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Abstract. In this article new upper bounds for the multiple trigonometric integrals are found
when the phase function’s gradient defines a non-degenerating mapping.
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1. Introduction

An integral of a view
/ G(z)e*™ @) gz (1)
Q

is called a multiple trigonometric integral; here ) denotes some domain of n dimensional
space R™, and on the functions G(z) and F'(z) one imposes definite conditions on bound-
edness or smoothness. Many investigations (see [1, 2, 3, 4, 7, 8, 9, 10, 11, 18, 19]) were
devoted to estimations of trigonometric integrals. The first result in this direction belongs
to Van der Corput and E.Landau (see [11]). The result established in the work [4] where
the authors have received a non-improvable estimation for trigonometric integrals has im-
portant applications. The multidimensional case also was investigated in the literature.
Unlike one-dimensional case, estimating of multiple trigonometric integrals of a view (1)
in which Q is some Jordan domain with a smooth boundary and the functions G(z),F(x)
are from a certain class of smoothness is much more difficult.

The scheme of finding of estimates for integrals of a view (1) is similar to the scheme
of one-dimensional case. After some transformations (see [11]) the integral reduces to the
view

b .
/ V (u)e*™ ™ du,

where V' (u) represents the surface integral depending on parameter w.
Let 2 be a bounded closed domain of n-dimensional space R", n > 2. Let’s assume
that in 2 an n — 1-dimensional surface be given by means of a polynomial equation

f(z)=0 (2)
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with the gradient Vf = (0f/dx1,...,0f /dx,) which has everywhere in 2 a non-vanishing
norm. In this article we consider surface trigonometric integrals taken over hypersurface
IT given by the polynomial equation (2):

Amwﬁﬁmw; 3)

here ¢(Z) is some algebraic function. Such integrals arise after of transformations by using
Stokes type formulae. Trivial estimation of integral (3) can be obtained as follows

/mmﬁ“mwS/Mqu
11 II

Non-trivial estimation for the integrals of such type can be useful in applications to the
questions connected with the distribution of integral points in multidimensional domains.

2. Auxiliary statements

Let € be a bounded closed domain of n-dimensional space R, n > 1. Let’s assume that
in  some r-dimensional surface be given by means of a system of polynomial equations

fi(@)=0,j=1,..,n—7r,0<r<n, (4)
with a Jacoby matrix
Of:
J:J(i):\\a—:‘g\\,'—l, n,j=1,...,n—r

which has everywhere in {2 a maximal rank.
Let Ag = Ao(Z) be some functional matrix written down in a form

Ay=A)=|fi;(@)],1<i<r, 1<j<m,rm>n
with smooth entries. Arranging the entries of columns of this matrix in a line as below

fll(-f)a ey frl(f)v f12(j)a ey fr2(-i')7 ey flm(-f)y ey f?"m(j)a

let’s take the transposed Jacoby matrix of this system of functions designating it as Aj:

o1 o1 o1 oz
Ofu ... O .. Ofim .. Ofm
Ozn, Ozn, Oz, O0xn

Then, entries of columns of this matrix, consequently as above, we arrange in a line,
and take the transposed Jacoby matrix Ay = As(Z) = A}(Z) of the received system of

functions. Let’s continue this procedure while we have not received a matrix A, = A} (z)
for a given £ > 1. The last matrix defined by such procedure consists of all possible
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partial derivatives of the same order k of entries of the matrix Ay = Ayp(z) and has the
F~lrm. Let’s assume that A;(Z) has in Q a maximal rank equal to n. Let’s
designate by G;(z) the product of the last (smallest) r singular numbers of the matrix
Aj(z),j=0,..,k. Weput

size n X n

E=EH)={z€QGo(z) <H},H>O0.

If ;;,(Z) are entries of the matrix A;(z) we will accept the following designations
_ (2
Li@) = | Y lea@ |,
i,k

L= mjaxr;lEaé(Lj(a_c), Gj = E%?Gj(j)’j =0,..k.

