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Inverse Problem For A Third Order Hyperbolic Equation
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Abstract. In this work a nonlinear inverse boundary value problem for a hyperbolic equation
of the third order is investigated. Using the Fourier method, the problem is reduced to solving
a system of integral equations, and using the contraction mapping method, the existence and
uniqueness of a solution to a system of integral equations are proved. The existence and uniqueness
of the classical solution to the initial problem are proved.
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1. Introduction

There are many cases when the needs of practice lead to problems of determining the
coefficients or the right-hand side of a differential equation according some known data of
its solution. Such problems are called inverse problems of mathematical physics. Inverse
problems are an actively developing branch of modern mathematics. Inverse problems for
partial differential equations of various types were studied in many works [1-5]. In inverse
problems, along with the initial and boundary conditions characteristic of a particular
direct problem, additional information is given, the need for which is due to the presence
of unknown coefficients or the right-hand side of the equation. Additional information,
called an overdetermination condition, can be presented in various forms.

In the proposed article, an inverse boundary value problem with additional integral
conditions for a third-order hyperbolic equation is studied.

2. Statement of the problem and its reduction to an equivalent problem

Let Dy = {(z,t) : 0 <z <1, 0<1t<T} Next, let f(z,t), g(z,t), w(x),pi(x),
(1 = 1,2.3), hi(t) (i = 1,2) - be the given functions defined for x € [0,1], ¢ € [0,T].
Consider the following inverse boundary value problem: It is required to find the triple
{u(x,t),a(t),b(t)} of the functions u(zx,t),a(t),b(t) related by the equation [6]:

uttt(x7t> - uta:ac(wat) + utt(xat) - O‘uﬂcm(wat) = a(t)u(x7t) + b(t)g(.%’,t) —i—f(l‘,t) (1)
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when the initial conditions are fulfilled for the function u(zx,t)

u(z,0) = po(z), u(z,0) =p1(z), un(z,0)=p(z) (0<z<1) (2)
boundary conditions

uz(0,8) =0, u(l,t)=0 (0<t<T), (3)

and with additional conditions

1
/ w(z)u(z,t)de =hi(t) (0<t<T), (4)
0

U(Oa t) = h2(t) (0 <t< T)a (5)

where 0 < a < 1 — is a given number.
Denote

6(2’3) (DT) = {u(a:, t) ’ ux(xa t)? uﬂcx(‘rv t)’ ut(x7 t)7 Utz (37, t)’ um(x, t)’
Utt(l‘, t), Uttt(ZL‘, t) eC (DT) } .

Definition 1. By the classical solution of the inverse boundary value problem (1) - (5)
we mean a triple {u(z,t),a(t),b(t)} of functions u (x,t) € C*3) (Dy) , a(t) € C[0,T] ,
b(t) € C[0,T], satisfying equation (1) and conditions (2) - (5) in the usual sense.

Similarly to [7], the following theorem is proved.

Theorem 1. Let f(x,t),g(x,t) € C(Dr), pi(z) € C[0,1] (i = 1,2,3),h; (t) € C3[0,T]
(i = 1,2) and the conditions of agreement are fulfilled:

1 1 1
/0 w(@)po (z) dz = hy (0), / w(z)pr () dx = 1 (0). / w(z)gs (x) dz = h (0)

@0 (0) = ha (0), @1(0) =h5(0), @2(0)=h3(0).

Then the problem of finding a classical solution to problem (1) - (5) is equivalent to
the problem of determining functions u (z,t) € C>3) (Dr) , a(t) € C[0,T], b(t) € C[0,T]
from relations (1) - (3) and

1
a(t)hy(t) + b(t)/o w(z)g (x,t)dx =

1

1 1
=h{'(t / w(z)f (x,t) de— / w(T)utgr (@, t)dr + W (t) —a | w(@)ug(z, t)dz , (6)
0 0 0

a(t)ha(t) (t) + b(t)g(0,t) = hy'(t) — f(0,1) = uta(0,) + h3(t) — auae(0,2),  (7)

1
h(t) = ha(t) g (0,8) — ha(t) /0 w(@)g (z,t)dz (0<1<T).
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3. Solvability of the problem

