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Abstract. In this paper, are proved help of method integral representation are proved Pouncare
type inequalities for functions from Sobolev-Morrey spaces with dominant mixed derivatives.
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1. Introduction

Let G C R", 1 < p < o0; ¢(t) = (p1(t1), p2(t2), s pnltn)), ¥j(t;) > 0(t; > 0) is

i(t5)
Lebesgue measurable functions, tjli_)rr}rogoj- (t5) tjgr}rloo@j(tj) < K < oo, we denote the

set of vector-functions ¢(t) by A. Let e, = {1,2,...,n}, e Cep;and I = (ly,l2, ..., 1), I >
0 are integers (j € ey); and I® = (If, ..., [},), where [§ = [; for j € e; I§ = 0 for j € e,\e = ¢/;
For any x € R" put

1 .
Gy (@) = GNlyp(z) =GN {y Hlyg —al < 5wt € en} ,

and
be b;
[ e = |11 [ da; | @)
ae jeeaj

i.e. integration is carried and only with respect to the variables x; whose indices belong
to e.

Definition 1. The Sobolev-Morrey spaces with dominant mized derivatives 5117 gDﬁVV(G)

of locally summable functions f on G having the generalized derivatives D' f(e C e,) on
G with the finite norm

p— le
1fllst, wie = 22 HD pr,so,ﬁ;G’ v

eCen
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where
1l = 10y 9 = 510 (1 (0D Ul 00) - )
l‘/>07
|(90([t]1))|_5 = H (SOJ' ([tj]l))_ﬁj ) ﬂj € [07 1]7 [tj]l = min{latj} , J € en.

Jj€en

Note that the space Szl),%ﬂW(G) in the case 3; = 0(j € e,) coincides with Sobolev
space with dominant mixed derivatives SZZDW(G) which were introduced and investigated
by S.M. Nikolskii and were further considered in the papers [2]-[5].

For any t; > 0 (j € ey), there exists a positive constant C' > 0 such that | ([t];)| < C,
then the embeddings Ly, , g(G) — Ly(G), Szlmso,BWQG) — SII,W(G), hold i.e.

1fllpe < CIIf

o B.G Hstll,W(G) <C ”fHSéWﬂW(G) : (3)

In this paper, with method of integral representation, we estimate the norms of func-
tions from Sobolev-Morrey spaces with dominant mixed derivatives Sfo% BW(G) reduced
by polynomials, determined in n-dimensional domains satisfying the flexible -horn con-
dition.

In order words, we prove the inequalities type Pouncare as

ID”(f = Pealf o)llgoo < Clo Il s

where
HfHSl w(G@) = Z HDlef )
P8 0LeCen ¢, 8,G
s JEe
o(1) = max [T (¢5(1))% , sey = A
eCen jcen ! ! —vj — (1= B;p) <;, - 5) ,jee.

Such problems in different spaces were studied in papers [1,9,10].
Let M (-,y,2) € C3° (R") , e C ey, and by such that

1 .
S (M) = suppLe C L) = {:U sl < §<pj(Tj), je en}.

Assume that for any 0 < T; <1 (j € ep)

Yy
V = ———— € S Me y
0<t]-U§Tj {y p(te+T¢) ( )}

where (te —i—Te/) =tj, jE€e (te +Te') =Tj,je¢.
It is clear that V' C I (7, and suppose U + V' C G, where U is an open set, contained

in the domain G. Let
Ggo(T)(U) = (U + I@(T)(x)) NG = Z,
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and let U +V C Gy)(U).

Assuming that ¢;(t) (j € e,) are also differentiable on [0,7}], j € ey, and is obtained
that in for f € S;,W(G) determined in n-dimensional domains, satisfying the condition of
flexible ¢-horn, it holds the following integral representation (Vz € U C G) [8]

DUf(x) = 3 (=) (o5(T3) 7 x

e<en jee’
T plo(te+T¢), ,
XO[R[MéU) PG ( ¢((te+Te')) ) o (et 17) ) | >
< ] (st 2 T] &) (¢))dtedy. (4)
j€e Jj€Ee

2. Main results

Theorem 1. Let G C R™ satisfy the condition of flexible p-horn [5], 1 <p < g <oo, v =
(v1,v2,...,0,) , v; >0 be entire (€ ey,) , f € S;lw’ﬂW(G), and let

1 1 i
i =1l —v; — (1= B;p) <_)>07]€€n- (5)
p q
Then exists polynomials P,_1(f,x)

1D (f = Pea(fa)llg < Cre1) Y- |[D75)

M
,0,8,G
OeCen D, 8

Se;
where p(1) = géaefnjeen (p;(1))77,

g - Hi, ] ce
“J —’UJ—(l—ij) (%_%)7 .7 66/7
and C is constant independent of f.

Proof. At first note that in the conditions of our theorem there exists generalized
derivatives DV f in G. Indeed, if p1; > 0 (j € e,), p < g, it follows that for f € Szll,goﬁ —
fe SIZ)W(G). Then there exists generalized D' f € L,(G), it holds the following integral
representation (?7). Note that in case

(o er) ) -

:—mpcp(te+Te/),0<tj§Tj:1 (J €en)
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is valid:

;
DUf) = Pa(fim)+ 3 (—)le / / M) x

P#eCen 0¢ Rn»

y p(‘p (t€+1el> x) /
: p’(cp(t“rle),x) X

pte+1¢)" p(te+1¢)

x D" f(a+y) [T (05"~ 2 [ [ ¥j(t)dtcdy.

j€e j€e

The support of this identity is contained in the flexible p-horn x +V C G. Hence, by
the Minkowski inequality, we have