The cases r = n—1 and r = n—2 we will consider separately. Assume that the domain
Q can be dissected into such parts that on each of them the equation (2) allows one sheeted
and one valued solvability, and in every of them one of minors of the matrix A;(z) (also one
of partial derivatives of the function) has the maximal absolute values among all minors.
So, doesn’t destroying a generality, we assume that in 2 some of minors, say the minor
placed on the first n — 1 columns of the Jacoby matrix, has positive maximal absolute
values. Then, by the theorem on implicit functions ([5, 12, 15, 17]), we may solve the
equation (2) with respect to the first n — 1 variables. Denote by £ = (&, ..., &,) a vector of
independent variables. Then, x; is possible to represent as a function z; = x1(& ) of these

independent variables. Denote by Ag(£) the matrix constructed from the matrix Ay(Z) by
replacing of the variable z1 by the function z; = z; (£). In other words we consider the
functional matrix Ag(§) as a matrix depending on §. Denote by G(;) the minimal value

of Gram determinant for gradients of entries of the matrix Ap(¢) (differentiation is taken

with regard to &), i.e.
: t
G(l) = mg_ln det (Alg . Alé) .

Thus, A;¢ means the matrix of a size (n — 1) x rm received from Ay by differentiation
in regard to §, Az = A((€). So, the matrix A;(Z) being considered as a matrix of &,
differs fromA;z. Similarly, we can, beginning from the matrix A;_;, form a matrix Az
assuming that G(;) > 0 for all considered j > 0. For a positive number a > 0 we write
h(a) = a+a~'. We have a < h(a), h(a) = h(a?'), and h(ab) < h(a)h(b), for a,b > 0.

Lemma 1. Let Iy be a part of a surface (4) included in E(H), k > 1 and G,y > 0.
Then under the conditions above we have:

() < KHYE G0 Qs

Qi = log H; H = max {h(H),h(C(1)), ..., A(Cr—1)), h(G ), h(L) } ,

and K is a constant, and numbers C(), ..., Cy,_1) are defined by equalities

_ rl/21/2 _ 1/301/3 _ pgl/kL/k
Cay = H'PCY,Cy = H'PCYY, ., Gy = HYRCYZ .
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The proof of the lemma 1 is given in [11, 13]. Following lemma is a generalization of
this lemma ([11, 13]).

Lemma 2. Under the conditions of the lemma 1 there exist an absolute constant Ky such
that: .

Let F(Z) be some polynomial. Let’s consider the trigonometric integral (3), in the
domain €2 with a boundary consisted of finite number of algebraic surfaces. Gradient of
this function is a matrix Ag:

oF oF

Ay =VF =||—,..
0 v H8$1’ ’a’L‘n

Let everywhere in €

OF \ OF \*
e (2 s (2 %0

We assume that the boundary of the domain 2 is a union of surfaces defined by finite
number of algebraic equations of a view H(Z) = 0. Not breaking a generality, we can take
this number equal to 1. Assume, also, that the Jacoby matrix of the system of functions
F, H has rank 2.

It is clear that the matrix A;(z) looks like

0°F _O°F
8x% Bxlaxr

A= A(z) = 7 (5)
PF_ K

OxrOx, """ Ox2
and the matrix Ay_1(2) is combined of all partial derivatives of order k > 2 of the function
F(z). Let now Gi_1 be a minimal value of the product of n — 2 least singular numbers
of the matrix Ag_;. Similarly, we can, beginning from the matrix A;_, form a matrix
Ajg assuming that G(; > 0 for all considered j > 0. Now we formulate analogs of the
lemmas 1 and 2 for the case r = n — 2 designating the numbers G ;) and G; as G’(j) and

G, respectively.