The first component u(z, t) of the solution {u(z,t),a(t), b(t)} to problem (1) - (3), (6),
(7) will be sought in the form

u(z,t) = 3 up(t) cos Mz, A = g(% —1), (8)
k=1

where .
ug(t) = 2/0 u(x,t) cos \pxdz (k =1,2,...).
Then, applying the formal Fourier scheme, from (1) and (2) we have:
uf (t) + ul(t) + Nuf(t) + aXiug(t) = Fr(t;u,a,b) (k= 1,2,.5 0 <t <T), (9)
ur(0) = wor, wp(0) = p1x, up(0) = o, (k=1,2,...), (10)

where

1
Fr(t;u,a,b) = fr(t) + a(t)ug(t) + b(t)gr(t), fr(t) = 2/0 f(z,t) cos \pxdz,

1 1
g (t) = 2/ g(x,t) cos \gzdr, @i, = 2/ wi(r)cos \grdr(i =0,1,2; k=1,2,...).
0 0

Solving problem (9), (10), we find:

ug(t) = 1 { [(7;3 + BE)eowt 4 et [ak(ak — 29;) cos Bit+

by,
1 )
+@(%§ + ki — apBi — ajyk) sin 5kt” wox+
axt ¢ 19 2 o ..
+ | —2yke™*" + 7" | 2 cos Bit + B*(Oék + Bk — Vi) sin Bit | | o1+
%
1 t
X |:€akt 4 et [_ cos Bit + ﬂ— (v — ay) sin Bkt” wor + / Fy(1;u,a,b)x
% 0
X [eak(tT) + et [’Ykﬁ_ % in By (t — ) — cos By(t — 7')” dT} (k=1,2,..),
%
(11)
where
1 V3 1 1
a = oy + Bk — 3’ Br = 7(0411@ — Bik), W= 3 §(Oé1k + Bik),

b = o2 + B2 + 42 — 20,7k,
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moreover

After substituting the expressionsu(t) (k
nents u(z,t) of the solution to problem (1) - (3

o0

u(x,t) = Z

k=1

Ui

b

L
B

(V8 + i —

Ulvu Alizadeh

{ [('7;3 + Br)et 4 et [ak(o‘k — 2;) cos Byt+

By — k) sin 5ktH Yokt

1 .
+ [_kaeakt + et [27k cos Bt + @(ai + ﬁ,% — 'y,%) sin ,Bkt” o1+

1
+ {eo"“t + et {— cos Bt + —
Bk

y [eam—r) L ) [M
Bk

Differentiating (13) we find:

1
/ { [ak(w% + BR)et +

t
(K — ag) sin Bkt” Ook + / Fi(T;u,a,b)x
0

sin (e~ ) s (¢ = )| | ar | cos v

e
cos Bt + =k

et {—ak(vi%-ﬂi) 3,

(VK — k)

x (V& + B7) sin ﬁktH Yok + {—2041{71@6%’5 + ekt [(a% + B2 4+ %) cos Bit+

Vi
_}_7
B
1

Bk

|3

+

(e — ax) + 5k> sin B (t —

(ai - /313 - 713) sin 5ktH Pk + [akeo‘kt + ekt {—ak cos Bt+

1,2,..

) — ay,cos Bt — 7)” dT} (k

Now from (6) and (7) taking into account (8), respectively, we have:
1

a(t)ha(t) +

b(#) /0 w(@)g (2, 1) do =

X

t
(,8,3 + 7,3 — agYk) sin 51&5” por, + / Fy(7;u,a,b) [ake%(t—r) + (=T
0

).

ooV 2) Loy
3) 7% o1 21 \"* 3 ’
(12)
—41/2 1/3

N 2V (e Y]

s\\"73) % a7) To7 3
(13)
= 1,2,...) in (8), to determine the compo-
, (6), (7), we obtain:

(14)

(15)
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1

1 00
=n{"(t) + hi(t) _/0 w(z)f (z,t) dx+Z)\i(u;§(t) + auk(t))/o w(z) cos \pxdx , (16)

k=1

a(t)ha(t) (t) + b(1)g(0,t) = hy'(t) + h5(t) — f(0,8) + Y Ni(up(t) + aux(t)).  (17)
k=1

Suppose that

1

h(t)zhl(t)g((),t)—hg(t)/o w(x)g (x,t)de #0 (0<t<T).

