c,t) sin \gxdz, gox(t 2/f x,t)sin \gxdx, k=1,2,...,
0 0

1
Gop(t,u) = 2/u3(:1c,t) sin \gzdx, k=1,2,...,
0

1
Yok = 2/@ )sin Agzdx, o = 2/1/1 )sin Apzdx, k=1,2,.
0

Solving problem (8) - (11), we find

1

Tam(T >{\/E(cos Vat + 6 cosva(T —t))po

ul0 (t)

T

+(sinv/at — §sinva(T —t))g — & / Fo(ryu, p)(sin/a(T +t — 1)

0
+dsiny/a(t — 7))dr} + \/1& O/FO(T;u,p) sinv/a(t — 7)dr, (12)

1

wir(f) = Brpr(T)

{Br(cos Brt + & cos B (T — t))pix + (sin Bxt

T
—o0sin fi(T — )i — O / Fi(Tyu, p)(sin B (T + t — 7) + d sin B (t — T))dT}

0

t
1
+6/Fl-k(7';u,p) sin B (t —7)dr, i =1,2; k=1,2,..., (13)
k
0
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po(T) = 1+ 28 cos/aT + 62, B = \/)\i—ﬁ)\i—i—a,

po(T) =1+ 25cos BT + 6%, k=1,2,....

where

Differentiating twice (13) gives

iy, (t) = psz) (By(—sin Byt + d sin By, (T — t))pir + (cos Byt

T
+d cos B (T — )ik — 6/F,;k(7';u,p)(cos Br(T +t—7)+ dcos Bt — T))dT}

t
—i—/Ek(T;u,p) cos Bp(t —7)dr, 1=1,2; k=1,2, ..., (14)
0
uj(t) = Fa(tiu, p) — &{Bk(cos Bt + dsin B (T —t)) i,
p(T)

+(sin Bt — dsin By (T — t))hin

T
_6/Fik(7;u)(sin Br(T +t—7)+ dsin B (t — T))dT}

0
t
—Bk/ Fy(tyu)sin fg(t —r)dr, 1 =1,2; k=1,2,. (15)
0

In order to determine the first component of the solution of the problem (1)-(3), (5)
we substitute of ui(t) (k=0,1,2,...) and ugk(t) (k =1,2,...) into (7), we obtain

1
Vapo(T)

+(sin at — §sin /(T — t))110

w(z,t) = ————{Va(cos Vat + § cos a(T — t))e10

T
-4 / Fio(Tsu,p)(sinVo(T +t — 7) + dsin Vo (t — T))dT}
0

—i—\/la /FIO(T;u,p) sinv/a(t — 7)dr

3

+z{

(T —t))p1x + (sin Byt
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T
+0sin B (T — t))1, — O / Fii(T5u,p)(sin Bk (T + ¢t — 1) + d sin By (t — T))d’]’]
0

t
1
+ B / Fi(Tyu, p) sin Bi(t — T)dT} COS A\,
k
0

+ kz::l {@gﬂi(T) [Br(cos Bit + d cos Br.(T — t))par + (sin Sit

T
+6sin B (T — t))thar, — 6 / Fop(75u,p)(sin B (T +t — 7) + dsin B (t — T))dT]
0

t
+ 51/<; O/F%(T;u,p) sin B (t — T)dT} sin A\ (16)

Now, from (5), taking into account (6), we have

p(t) = [9(0, )] THA"(t) + ah(t) = f(o,t) +u’ (w0, 1)

+D (k= BADu(t )cos/\kazo+z Af — BAZ)ugy (t) sin g . (17)
k=1 k=1

In this way to obtain the equation for the second component of the solution to the
problem (1) - (3), (5) we substitute expression (13) into (17) and get

p(t) = [9(0,)] {h"(t)+ah(t) — f(wo,t) +u(z0, 1) + > (ML — BA7)
k=1

- [mpim [Br(cos Bit + 8 cos Bi(T — t))p1k + (sin Bt — dsin B (T — £))tbi

T
—(5/F1k(7;u,p)(sin,6’k(T+t—T)+5sinﬁk(t—7))d7

k=1

/Flk Tiu, p) sin B (t — T)dT] oS A\pxg + Z /\4 B)\z)



26 E.I. Azizbayov

1

X [m[ﬂk(cos Bt + 6 cos Bi(T — t))par, + (sin Bt — d sin B (T — t))hax

5 / For(ritt, p) (sin (T +  — 7) + dsin Byt — 7))dr

¢
1
—i—/B/ng(T;u,p) sin B (t — 7)d7 | sin A\gzo. (18)
k
0

Thus, finding the solution of problem (1) - (3), (5) is reduced to the finding solution
of system (16), (18) with respect to unknown functions u(z,t) and p(t).