Lemma 3. Let Il be a part of a surface (4) included in E(H) and Gy > 0. Then for
the area p(Ily) we have the bound

where
6 =r2log [h (é(l)) h(H)h (L)] ,

and Cy is an absolute constant.
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Lemma 4. Let k> 1 and é(k) > 0. Then under the conditions of the lemma 1 we have:

u () << HYAGG Mol

@k = 37“2 log ﬁ; E[ = max {h (H) y h <é(1)) g oeeey h (C(k_1)> ,h (é(m) ,h (L)} 5
and numbers C’(l), ey C’(k_l), @(k) are defined by equalities

1/k

5 opgl/2/1/2 A 1/k
Cay = H'PCp, ., Cimny = HVEG

(2
Lemma 5. Let k > 1 and Gj, > 0. Then, under the conditions of the lemma 2, one has:
() << HYEG R

Lemma 6. There exist such a dissection of the domain 2 into the union of no more than
finite number of subdomains so that the surface integral o(u) = | F(7)=u I(lef respectively,
breaks into the sum of the surface integrals being monotonous functwns of a variable u,
moreover, the number of addends of the last sum depends on the degree of a polynomial F

only.

Proof. Proof of this lemma we will spend using reasonings of the proof of analogical
lemma from the work [11]. Having given to the variable 4 some increment, we can write

9(@)ds o(@)ds
olu+ Au) — o(u :/ —/ :
(ot Bu) =) = o iaa IVET  Jrere IV

As the domain  is closed, the gradient of functions F(Z) and ¢(Z) and their partial
derivatives of the second order are bounded. Consider the Taylor decomposition of the
function F'(Z) in a neighborhood of the point Z, lying on the surface F(Z) = u, in the
gradient direction:

F(Z+AVF) — F(z) = A\VF - VF + o()).

Let’s pick up A so that the point F(Z + AVF') was placing on the surface F' = u + Au .
Then, we get
Au=AVF -VF + o()\).

When Auw is sufficiently small, the second term on the right part is small also. So,

Au Au
A= Au) = ——= + o(Au).
VF.VF +o(Au) |IVE|? (Au)
(z)

After of shifting of the argument in the gradient direction the function ﬁTH takes on an
increment & which can be written as follows:

o (9(@) o
5=V (IIFH> AVE(1 4 o(N)) =
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" OF 89/8% OF 8°F
- +o(N) =
; Ox; \ || F HF|| ]z: Dx; 0x;0; o(A))
VE-Ng N OF O°F
“AE 1] g 83; |FH Z « 0ur; u;0; +0(A)).

Using definition of the matrix A; given above and denoting V = VF/||VF||, we can
rewrite the last equality as below:

Au

A -
0= Ay
(VF-Vg—g(AV,V)) = ||FH

[IF]] 2 (Vg-VF - g(A1V,V)).

Under the conditions imposed on a gradient, as shown above, the domain 2 may be
dissected into finite number of subdomains which pairwisely intersecting by parts of the
boundary only, and where the equation F(Z) = u allows one sheeted solvability with
respect to one and the same variable. Let’s consider one of them where the mentioned
equation is solved with respect, say, to x1:

x1 = P(x9, ..., Tp); (T2, .oy ) € w,

and w is an domain of changing for independent variables. Having fixed any point &, € w

, we will define the mapping v in w — & = {Ay € R" ¢ + Ay € w} which puts to each
pomt Ay in correspondence the point ((& + Ay), & + Ay) on the surface F' = u, and
will consider tangential linear mapping

P : Ay — (&) +¥(&) - Ay; Ay € w — &o. (6)

The image of this mapping is a tangential linear variety (hyper plane) to the surface F' = u
in the point (¢/(&),&). Let’s notice that the point (®(£),£) of the tangential hyper plane
will situated from the corresponding point ((€),€) on the surface F' = u at a distance
o(|®(Ay) — @Z(Ay)‘) which is of order o(Au). At each point Z of the surface F' = u the
gradient VF' is orthogonal to the tangential hyper plane. Really,

an (OFOF
VFE - ®'( )Am(axl,...,axn

OF\"'( oF _OF

When A is defined as above, the point & + AVF where Z € II(u), belongs to the surface
II(u + Au); here by II(u) we designate the surface defined by the equation F' = w in a
wider open domain ' D Q . For any open domain ' the surface II(u + Au) ()2 entirely
lies in € for all enough small values of |Au|. The mapping ¥ : II(u) — € defined as
U (z) = Z + AVF is one-one mapping when |Au| is sufficiently small. Really,