Then from (16) and (17) we obtain:
1
_ -1 " " . wlx x T _
alt) =) { (W0 + 10 - [ wl)f .0)d2) 90,0

1
— (hg’(t) + hi(t) — f(O,t)) /0 w(z)g (x,t) de+
N 2 4 10(} X ) COS xr — 1W T T X
# 3N + o) <g<ovt> [ @i~ [ w0 )} L)
b(t) = [h(t)]"! {(hz'<t> R f <o,t>) (1)

1
(h’{'(t) + 1 (t) — f(0,%) —/O w(z)f (x,1) dw) ha (t) +

N 2 i’ — 1w X ) COS X
—i—;/\k(uk(t) b aug(t)) <h1 (£) — hy (1) /O () cos Aed )} . (19)

Further, from (11) and (15), we obtain:

up(t) + aug(t) = blk { [(04 + ar)( + BRet + et [Oék(fmkz — 20, — Vi — BR) ¥
X cos [t +%((% — ar)( + BR) + a(k — Br — ) Sinﬁkt” Yokt

+ [—2(04 + ag) et 4 et [(204% + af + B + 7p) cos Brt+

(oot + 5 o)+ ulad - 8 ) sin e | e+ (ot ety

1 .
+ et [—(a + i) cos Bt + a(ayk — aay, + B + 74 — ax) sin Bkt” Pkt
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t
+/ Fi(t;u,a,b) [(a + ak)eo"“(t_T) + ee(t=7) [(—a + ay,) cos B(t — )+
0

(B - a4 ) sinput =) | ar b =12 (20)

In order to obtain an equation for the second and third components of the solution
{u(z,t),a(t),b(t)} of problem (1) - (3), (6), (7), we substitute expression (20) into (18)
and (19) :

o) = o { (w0 + 10 ~ [ o@r w0 ) g00.0-
- (o mo - s00) | @)g (1) drt
+Z {[a + ap)(7p + Bpe™t + et [ak(aak — 207k — 7k — BR)X

X cos Bt +7k(('}’k — ar) (v + BR) + a(k — Br — ) Sinﬁkt” Yokt

Bk
+ [—2(& + ag)yRe®tt 4 et [(204% + a2 4 B2 +~2) cos Brt+

+51k(a(ai + Bt — ) +wlof — Bt —7p)) sin BktH P1x + [(a + ag)e™ 4

1 .
L et [_(a + ay) cos Bt + @(a% — aay + Bt + 7 — agk) sin 5kt” Pop+

t
# [ Bt (- aners 7 o | Ca o cos it - 1)+
0

+ (Wﬁ: % — o) + 5k> sin B (t — 7)” dT}

<g(0,t) /Olw(m)cos/\ka:dx—/Olw(:z)g(az,t) dx) } (21)

b(t) = (1)) {(hg%w ) - f (o,t>) ha (1)

1
(h'l”(t) + hi(t) — £(0,%) —/0 w(@)f (2,t) dfﬂ) ha (t) +

(e 9]

Z {[a + ap) (7} + BRet 4 et |:Oék(040¢k — 207, — 7 — BR)X
k=1
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X cos Bxt +%((% —ar) (v + BR) + (i — Br — ) Sinﬁkt” okt

+ [—2(04 + ak)%eo‘kt + ekt {(Qa’yk + ozz + ﬁ,% + ’y}f) cos Brt+

-Uimw&+ﬁz—ﬁ>+w«ﬁ—ﬂz—ﬁ»mnm4]%k+ka+amwﬂ+

1 .
4+ Ykt [—(a + ay;) cos Bt + a(a'yk — aoy, + B,% + 7,3 — agk) sin ﬁkt” or+

¢
+/ Fy(1;u,a,b) [(a + ak)eo"“(t#) + W (t=T) [(—a + ag) cos Bt — 7)+
0

1
+ (%;_ a(’yk — o) + 5k) sin By (t — T)” dT} <h1 (t) — ha (t) / w(z) cos /\kxd:ﬂ> } :
k 0
(22)
Thus, the solution of problem (1) - (3), (6), (7) is reduced to the solution of system
(14), (21), (22) with respect to unknown functions u(z,t), a(t) and b(t).
The following lemma is true.