ID°(F = Pea (f Dl = D || B (e +17) | (7)

0#eCen @U
16
K. (a:,t€+16’) = //Me(”)x
0¢ R»

y p(“" <te+16/) x) /
, p’((p(te—i—le),x) X

pte+1¢)  p(te+1¢)

here

x D" f(x+y) [T (0t 2 T ] @) (t5)dtdy. (8)
j€e j€e
Applying generalized Minkowski inequality (7) for K¢(z,t) defined by equality (8) we get

-
|t 41| < cl/H(soj@j))”“” x

“L

i e
< TT ¢ (1) HRe (t n 16’) H dt€dy. 9)
where .
byt )

xp (go <te + 16/) ,:c) D" f(x +y)dy.
Help of inequality (¢ < r < 0o0) we get

1
T

I e s S
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1 _ 1 1
let1<p<r<os, s<r(l=1-1+1),
s % e
) (Ip"s

and apply Holder inequality for (% + (1 — %) + (% —

p
’ e p Yy
. e 1€ < Dl ‘M(v) g
e ) ([ el (g

0 |

_1
s

") (e

)

%) = 1) , we have

- (e s

D"

p(go(te—i-le,,x)) ) )
1) ,p<¢<t6+16)7x) dy® | x

x (R[Dlef(:wy)px(w(teym) dy x

plo(te+1¢x )
Jloe (s e 1) )

S =
3=

0 [
3=

Rn
Further, we will assume that there exists a function M,(z) such that |M,(z,y,2)| <

<C ‘Me(m) , for all (y, z) € R*™.
Let x be a characteristic function of the set S(M,). Then, we have
e (1) =
U, (t41¢)
11
P Y "
< sup /‘Dlefaﬁy) X<,>dy X
zeU ( ) 2] (te + 1€ )
le p "
X sup ‘D f(as—}—y)‘ dr | x
yev
) y )
X MYV | ———— || d . 11
[ (e )| -

For any = € U we have

[ R R e EUE R N (0| R

R (U+V)(p<te+1e)
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< [l sw[ av< s T tesan™,
Z

D,p,B,2 jeen
foryeV
[Py a <
Uofueae)
e p e
< [ sl arsore], T
P, 0,2
Z ]een
and

HSOJ

Jeen

I (s (1)

Jj€en

[ b (et )| -
HRe (-,t6+ 1@’)

<

T,Uw(te+le)

X HDlef

Dy, 0,2

By means inequalities (9), (10) and (15) for r = ¢ we have

e

Dy, 5,2

Substituting the inequality (??) in (??), we obtain the inequality (?7).
This completes the proof of Theorem 2.1.

(13)

(14)

Theorem 2. Let all the conditions of Theorem 2.1 be fulfilled. Furthermore, let I' € N

and if
1

1 )
b0 (D) <t e
p q
Then

1D (f = Pea(fs o)l gy < Coon(D) > ||
D+#eCen

)
‘p,v,ﬂ;G

1
where ¢1(1) = max ][], (¢1(1))%d .
eCen n

. i, jEe
S, ; = .
“ T —u- (=) (A1) -t e

Cy is constant independent an function on f. The theorem is proved analogously to The-

orem 2.1.



On Pouncare Type Inequalities for Functions from Sobolev-Morrey Type Spaces 41

References

[1] A.J. Jabrailov, M.K. Aliev, Estimation of functions reduced by corresponding poly-
nomials, Embed. theorems Harm. Analysis, Collection of papers devoted to the 70-
th anniversary of academian A.C. Gadiyev, Inst.of Math. And Mech. Of National
Academy of sciences of Azerbaijan, (2007) 28-135.

[2] A.J. Jabrailov, The theory of embedding theorems, Tr. MIAN USSR, 89, (1967) 31-46.

[3] A.J. Jabrailov, The theory of spaces of differentiale functions, Tr. IMM of NAS of
Azerbaijan, XII, (2005) 27-53.

[4] A.M. Najafov, Embedding theorems in the Sobolev-Morrey type spaces with dominant
mized derivatives, Sib.Math.Jour., 47, no 3, (2006) 613-625.

[5] A.M. Najafov, N.R. Rustamova, On properties functions from Sobolev-Morrey type
spaces with dominant mixed derivatives, Trans. of NAS of Azerbaijan, Issue Math.
ser. Of Phys.-Tech. and Mech. Sciences, (2017) 3-11.

[6] S.M. Nikolskii, A space functions with dominant mized derivatives, Sib. M. Jour.,
(1963) 493 p.

[7] S.M. Nikolskii, Approximation of function of many group of variables and imbedding
theorem, M.Nauka, (1977) 456.

[8] N.R. Rustamova, A.M. Gasymova, Integral representation of functions from

SIIDW(G),SL@B(G) and SIlJﬁF(G), Caspian Jour. of Math. and Appl. Mech., Ecol.

and Econ., 6, no 1, (2018) pp. 93-102.
[9] Z.V. Safarov, L.Sh. Kadimova, F.F. Mustafayeva, Estimations of the norm of func-

tions from Sobolev-Morrey type space reduced by polynomials, Trans. of NAS od Azer-
baijan, Issue Mathematic, 37, no 4, (2017) 150-155.

[10] S.L. Sobolev, Introduction to theory of cube formulas, M.Nauka, (1974) 375.

F.F. Mustafayeva
Shamakhi Branch of Azerbaijan State Pedagogical Universitety, Baku, Azerbaijan
E-mail: firidemustafayeva.57@mail.ru

A.A. Eyyubov
Shamakhi Branch of Azerbaijan State Pedagogical Universitety, Baku, Azerbaijan

Received 10 October 2020
Accepted 21 December 2020