\I/(x):af+< Au

AF

vEP "
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and at sufficiently small |Au| the Jacoby matrix of this mapping can be represented as a
sum of identity matrix and a Jacoby matrix of the mapping

T ¥(z)—1z.

Note that when u and Awu are fixed then we have ¥(z) — z = A(Z)VF(Z), and we can
define partial derivatives of the function A(z) from the identity

F(z+ \Nz)VF(z)) — F(z) = Au.

If we take partial derivatives both sides of this identity with respect to the variables of
T then we get the system of linear equations from which we can define required partial
derivatives. Since the domain is closed and the matrix A;(Z) (see (4)) is not degenerating,
then as it follows from Cramer’s Rule all of obtained partial derivatives will be bounded.
So, at sufficiently small values of Au, determinant of the Jacoby matrix of the mapping
Z +— U(Z) tends to 1 as Au — 0, i.e. this determinant will be distinct from zero everywhere
in considered domain. So, ¥ is a bijective mapping for sufficiently small |Awu].

We put: D(u) = {z € Q|F(Z) = u}. Then, the surface D(u + Au) tends to D(u) as
Au — 0 (pointwisely and uniformly). ¥(D(u)) is a closed subset of D(u + Au). Further,
a prototype D(u + Au) of the same mapping we will designate as D’(u + Au). Then, we
have:

o g(Z + A\VF) 9(z) s
cran-g=[ (el e

+/ _g(z)ds / _g(z)ds
pluran\ (@) IVF@I  Jpwpprwran IVF@)]

Substituting the value found above for an increment, we find for the first surface
integral the following expression:

(7)

—Au(1 + o(1)) /szu (Vg- VF’|;ﬁ§A1v,v))d

Consider now two remained surface integrals on the right hand side of the equality (6).
They will be transformed by one and the same way. The first integral is taken over the
surface D(u + Au)\¥(D(u)) which is included between the boundaries D(u + Au) and
U (D(u)). It is clear that this piece narrowing, will be pulled off along n — 2-dimensional
surface of an intersection D(u+ Au) [0S, which tends to the limiting position D(u) ()9
(it may be empty), as Au — 0.

Let’s denote w’ an n—1-dimensional domain being a projection of the D (u+Aw)\W (D (u))
(we will use designation 1’ instead of 1 for the solution of the equation F(z) = u + Au).
Dissect now the projection of the boundary D(u + Au) ()02 into the small parts E;,i =
1,..., N with the maximal diameter not exceeding Au. Now taking any point (¢/(&;),&;)
on F; draw the ray lying on the tangential hyper plane, being orthogonal to the boundary
D(u+ Au) (09 and intersecting the last at this point. The set of all such rays set up a
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surface. We restrict this surface by a such way that the projection of the got piece of the
surface was coincide with «’. This surface, consisted of pieces set up by all restricted rays
with top points at E;. The piece corresponding F; we denote as F; = F;(u, Au). They set
up something like a tiled covering for the surface D(u+Au)\¥(D(u)), area of which differs
from the area of the surface D(u + Au)\¥(D(u)) by a value o(Au). Let & € E; be any
point, p; be a vector lying on the constructed tangential space to the surface F' = u+ Au
at the point (¢'(&;),&;), orthogonal to D(u + Au) ()09, and with the endpoint at 7; of
the boundary of corresponding piece F; = F;(u, Au). For small Au we have: |F;| = |E;| h;
(here |E;| expresses n — 2-dimensional volume of E;), and h; = |p;| (1 + o(1)), i.e. hy
plays a role of height of F; which approximately we take as a cylindroid with the base
A ={(W'(&),&)|& € E;)} (with an error of order o(Au) for n — 2-dimensional volume).
Then, we have:

