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1. Introduction

In this paper we study differential and differential-difference properties of functions
from intersection Besov-Morrey spaces

B}l’)l:,,,eu,go,ﬁ(GSO) (1)

was introduced in paper [13]. Note that the paper [13] was proved embedding theorems,
but in this paper we prove interpolation type theorem in Besov-Morrey space le?ﬁ, 0.8 (Gy).
Such type theorems were first proved in [2] and later in [1, 4, 5, 7, 8, 9, 10, 11, 13, 14, 15].

Let G C R, ¢(t) = (p1(t), -, n(t)), @i(t) > 0,5(t) > 0; 7 =1,2,...,n (t > 0) is
continuously differentiable functions. Assume that tl—igrlo ¢;(t) =0 and t—ligloo ©;(t) = Kj,

0 < Kj <oo,(j =1,...,n). Wedenote the set of such vector-functions ¢ by A. We assume
that [@([t])]~7 = T (;([61) ™%, 85 € [0,1] (j = 1,2,...,n) and [t = min{1, ¢},

j=1
For any z € R™ we put

G(,p(t) (:L') =GN I(p(t) (:L') =

1 )
=GN {y yy — x4l < §¢j(t),(j = 1,2,.--,71)},

Let I € (0,00)", m; € N, k; € Ny, 1 < p < 00,1 <8 < oo. The space Béﬁ’%ﬂ (Gy)
is defined [13] as a linear normed space of functions f, on G, with the finite norm (m; >
li—ki>0@G=1,..,n)):

1Fllst, i = Wl +
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n g HAW (pi(t), Gs@(t))DkifH 0
l i op | dei(t)
N ; 0/ (pa(0)) TR pi(t) ’ (2)

where ty > 0 is a fixed number and

e P e o GG F{ ) B (3)
>0
N 1 N A 1 N N 1 N N N
Let Ay >0 (u=1,...,N), S A, =1, L= S du L sn 2w 1 shdu g sny e
p=1 b=t p=1" p=1"" p=1

and let Q(-,y), M; (-,y,2) € C5° (R"), be such that

We put

v 0 ) s}

noting V' C I,y and U C G, we assume that U +V C G.

Lemma 1. Let 1 <p, < q, <7, <00, 0<nt<T <1, v=(v1,...,vn), v; >0 be
integer (7 =1,2,...,n) ;AT (¢i(t)) f € Ly, ,.8(G) and let

o) — - . aqw (Y rle(D).2)
B(@) ER[R/nf( Tyt (so(T)’ 2¢(T) )
2 ple(D),z)
XQ(@(T)’ 20(7) )dydz’ @)
Ui
i _ T - —vj—2 gﬁg(t)
B () = 0/ L0 T st~ S Gy )
[ " (1)
7 _ T —I/J—2 907,
i (@) = / Lt O T oot Sy )
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XA (@i (6) ) f (z +y + ue;) dudy (8)

Then for any & € U the following inequalities are true

N
A
0D 1B, ) < O [T Dy i}
pn=1

<L sty ™ PG T sl 0
Jj=1 7j=1
N u A
sup H anUw(g) <Oy H {H(%‘(t))_li AT (@i(t%Gw(t)) f‘ » @B'G}
p=1 e
%@y TT (w5 (1) (10)
j=1
; N s ) Au
iﬁwmmmmﬁ%ﬂﬂww”i%*WW%WfMMJ
Qe [T w5 (lgh)™s ()
j=1

where Uy ey (T) = {a: |z; — ;| < 0 (€),j=1,2,...,n} ¥ € A, C1 and Cy -the con-
stants independent of v, &, n and T.

Proof. Apply the generalized Minkowski inequality for £ € U we obtain

2—1/-@;(75)
| ”H%Uw(o /HL D0, e @) H wilt det (12)

estimate the norm || L;(-, )] pUpie) (@)" Applying the Holder inequality with exponents

A 1 Au
Q= y = 1 2 N7 — =4q, —=1
g Auq ;:1 Qy ; ‘m
for |L;(z,t)| we obtain
A
1Ll 0,0 QHHL Mo vo@ ) (13)

By virtue of the Holder inequality, for (¢, <r,) (©#=1,2,...,N) we have

N

12 Ol < TTEE T 1L - (14

p=1
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Now estimate the norm HLi(',t)||ru7U¢<§)(f).Let X be a characteristic function of the set