The following lemma plays an important role in studying the uniqueness of the solution
to problem (1) - (3), (5):

Lemma 2. If {u(z,t),p(t)} is a solution of (1)-(3), (5), then the functions

u(x,t) cos \gxdzr, k=1,2,.

o _

1
upo(t /uxtdm uig(t) =2
0

1
ugg (t 2/umtsm)\kxdx k=1,2,.
0

satisfy the system (12) and (13) on the interval [0,T].

Remark 1. It follows from Lemma 2 that in order to prove the uniqueness of a solution
to the problem (1) - (3), (5) it is sufficient to prove the uniqueness of a solution to system

(13), (15).

Now, to study problem (1) - (3), (5), we consider the following spaces.
Denote by BS,T an aggregate of all the functions of the form

Z w1 (t) cos Agz + Z ugk(t) sin \gz, A\, = 27k,

considered in D7, where each of the functions uy(¢) (k =0, 1,2,...) and ug(t) (k = 1,2, ...)
is continuous on [0, 7], and

(e 9]

Jr(u) = luro (8| ooz + (Z (A} |u1k<t>||cm,ﬂ>2) + (Z (A} Humt)nom,ﬂf) < +o0.

k=1 k=1
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The norm in this set is defined as follows
e, D)l g, = J(w).

Now, we denote by E2. the space of vector-functions z(z,t) = {u(z,t),p(t)}, which
u(z,t) € B3z, p(t) € C[0,T].
The norm in the set E3 will be

(2, Ol g, = llulz, Oll gz . + lp@)llcpory -

It is known that BJ . and E3 are the Banach spaces [23].
We now consider the operator

®(u,p) = {@1(u, p), Pa(u, p)},

in the space E%, where

[e.o]

Dy (u,p) = u(z,t) = Z cos)\kx—FZuzk sin Az, Po(u,p) = p(t),
k=0 k=1

where the functions a19(t), wk(t) (1 = 1,2; k= 1,2,...), and p(t) are equal to the right-
hand sides of (12), (13), and (15), respectively.
Then we obtain

Jino(Olltor = 52 (VL + 18D oo

[NIES

T
(11 181) [hrol + (14 18] (14 [8)V'T / Fuo(rup)l| (19)

0

(Z (A% IIﬂik(t)IIC[o,T])2> < V3p(T)(1 + 1) (Z (A% |90ik|)2>

k=1 k=1

oo

+V3p(T)(1+18])e (Z (Ai\wml)2> + V3T (1 +[3|p(T) (1 + o))

k=1
1
2

TOO
xe / SO ER(rwp))2dr | i=1,2, (20)
0

12@)lego,r7 < [[9(0,%)] 1HC[0T {[[1"(t) + ah(t) + u’ (w0, t) + f (o, ¢ Hc[oT]

+ (i A,ﬁ) 2 (1+p)
k=1

1
00 2

2
p(T)(A+16)D < (A2 |80ik|)2)
i=1 \k=1
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2 o]
)1+ (8 ( (AR [9ir]) )
i=1 \k=1

- !
/Z )\szkTup)d) ” (21)
0

k=1

2

2
+VT(1+ |6 p(T 1+552(

i=1

where

1 A2 1
p(T) = sup p. (T) < T sup k =—.

Suppose that the data of problem (1) - (3), (5) satisfy the conditions

(A1) ¢(z) € C*0,1], ®)(x) € Ly(0,1), ¢(0) = (1), ¢'(0) = (1),
©"(0) = ¢"(1),¢"(0) = ¢"(1), W (0) = o (1);

(A2) ¢(z) € CH0,1], ¥"(2) € L2(0,1), 9(0) = ¥(1), ¥'(0) = ¢'(1), ¥"(0) = ¥"(1);

(A3) f(ﬂj‘,t), fx(‘rvt)a fxx(xvt) € C(DT)7 fmxx(x7t) € L2(DT)7 and f(O,t) = f(Lt)a
fx(ovt) = fx(l,t), fzx(ovt) = fxx(lat)7 0 <t< T;

(Ag) g(z,t), go(z,t), guz(z,t) € C(D1), guaz(x,t) € La(Dr), and g(0,t) = g(1,1),
gx(ovt) = gx(lvt)v g:m:(oat) = ga:x(lat) =0, g(O,t) 7& 0,0<t<Ty

(A5) a>0, >0, 6§ # %1, B <4da, h(t) € C?0,T], 0<t<T.
Then from relations (16) - (18), correspondingly we have

T
(e = R VAL + 18D Bolliyion + (141D 161y

A 18] (14 BOVT [[p(0)g(a,t) + Fla.t) + 4 o - (22)

1

(Z (] uaika)ucm,ﬂ)?) < VBp(T)(1+ o)) ¢ (@)

Ly(0,1
k=1 20.1)

+V3p(T) (L + [8])e [[¢" (@) (0.1 + VBT (L + 18] p(T)(L + [6])e
X Hp(t)gmz(x, t) + foax(x,t) + 6“2 + 18U - Uy - Uy + 3u” - ul"mHLg(DT) ’ (23)