g(x)ds N g(z)ds o
VF@I ~ ;fm wE@ O

Intersection of tangential hyper planes, respectively, to 9Q and D(u+ Aw) at the point
(¥'(&), &) is a tangential n—2- dimensional subspace to D(u-+Au) () 09 at the same point.
Let’s consider three points: a point P; = (¢/(&;),&;), a point 7; and a point ¥~1(»;). Let
«; be an angle between an external normal vector 7 to the boundary of €2 and a gradient
VF. An angle between the segment [7;, P;] and the gradient VF', at small Vu, differs from
the angle «; by a value o(Aw) (or their sum is close to 7). From a rectangular triangle we
receive (the told above segment [¥~1(n;), P;] is here an hypotenuse):

/D(u-i—Au)\‘l/(D(u))

= (Al [[VF[[ etgai(l +0(1)) = ;= ctgai(l + o(1)).

Au
IVE]

As cosa; = - VF, ctgoa; =1 - VF/y/1 — (- VF)? | then we have:
g(@)ds 9(z)ds
A A TR (14 0(1)) =
[ 2 Ja 1 o)

N
Ml o(1)) = Au(l + o(1) g@v-n__do
Z_: / R e =auttel) | e R

where do designates n—2-dimensional element of the volume, and Z denotes an intersection
of surfaces F' = u and 09 (it can consist of several pieces). The similar formula is true for
the third surface integral in (6). Therefore, from the formula (6) one can derive:

_ Vg -VF —g(AV,V
¢'(u) = lim plut Au) = o) _ —/ (Vo gg AR
Au—0 Au F(Z)=u [l

ds+

do

N g(Z)V -n
z\1=(V-n)?||VF|*
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and the sign before the integral is counted by the scalar product V - 7.

To apply the Stokes formula ([5, p. 645], [16, p. 261]) to the second integral at the
right side of (8), we note that the boundary Z is defined by the system of equations of a
view F' = u, H = ¢. Gram determinant of the functions standing at the left sides of the
equations is non-zero. By this reason surface integral is possible to represent as below:

do / g(@)V-n Godés---dE,
21— (V-2 |VE|?  Jopw 1 —(V-7)2 [l [|VF|
and the variables &3, ..., &, denote independent variables after of suitable solution of the

considered system, say, with respect to the first two variables. So, we get integral of a
differential form:

g(@Z)V-n G 1
V1= (V- 7?2 Dl |VF|?

and Gy is a Gram determinant of considered functions F, H, Jy is a determinant

n=WdSN---Nd&p; W =

oF  OF
n=| b b
8$1 8362

Now we have

ow ow
dn = (8 dxy +

ow
—dray+ -+ —dxy | NdEs A -+ ANdE,.
Oxo Oxy,

Further at the surface F' = w, after of solving this equation, the variable x; stands a

function of independent variables &, ..., &, (we suppose that this is possible, not breaking
a generality). Then,

ow ow ow
d77=< dri + dl‘2+"'+dwn>/\d§3/\-~/\d§n:

8 8ZE2 al’n
o 8W 81‘1 81'1 8W 3W
dn = ( (352 dgo + afn d£n> + 02y dryg + -+ oz, dxn>
ANdEs A - Nd&, =
oW o ow
IO T ) gy AdEs A A dEn 4+
8331 8{2 x
Oox1 0W  OW B
<8£n By + &Un) déy NdEs N -~ NdE, =

ow 8901
6%’1 (9{2

Now in consent with the Stokes formula (see [12, p. 261]):

Lol
0D (u) D(u)