S (M;). Again applying the Holder inequality for representing the function in the function
. . 1 _ 1 1 —

in thetform (8) in the case 1 < p, <7, < 00,5, < T4, = 1—E+a (n=1,2,...,N),
we ge

1Li GOl 07, 00 (2)

Pu oL L

<C swp /O/oAmi(cpi(é)u)f(w—l—y—l—ue,-)du X(

V&) \ 7 |70

| [ (G "™

Uyp(e) 1=00

DN | =
—
A

—
o~
S~—
8

S~—
N—

1 1

XA (i(B)u) f (& +y -+ uei) du| " X (;{t)) dy> e

<sup / 7@ @f&y ’;g’(‘f)) 57 (i), x>)
x A™ (pi(0)u) f (z +y + ue;) du‘pu X < 4 ) dy) "

o(t)
(I (2

It is assumed that |M;(z,y)| < C|M;(z)|, M; € C°(R™). For any « € U we have

| (Gl ™ 3 wc00)

R™ | —o0

1

S
Sp H

dy . (15)

X A™ (0i(8)u) f (z + y + ue;) du‘p“ X <¢i’t)> dy

< [ oGt s o)

(UAV) (@) 170

XA (pi(0)u) f (w+y+u) dul " dy <

o0

[ [Je (o b

Gy (T) -0




22 Nilufer R. Rustamova,
x A™ (pi(0)u) f (y + uei> du’pM dy <
< () () AT (0. G I oy <
< (@) P (o (0) " AT (0, G 125 TT (o0
j=1

fory eV ((U+V)ye C Gow)

/

Uye(z)

o0

Jo it

—00

x A™ (pi(O)u) f (z + y + ue;) du‘pu X <y> dy

o(t)
< [

(U+V) (1) (@+y)

@i(t)”  2¢i(t)

X A™ (p;(8)u) f (x + ua) dur“ dy <

< (i) P il t) AT (il8), (U + V@) I i), <

< (o) 1 pu() 1 AT (0i(8), G I s [T 107,
j=1

[ ()]

From inequalities (15)-(18), we have

H —~

n
Sp

[Tei®-
Su b

(i ()75 AT (0i(1), Gopry) fllp o6 %

Sp

M;

I Li ('7t)|’mUw<£)(f) =G ‘

< (i) T Cosys o Gies) Tl i)
=1 =1

and by inequality (14) we have

M| (i) ™% AT (0(t), Goot) fllpp 8%

Sp

||Lz ('7t)”7"M,Uw(§)(5C) < C% ‘

1 Birn

(it PG ) TTws ) TT s

1 j=1 j=1

“w

x (i1 (1)) m

J

(19)

(20)
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From inequalities (12),(13) for r,, = p# and for any € U reduce to the estimation

N n
o ) Au *Bﬂ’#
< G5 TT {loi) ™ AT (i(t), G Flipu ) T10
p=1 Jj=1
In a similar way can prove inequality (9) and (11).
Corollary 1. For 1 <715 <19 < o0 the following inequalities:
sup | Bllq.p.mv < C* H {11 Fllpy o6} ™ (21)
pn=1
sup || By llgp.60:0 <
zeU
N n
n ] Ap /3]1’#
< C* TT {6eut) ™ AP (i), G Flles ) T (22)
pn=1 7j=1
sup || By, 7llq.,600 <
zelU
) N n BjP;L
m;
< & TT {li) ¥ A0, G e} 10 (23)

—

ki
o
<.

2. Main results

Prove two theorems on the properties of the functions from the space ﬂ pu 0,008 (Gy).