Lemma 1. If {u(z,t),a(t),b(t)} —is any classical solution to problem (1) (1)-(3), (6),
(7), then the functions

1
up(t) = /u(x,t)cos)\kzndzn (k=1,2,...)
0

satisfy the system (11).

Corollary 1. Lemma 1 implies that to prove the uniqueness of the solution to problem
(1) - (3), (6), (7), it suffices to prove the uniqueness of the solution to system (14), (21),
(22).

Now, in order to study problem (1) - (3), (6), (7), consider the following spaces:
1. Let us denote by B%T [8] the collection of all functions u(z,t) of the form

u(zt) = Zuk(t) COS AT, A = g(Qk - 1),
k=1

considered inDy for which all functions uk(t) € C[0,T] and

o 1/2
Jr(u) = <Z(>\%Huk(t) ||C[O,T])2> < o0.

k=1

The norm in this set is defined as follows:

e, )l o, = ().
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2. Let us denote by E2 the spaces of the vector of functions {u(z,t),a(t),b(t)} such
that
u(z,t) € BgT,a(t) € C[0,T7,b(t) € C[0,T] .

We equip this space with a norm:
Il = e, Ol gz, + oo + POlloor -

It is known that BST and E% are Banach spaces.
Consider the following operator in space E3.

®(u,a,b) = {®1(u,a,b),P2(u,a,b), P3(u,a,b)},

where

ak(t) cos A\g, , o (’LL, a, b) = a‘(t)v ) @3(?1, a, b) = E(t)

NE

Qi (u,a,b) =u(z,t) =

B
Il

1
where @,(t) (k = 1,2,...), a(t) and b(t) are equal, respectively, to the right-hand sides

(11), (21) and (22).
Accept the notation

1 1\ ., 2
| 1N o, 2
/82k—2<(04—3>/\k+27)+

Then

i ((a— ;) A£+227)2+217 (Ai— ;)3] . (29)

arg = gk, Bk = —V Pk -

Hence, taking into account (23) and (24), we obtain:

) Qo — Bok 9a 11
i+ ik = | /amr — B = i <P
oo + Yoo+ ) 53,
It is easy to see that
1 90 13 1 o+ Bk 9a 5
< - < — —_ = =l-—-——| < — - =
| < ok + Bk 3’_ 5 T % €1, [kl ' 3 5 S ti=e

V2 5 1 1 1 1\? 1
M= < B <= (a-— Sla- =) + o A =an
E3M = 3 < Br < 2<04 27>+ 4<Oé 27) +27k k= €4k,
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b = (o —)* + B > Bi > €3A%,
Taking these relations into account, we find:

1/2

) 1/2 o0 1/2 .
(zuzuaut)rm)?) < po(T) (z@mkw) 4 (D) (zumkw) N
k=1

k=1 k=1

o0

1/2 oo 1/2
+p2(T) <Z()‘I2c|902k:’)2> + p2T)VT (/0 Z()‘i|fk(7')|)2d7> +
k=1

k=1

o0

1/2
+p2(T)T ||a(t)| o,y (Z(Ai Iu;e(t)llqo,n)Q) :

k=1

+o2(T)VT [[6(t) | 010,17 </0 > (A lgk(r) ’)2d7> ; (25)
=1

la()ll e, < H[h(t)rlHC[O,T]

(Wre+ @) — [ wt@is 01 90,0~

g

- (w04 @) - 500.0) [ ot e.00ds

+
0,7

o 1/2 )
+<ZA,£> <Hg<o,t>|| con [w@)l| 101 + ' /0 w(x)g (z,t) da)

X
co,T]

o 1/2 0 1/2
X{Os(T) (Z(Aiwow) + pa(T (Z Al @) ) -
k=1

k=1

00 1/2
+p5(T) (Z(Ailwzk\) ) + ps(T (/0 > R Ifk(7) T> +

k=1 k=1
00 1/2
+p5(T)T" [|a(®) | 0,19 <Z()\2 ||Uk(t)||0[o,T])2> +
k=1
+os(T)VT 6| clory (/ > ’914:(7')’)2d7'> ] } (26)
0 k=1
[0y = 007

o1 —
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XHK%%%%%@)—f@ﬂ>hMﬂ—

_|_

clo,1]