+ a?/> dés NdEs A -+ A dén.
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It is obviously, that right hand side of this relation is possible to represent as a surface
integral taken over the surface F' = wu after of multiplying and dividing by a positive
element of area. Then, from (8) we derive:

o (u) = /F LG (9)

where

G1(CE) 8F/a$1 <8W 8931 8W> _ (Vg -VF — g(Alﬁ, ?)) '

TVEN \ow 06 ow, Pal§

It is clear that the function GG is an algebraic function in 2. Now, let’s dissect the domain
Q) into a finite number of such subdomains €; in every of which the function G keeps own
sign invariable. Then, the integral (8) splits into the sum of several surface integrals:

= 3" Gw), glu / G(z)ds (10)

(notice that when we consider the sum of the integrals [ gz taken on the different sides
of the piece S of a surface, the normal vector n changes the sign, and consequently, such
a sum is equal to zero); the number of domains on the right part of (9) depends on 2 and
a degree of the polynomial F'. Let’s designate, in the consent with (9)

N o(@)ds
_ ngz(u),%(u) - o IVET

Thus, the equality ¢ (u) = >, ¢, (u) =3, fQ e G T)ds is true. Since the function
under the surface integral does not change its sign, the functlon is a monotone function.
The lemma 6 is proved.

Lemma 7. Let Q) be a bounded closed domain of n-dimensional space R™, n > 1. Let’s
assume that in 0 some r-dimensional surface be given by means of a system of equations

fi(@)=0,j=1,...,n—r,0<r<n,

with o Jacoby matriz

of;

aLEH7Z = 17'”7n7j = 1,...,77,— T
7

J=J(z)=

which has, everywhere in ), a mazximal rank and smooth entries. Let, further a mapping
& — T maps some domain ' C R into Q with non-degenerating in Q' Jacoby matrix

Q=Q@ =122

with continuous entries. Then for any continuous in the Q function f(Z) the formula

ds o N2 o e Ot 7t
| @ = [ 1aeQ 16€) 5.6 = deQ- @)

holds; here M’ denotes a pre-image of the piece of the surface on given surface, do desig-
nates the surface element in coordinates &.

Proof of this lemma is given in [11, p.92].
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3. Basic results

Consider now the integral (3):

/ g(z)e2™ @) s
I

Our goal is proving following theorems concerning estimations of surface trigonometric
integrals. Let’s denote
H = max |V F||, go = max |g(z)].
zEQ zeQ

Designate by Gy_o and Gj_o a minimal value of the product of, respectively, n — 1 and
n — 2 least singular numbers of the matrix Ag_o.

Theorem 1. If k > 2 then there exist a positive constant co = co(r, k,deg F') such that

< cogomax (G7!, HOTV/EDG D )

/ g(.f)eQm;F(j)dS
II

Qu—2 = log H; H = max {h(H),h(G 1)), ... h(G(3—2)), h(L) } .

Theorem 2. Suppose that the Jacoby matriz Ay of the system of functions f(z), F(Z)
has a rank 2. If k > 2 and n > 3 then there exist a positive constant ¢y = c1(r, k,deg F)
such that

/ g(j)e%riF(:Tc)dS
II

< €190 max (él—l’ H(n73)/(k71)élz_1é(kfl)pz:§> :

P = log i3 [ = max {h (H),h (Ger)) s oo (Giany ) R (L)}

Note. When k = 2 estimations of these theorems remains valid if to take the first
expression in the sign of maximum.

Proofs of the theorems. Using the formula of the lemma 1 of the work [13] we can
represent the integral

/ g(f)esz(‘i)ds
II

as a limit )
im — 9() ||V £ ¥ F @) dz. (11)
h=02h ) f(z)|<h,ze0

For every h > 0 the condition |f(Z)| < h defines some closed subdomain in Q2. We
suppose, in agree with the lemma 6 above, that in the considered domain the surface

integral
/ V]l g(z)ds
F@=u IVF
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is a monotone function of u. We can apply the reasonings of the work [13] to transform
the integral under the limit (11) as follows

/ g(i:) vaH eQﬂ'iF(a’:)di_ _ /M e27riu / ”fo g(j)ds du.
|£(z)|<h,z€Q m f@|<hF@)=u  IVF

So, we have:

(o 1
=) 2 F(Z) 7. li
e s = i

M —
X / / IV /1 g(x)ds (cos 2mu + i sin 27u) du.
m \JF@)=uf@)<n  [VFI

Applying of the lemma 3, [13] allows us to pass to the limit under the sign of integration.