Theorem 1. Let G C R" satisfy the condition of flexible o-horn [11], 1 < p,, < g, < 00,
1<6, <oo(p= 1,2,...,]\7); v = (vi,v,.,vp), v; > 0 integer j = 1,2,...,n, Q} < o0

(i=1,2,...,n) and let f € ﬂ Bl” Opsps (Gy). Then the following embeddings hold
u=

N
D : () By g, (Go) = Ly (G)
pn=1

e. for f € ﬂ B”L O, 5 (Gy) there exists a generalized derivative D" f in G and the
n=

following mequal@tzes are true

A
N 3
1D” fllye < C'B@) [T S I/1 i , (24)
[LZl n P 9/474/’»5( <p)
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Au

1D fllyprsc < O2H I piqi<oo,  (29)
_1BPH 9uWﬁ(G )

in particular, if

T
n 1 ! -
Qo = / T (esy 0 2l g i=Tm),  (20)
o J=1

-3 x,
(pi(t)) »
then DY f (x) is continuous on G, and
N Au
sup | D" f(z)| < C1B(¢) 11 (27)
zeqG 1;[ D BM 1150100, @(Gw)

where 0 < T < min{1,Tp} is a fired number, C1, Ca are the constants independent of f,
C1 are independent also on T'.

Proof. At first note that in the conditions of our theorem there exists a generalized
derivative D”f. Indeed, from the condition Q% < oo {i=1,2,...,n}, it follows that

forfeﬂBl“ (G,) — BY

I~ . .
003 0503 (Gy) — B, 0, (Gy) there exists a generalized

derlvatlve Dl’ f € L,(G) and for it integral representation with the kernels is valid [13].

D e f&;) |yz”:/T 70/KV)< u 70(%;((7;)), x)> «
10

] u p(@l(t)7$) 1
XCZ(W)’ 2pi(t) 2

J <soz-<t>,a:>> A™ (4(6)u) x

n

fz+y+ ue) H —vj—2 zzggdtd . o
) = n () Vi— Q®) u  p(p(T),z)
) jr:[lw // ( 20 >
x Q) ((P(ZT)’ p(;ﬁé?)@) flx+y+ 2)dydz. (29)

Based around the Minkowsky inequality, from identities (28) and (29) we get

12l < | 750, o+ 2 1Bl (30)
’ 1=1
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By means of inequality (9) for U = G, M; = Q we get

n

M. o H{||f||pu,w/3,G} Hsog 5 G T g™, 6

J=1

£

and by means inequality (10) for U = G, M; = KZ-(V) n =T we get

Ap
. 32
p,cp,ﬁ} ( )

Substituting (31), (32) for 1 <6, < o0, py <0, (0=1,2,...,N) , we get inequality
(24). By means of inequalities (21) and (22) for n = T' we get inequality (25) .

Now let conditions Q% < 0o (i =1,2,...,n). Then from identities (28), (29) and by
the inequality (24) for ¢ = 00, p < 0 we get

N
1B, < Cati TT{ o™ A (i) Goo)
pn=1

|7 r@) = £ @) < 0> Qhe
=1

)

Ap

x| AT ), G )™ d) )
<1l / [ <soi<>>lﬁ‘ ] 2ilt)

p=1 0

As T — 0, the left side of this inequality tends to zero, since f;lgp) is continuous on G
and the convergence on Lo (G) coincides with the uniform convergence. Then the limit
function DY f is continuous on G.

Theorem 1 is proved.

Let v be an n-dimensional vector.

Theorem 2. Let all the conditions of Theorem 2.1 be satisfied. Then for Q% < oo
(i=1,2,...,n) the generalized derivative D" f satisfies on G the generalized Holder condi-
tion, i.e. the following inequality is valid:

Ap
rrAmG)D”quG_CH{\fHBm oo} HBLEDL )

In particular, if QiT,o < o0, (i=1,2,...,n), then

N A
|8 (0,6 07 @ < [[{Wlag, i} MHa(rl T GO
i wsOuses

zeG

where C' - is a constant independent of f, |y|,»,T and H.
H (|’Y| » P T) = maX{h" 7Qf'7|a Q|i'y|,T}
7

(Ho (7], 0, T) = max {|7| ?Qf'y|,0’ Qfﬂ,T,O})
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Proof. According to lemma 8.6 from [3] there exists a domain
Gy CGw=9r(z),9>0,r(x)=p(z,0G), v Q)

and assume that |y| < w,then for any x € G, the segment connecting the points x,z + 7
is contained in G. Consequently, for all the points of this segment, identities (28) and (29)
with the same kernels are valid. After same transformations, we get

A(,G)DVf (a |<H¢] ) =

=B (x77)+CQZ(Bl ($’7)+B2 (1:7’7/))7 (35)
i=1
where 0 < T < {1,Tp} we also assume that |y| < ¢,consequently |y| < min (w,T). If
x € G\ Gy, then
Ay, G) DY f (z) =
From (35) we get
1A (7 G) D" fllye < 1B )lg6.