15 oo,y < oo, O] ooy UIF" () + ah(®) + (o, ) + F(30,6) | oo 1

o (3) woa s s,
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+p(T) (1 + 18] [[¢" (@) 1 0,1y + VT (L + [0lp(T) (1 + 1))

X Hp(t)ga:a:a:(xy t) + fxxx(xa t) + 6“?: + 18u - ug - Uge + 3u2 ’ U’xl’$HL2(DT)]}’

We denote by

(D) = P 1) ey + (4 0D W0

LA+ [8] L+ ODVT I f (@, )l Ly oy}

+2V3p(T)(1 + [6])e || (= HLQ(O,I)+2\/§p(T)(1+’5DH(P(E))(x)“Lg(Ol)

+6\/T(1 + [6[p(T) (1 + [0])e Hf:]c:m(xvt)HLg(DT) J
By(T) = 6VT(1+[8]p(T) (1 + [8])e(lgzza (@, Ol 1o (pyy + 1)

AT+ % +16)vVT (lg(@, )|y (ppy + 1)

Ao(T) = {90,001y {11/(8) + acb®) + £ a0, 8) .1

<Z)\ ) 1+ A+ ¢,

+p(T)(1 +10])e [|9" (« HLQ(O,l)

+\/T(1 + |(5‘ p(T)(1+[6])e “f$$$($7t)||L2(DT)]’

(T)Hg(xoat)]l}c[o,:r][ (Z)‘ ) (1+5)

T+ 161p(T) (1 + 10)e(gara (@, )y + D
and rewrite (22) - (24) as

la(z, )l g3 . < A (T) + BuT) ()l co,my

+ |’u3HL2(DT) + HGU?I’ + 18w - Uy - Ugy + 3u? - umxHLZ)(DT)),

1PN com < A2(T) + Ba(T)(||u*(0, t)HC[O,T] + el com

29

(24)

(25)

(26)
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From the inequalities (25), (26), we conclude
i sy, + 150 ciom < AT + B a0, O oy + IOl cro

+ HU3HL2(DT) +[[6u3 + 18u -y - gy + 3u? - umszLQ(DT))’ (27)

where

A(T) = Ai(T) + A2(T), B(T) = B1(T) + Ba(T).
Thus, the following assertion is valid

Theorem 1. If conditions (A1) — (As) and
64B(T)(A(T) +2)% < 1. (28)

holds, then problem (1)-(3), (5) has a unique solution in the ball K = Kg(||2||ps < R =
A(T) +2) of the space E3..

Proof. In the space E3., we consider the equation
z=®z, (29)

where z = {u,p}, the components ®;(u,p), i = 1,2, of operator ®(u,p), defined by the
right sides of equations (16) and (18), respectively.

Now, consider the operator ®(u,p) in the ball K = Kg of the space E% Similarly to
(27), we obtain that for any z = {u,p}, 21 = {u1,p1}, 22 = {u2,p2} € Kg the following
inequalities hold:

192 g, < A(T) + 64B(T)R?, (30)

021~ @22l gy < 4BIIR (11 (0) ~ paOlcqury + r (o) = vl ) 61

Then by (28), from (30) and (31) it follows that the operator ® acts in the ball K = Kp,
and satisfy the conditions of the contraction mapping principle. Therefore the operator ®
has a unique fixed point {u,p}, in the ball K = Kp, which is a solution of equation (29),
i.e. in the ball K = Kp is the unique solution of the systems (16), (18).

Then the function u(z,t), as an element of space BS’T, is continuous and has continuous
derivatives uy(x,t), Uy (2, t), Upgr (T, 1), and Ugpeq (2, t) in Dyp.

From (9) it is easy to see that

(Z (M Hu;-z@)HC[O,T])?) <21+ B+ a)(p(T)(1 + 13]) || ()]

L2(0,1
k=1 2(0,1)

+o(T) (1 + 181)e [ @[], 0,0y + T+ 1810(T)(1 + 6]

X Hp(t)gmx(x, t) 4 fozo (2, ) + 6> + 18 - Uy - Ugy + 3u? - UMIHLQ(DT))
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+2 HHp(t)g“‘(x’t) + falw,t) + 3u” “ﬂCHc[o,T]HLz(o n’ =he

Hence, we conclude that the function uy(x,t) is continuous in the domain Dy.

Further, it is easy to verify that equation (1), and conditions (2), (3), and (5) are
satisfied in the usual sense. Consequently, {u(z,t),p(t)} is a solution of (1)-(3), (5), and
by Lemma 2 it is unique in the ball K = Kg. The proof is complete.

From Lemma 1 and Theorem 1, implies the unique solvability of the original problem

(1) - (4).

In summary, we conclude the following result.
Theorem 2. Suppose that all assumptions of Theorem 1, and
p(w0) = h(0) + 0A(T), ¢(x0) = I'(0) + 6h/(T).
hold. Then problem (1)-(4) has a unique classical solution in the ball K = KR(HzHE% <
R=A(T)+2).
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