Then we get:
M

/ g(z)e? @ gs = / (cos 2mu + i sin 27mu) X
1

m

o Tim L / IVfllg(@)dsy -
h=0 20 \ Jp@)=uf@i<n IV

Using the known method of estimation of this integral (see [2]), one may get a following

bound
i L / IV £l g(z)ds <
h—02h \ Jp@)=u|f@i<n IV F]

ds
< 2gp max / . (12)

Assume that K < H = max IVF||. As the norm of the gradient is a square root of the
z€

/ g(j)e%riF(f)dS
II

< 2max
u

polynomial ||V F||%, then the subset of the domain € where |[VEF| = 0, as a closed subset,
is a Jourdan set with zero measure. Then writing ' = {z € Q| ||VF|| > 0} we find

/ g(j)e%riF(i)ds _
IO

/ 9(z) |V f|| " F @ qz
|f(@)|<h,zeQ0)

; (13)

here the subdomains Q) defined as below

QU ={z e Q277K < ||VF| < 2'7K}.
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To estimate the integral over Q) firstly let’s make change of variables ® : Z — VF (Z):

_OF L oF
= axl,...,ur—axr.

ul

Then we have:

/ g(i,)e%riF(a_c) ds
N QW

1 L
= lim _— 1= d=1(@) IV £|| 2miF (@1 (@) —1| o

N
>
AN
=
A
v,

1
>

< Jim / Foa)—o 9@ @)V (detdn)Hdal =

/ IV£] g(@~(w))(detAr)~'ds
F(@=1(@)=0,2" K <||a||<2'~1 K |ATH VA | =

< QOR/ ds; (14)
F(@1(7)=0,2-1 K <[] <219 K

here

oI9S (det Ay
= max —1 .
e ATV

It is easy to note that
AN = A VL

where A1 is a maximal singular number of the matrix A;. Then we realize that
R< G,

and (1 is a minimal value of the product of all singular numbers of the matrix A;, with
exception of Aj.
Consider now the surface integral at last chain of (14). The algebraic equation

f(x1, o, ...;xy) =0

has a set of solutions consisted of finite number of connected hypersurfaces (see [12]) of
a view 1 = p(x2,...,2,). This connected sets will be mapped one-valudely to connected
n — 1 dimensional manifolds of a view u = ®(z) = (¢1(Z), ..., pn(Z)) with

. OF
0i(T) = ax‘(go(xQ, ey )y T2y weey L)
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Then these manifolds are defined by the equation
f(@~}(a)) =0. (15)

From the compactness it follows that the set of solutions of this equation decomposes
into n subsets every of which is a finite union of open simple connected components. In
every component partial derivatives of the left hand side of the equation (15) takes maximal
absolute values with respect to one of the variables uj,ug, ..., u,. Since the mapping & is
one to one mapping then all of open components is possible to include into one subset.
Then, surface integral splits into the union of n integrals of following view:

—; —1
/ duy...duy—1 < ¢g (21 JK)" .
29I K<||u|| <21~ K

So, summing this estimation for all j = 1,2, ..., we get the estimation

/ g(j)e%riF(f)ds
nne

Taking some parameter T > 0 we estimate the part of the integral over the subset IT () 4,
where G1 > T, as below

< deygo K" TG (16)

< deogo K" 1T

/ g(E)BQﬂ'iF(:TJ)dS
mNO°

The integral over remaining part of the surface where G; < T we estimate applying the
lemma 2 as follows:

/ g(j)e%riF(iv)dS
aLe

Define now the parameter 7' from the equality

— —1/(k—2 An—
<< TVk-2. Gk—é( ) 'Qk—%'

KT = TV G ) o op - O g/,

Then we find:
. — n—1 ~
/Hﬂ Q g(f)eQﬂ—lF(x)ds << 1< k=1 G;Eé(k_l) : QZ:%

Theorem 1 is proven.
Consider now the estimation of the integral under the limit (11) by another method.