1
Qﬁ@+wu>f@wlwwﬁmww)m@

) 1/2
+ (Z AIZQ) (Ih1 @I crory + b2 Ol cpom lw (@) Lo0,1) ) *
k=1

0o 1/2 00 1/2
x {P&;(T) (Z()\i|¢0k|)2> + pa(T) <Z(>\2901k |)2> -

k=1 k=1
o 1/2

1/2 T oo
+p5(T) (Z(Ailwzk\)2> + ps(T)VT (/0 Z(A%Ifk(7)1)2d7> +
k=1

k=1

o)

1/2
+p5(T)T" [[a(®)l 00,1y <Z()\i ||uk(t)||C[O,T])2> +

k=1

T oo 1/2
+p5(T)VT [Ib(t)[| o1y (/0 > ’919(7')’)2d7'> ] } ’ (27)
k=1

where

1
po(T) = {(5% +ehe T 4 gpes2T [51 + 2e9 + 6—(5% +ei4 5153)} } ,
3

6 1
p(T) = \gg {ngealT +q 2T [262 + ;(5% +e3+ 63)] } )
3 3

V6
€3

pa(T) = £26 {eelT + e2T [1 + ;3(51 + 52)} } :

€3
ps(T) = 61% {(a b€+ e2)enT 4 T [51(a61 + 2ae0+
+ 2+l 2((51 +e2)(e3 +e3) +afed + &5+ 5153))] } )
pa(T) = 51§ {252(a +1)estT 4 2T [e% +e3 +ei+
+2ae9 + ;(sg(af +e34e3) +afe? +e3+ 5153))] } :

1 1
p5(T) = = {(a +e1)estT 2T [a +e1+ E—(a&?g + e Fed el + 6152)] } :
3 3

Suppose that the given problem (1) - (3), (6), (7) satisfy the following conditions:
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1. @i(x) € C?[0,1], ¢! (x) € L2(0,1) and ¢L(0) = p;(1) = ¢¥(1) =0 (i =0,1).
2. pa(z) € CHO,1], () € La(0,1) and ¢h(0) = p2(1) =0 .

3. f(l‘,t), fz(mvt) € C(DT)7 fx:r(x’t) € LQ(DT) and fx(oat) = f(lvt) =0 (0 <t<
7).

4. g(.’L‘,t), gac(x7t> € C(DT)7 gzx(xﬂt) € L2(DT) and gac(()?t) = g(l,t) =0 (0 <t< T)'

5. h(t) € C3[0,T] ,h(t) = hi(t) g (0,t)—ha(t) [} w(z)g (z,t)dzx #0(0 <t <T),w(z) €
Ly(0,1).

Then from (25) - (27) we have:

[a(z, )l gz, < AUT) + BuT) [la®) | cro,my llulz: O)ll gz, + CLT) bl (28)

la@ e = A2(T) + B2 (T) la®)llcpory 1wl )l gy .+ C3(D) 16 oo, - (29)

1) | o < AST) + Bs (D) el cpoy (e, Dll g, + O5(T) [0 cpor - (30)

where
Al(T) = po(T) ng/(x)HLQ(O,l) + pl(T) H@ll//(x)HLQ(OJ) +

o2 |5 @) 00y + PDNVT (s (@) o

Bi(T) = pa(T)T, C1(T) = p2(TIVT || e (@, )| 1y Dy -

e
g

- (0w - o) [ o@)g (1) da

X
0,7

\ (w0 + ni - | @) f (a1 i) (0.0~

0

+
clo,1]

X
clo,T]

1
/ w(z)g (x,t) da)
0

0o 1/2
™ (Z >‘k2> <H9(07t)|| co) lw@) o00) + '

k=1

% (p3(D) |48 @) | 1y 02y + 1T |4 @) 0y +

+05(T) 65| 1y 0y + P5TVT | e Dll o))

~ 1/2
By(T) = H[h(t)]_IHC[O,T] <Z )‘kQ) X
k=1
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1