<+§EI(H81 Do + 182 CAle) (36)

xygﬁ¢]’ﬁ/«//um@ww

Jj=1 0 R™ Rn
e ()" 2p(t) p(T)" 2¢(t)
Taking into account e, + G, C G, and from inequality (21) for U = G, we have
1B (g0 < CrIvl 1 llpg.s:0- (37)
By means of inequality (22), for U = G, n = |y|, M; = KZ-(V) we get
. < —l; m; X
1B1 (-, < C2 )7 AT (@), Con) F| (39)

and by means of inequality (23) for U = G, n = |y|, M; = KZ»(V) we get
i =l i
B2 (g, < Os|@yr| | (o) AT (00 Co) £| - (39)
From inequalities (36)-(39) for cases p, < 6,, we get the required inequality (33).
Now suppose that, |y| > min (w,T"). Then we have

1A (7 G) D flly e < 201D" fllye < CWT) [ID flly 6 1R (]9 T)I -

Estimating for ||D” f[|, ; by means of inequality (24), in this case we get estimation.
This completes the proof of Theorem 2.



[1]

2]
[3]

[4]

[5]

[6]

[7]

On Riesz-Thorin Type Theorems in the Besov-Morrey Spaces 27

References

A. Akbulut, A. Eroglu and A.M.Najafov, Some Embedding Theorems on the Nikolskii-
Morrey Type Spaces, Adv. in Anal., 1, (2016), no. 1, 18-26.

Bergh J., Lefstrem J., Interpolation spaces, M.Mir, 1980, 264p.

0.V. Besov, V.P. I'yin and S. M.Nicolskii, Integral representations of functions and
embeddings theorems, M. Nauka, (1996), 480

V.S. Guliyev and M.N. Omarova, Multilinear singular and fractional integral operators
on generalized weighted Morrey spaces, Azerb. J. Math., 5, (2015), no. 1 104-132.

D.I. Hakim, Y. Sawano and T. Shimomura, Boundedness of Generalized Frac-
tional Integral Operators From the Morrey Space L 4(X; ) to the Campanato Space
L1 y(X; 1) Over Non-doubling Measure Spaces, Azerb. J. Math. 6,( 2016),no. 2, 117
127

V.P. I'yin, On some properties of the functions of spaces Wé,a7x(G), Zap. Nauch.Sem.
LOMI AN USSR, 2, 1971, 33-40.

V.Kokilashvili, A. Meskhi and H. Rafeiro, Sublinear operators in generalized weighted
Morrey spaces, Dokl. Math. 94, (2016), no.2, 558-560.

C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, //
Trans. Amer. Math. Soc. 43, (1938), 126-166.

E. Nakai, Generalized fractional integrals on generalized Morrey spaces, Math. Nachr.
287, (2014),n0.2-3, 339-351.

A .M. Najafov, On Some Properties of Functions in the Sobolev-Morrey-Type Spaces
w! (@), Sib. Math. J.,46, (2005), no.3, 501-513

p,a,»x,T

A.M.Najafov, The embedding theorems of space Wzl)%ﬁ(G), Math. Aeterna, 3, (2013),
no. 4, 299 — 308.

A.M.Najafov and A.T. Orujova, On properties of the generalized Besov-Morrey spaces
with domiant mized derivatives, Proc. Inst. Math. Mech. Natl. Acad. Sci. Azerb. 41,
(2015), no. 1, 3-15.

A. M. Najafov, N. R. Rustamova, On some properties of functions from a
Besov—Morrey type spaces, Afrika Matematika, volume 29, (2018), 1007-1017

Yu. V. Netrusov, On some imbedding theorems of Besov-Morrey type spaces Zap.
Nauch.Sem. LOMI AN USSR, 139 (1984), 139-147 (Russian).

Y. Sawano, Idendification of the image of Morrey spaces by the fractional integral
operators, Proc. A. Razmadze Math. Inst.,(2009), no. 149, 87-93.



28 Nilufer R. Rustamova

Nilufer R. Rustamova

Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, Az-1141, Baku,
Azerbaijan

E-mail: niluferustamova@gmail.com

Received 5 May 2020
Accepted 10 June 2020