We have
o ds
_ 27rzF(:c)d <9 / <
g(Z)e s| < 2¢gg max <
/nm e @ C Ui o r@)— IVF]

< 290K ! max (/ ds) . (17)
u N QW,F(z)=u
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Now we apply the lemma 7, and make change of variables u; = gTi’ ey Uy = g—i. Then

this surface will be transformed into the surface defined by the system of equations
f(@ (@) =0, F(®~}(a)) = 0. (18)

By the conditions of the theorem the Jacoby matrix Ay of the system of functions
f(&), F(z) has a rank 2. Applying the lemma 7, we get

/ ds S/ 1x
N QW F(z)=u 2-IK<||VF||<21-I K

AL

Idet A | \/‘det(AoAll (A Ag)‘

here do is an surface element at the transformed surface (18), and the sign ! over the matrix
means a transposition. Consider square root of the determinant at the denominator of the
expression under integral. There is an integral representation (see [13, p. 131) for it:

1

| Jaeraoar - cap " ag)

(1)

here the last integral is a surface integral taken over the two-dimensional subspace of R"”
which is a linear span of the gradient vectors of the functions f(z), F(Z). If we substitute
this surface integral by maximal its value taken over all two dimensional subspaces, we
get, in accordance with the theorem 6, §11, ch. 7 (in the suitable form) of the book [6,
p.148] (see also [14, 20]), exactly the product of inverted minimal singular numbers of the
matrix AII, i. e. maximal singular numbers of the matrix A;. So, the integral at the
right hand side of the equality (19) can be represented as follows:

dxdy =

s
/ ds;
<1 det(Ao - AG) J|(a5) " a| <1

/ do
b}
27T K<\fud++u2<21-IK E1@—2(141)

where ¥, _2(A;) means the product of least n — 2 singular numbers of the matrix Aj.
Hence, we have the bound

do
— <
/2—jK<w/u§+-~-+u%<21—jK En—Z(Al) o

(1+(n—2)/2)
T(n—2)/2

r A 3 N
<C? K26 << KMT2GT
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here G = mig Y,—2(A1) denotes the minimal value of product of last n — 2 (smallest)
x€

singular numbers of the matrix A;. Therefore, we have

/ g(f)e27riF(i) ds
IVF|<2'=TK

< on- 1T+ (n—2)/2) Gk 12K G

m(n=2)/2
Summarizing over all j = 1,2, ..., we obtain:
/ 9(2)e>™F@ ds| < CgoK"3GTY (20)
nne
1+ (n—2)/2)
__92n
=2 r(n—2)/2

This estimation is got using constraints over the gradient and the matrix A;. Applying
the lemma 4 we can prove the estimation in the terms of high order derivatives. This
lemma can be applied by following way. Denote by 21 subdomain in €2 for all points of
which the condition G; < T is satisfied. We have, in consent with the lemma 4, the bound

(HHﬂQ > << TV DG k= 2)@2 2

Or_o = 3(n—2)%log H; H = max {h (H),h(G1),....h(Gr_2),h(L)}.
The value of the parameter T' can be defined by the condition
n—3m— k—2) ~—1/(k—2)
K3t = 2 G VER),

We have: ) ns)
T=—K &t G4

So, we find when n > 2:

/ g(z)e2™ @) g
nne

Theorem 2 is now proven.
The authors are expressing their sincere thanks to the professor M. Bayramoglu for
valuable remarks concerning the results of the article.

<< KEG Y ED =2, (21)
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