/ w(z)g (z,t) dx)
0

Co(T) = H[h(t)]_luc[o,T] X

00 1/2
X (Z /\1;2> (g, ) cro.m lw(@)l o0,1)+

k=1

X <Hg(07t)” cor) lw@)| o0 + ‘
clo,T]

1
+ | [ w@a.a

)P5(T)\/T||gm($at)||L2(DT) )

clo,T]

aa(®) = [ <A (0+ 10 - 10.0) 1o -

1
- (h’l"(t) + 1 (t) = f(0,1) —/0 w(z)f (z,1) dw) ha (t) +

clo,1)

o0 1/2
+ (Z A;f) (b1 I ey + b2 O cpory (@) 2201 ) %
k=1

% (p3(T) 6@ | a0y + 2@ |91 @y 0y +
p5(T) 40 0y + 5TV el Ol ) }
B3(T) = H[h(t)]_IHC[O,T]

00 1/2
(Z Ak2> (IIhl Ol coy + 2 O e,y W@ La(0,1) > ps(T)T
k=

1
C3(T) = H[h(t)]_IHC[o,T] X

o 1/2
x (Z Af) (!hl @Ol cror + b2 O croy lw @) L20,1) )

k=1

From inequalities (28) - (30) we conclude:

(e, D, + 18Ol cior + [B0)] ., <

< A(T) + BT o legoay I, g, +CT) Ol ooy
where
A(T) = Ai(T) + A2(T) + A3(T)
B(T) = Bl(T) + BQ(T) + B3(T) ,C(T) = Cl(T) + CQ(T) + Cg(T) .

So, the following theorem is proved.

) ps(T)T',

(31)
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Theorem 2. Let conditions 1-5 be satisfied and
(A(T)+2)(B(T)(A(T)+2)+C(T)) < 1. (32)
Then the problem (1)-(3), (6),(7) has a unique solution in the ball K = Kg(||z HE% <
R= A(T) +2) from E3.
Proof. In space E% consider the equation
z=oz, (33)

where z = {u, a,b}, the components ®;(u,a,b) (i = 1,2,3), of the operator ®(u,a,b),
are defined by the right-hand sides of equations (14), (21), (22).

Consider the operator ®(u,a,b) in the ball K = Kg from E3. Similarly to (31), we
obtain that for any z1, 29, 23 € K the following estimates are valid:

12 . < A(T) + B(T) [la(®)lloro,ry llu(z: O)ll g3, + CT) 160l o7y »

< A(T)+ (A(T)+2)(B(T)(A(T)+2)+ C(T)), (34)
@21 — Pzof| g <

< B(T)R([lar(t) = a2(®)llcpo,ry + llua (@, 8) = uala, )l gz ) + C(T) [101(8) = b2()ll 0,77 -
(35)

Then, by virtue of (32), from (34) and (35), it is clear that the operator ®(u,a,b),
satisfies the conditions of the contraction mapping principle on the set K = Kg. Therefore,
the operator ®(u, a,b), in the ball K = Kg has a unique fixed point {z} = {u, a, b}, which
is a solution to equation. (33), i.e. is the only solution of systems (14), (21), (22) in the
ball K = Kp.

The function u(x,t), as an element of space BS’T, is continuous and has continuous
derivatives uy(x,t), uzy(z,t) in Drp.

Similarly, [7], it can be shown that w;(x,t), wze(z,t) uw(z,t), uw(x,t) are continuous
in Dp.

It is easy to check that equation (1), conditions (2), (3), (6) and (7) are satisfied in
the usual sense. Then, {u(z,t),a(t),b(t)} is a solution of problem (1) - (3), (6), (7). By
the corollary of Lemma 1, it is unique in the ball K = Kg. Theorem is proved.

Using Theorem 1, the last theorem implies the unique solvability of the initial problem
(1) - (4).

Theorem 3. Let all conditions of Theorem 2 be satisfied and

/0 w(@)go (z) dz = hy (0), /0 w(@)er () dz = 1, (0), /0 w(z)ps (z) dz = 1 (0)

0 (0) = h2(0), ©1(0) =h5(0), 2(0)="n5(0) ..
Then problem (1) - (5) has a unique classical solution in the ball K = Kg(||z|| B <
R=A(T)+2) from E3. .
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