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On the Solvability of One Inverse Boundary Value
Problem for the Linearized Benny—Luc Equation with
Non-self-adjoint Boundary Conditions

B.K. Velieva

Abstract. An inverse problem is investigated for the linearized Benny-Luc equation with non-
self-adjoint boundary conditions. First, the original problem is reduced to an equivalent problem
(in a certain sense), for which the existence and uniqueness theorem is proved. Further, on the
basis of these facts, the existence and uniqueness of the classical solution to the original problem
are proved.
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1. Introduction

Many problems in mathematical physics and continuum mechanics are boundary value
problems that reduce to the integration of a differential equation or a system of partial
differential equations for given boundary and initial conditions. Many problems in gas
dynamics, the theory of elasticity, the theory of plates and shells are reduced to the
consideration of high-order partial differential equations [1]. Differential equations of the
fourth order are of great interest from the point of view of applications (see, for example, [2,
3]). Partial differential equations of Benny — Luc type have applications in mathematical
physics (see [3]).

Problems in which, together with the solution of a particular differential equation,
it is also required to determine the coefficient (coefficients) of the equation itself, or the
right side of the equation, in mathematics and in mathematical modeling are called inverse
problems. The theory of inverse problems for differential equations is a dynamically devel-
oping branch of modern science. Recently, inverse problems have arisen in various fields of
human activity, such as seismology, mineral exploration, biology, medicine, quality control
of industrial products, etc., which puts them in a number of urgent problems of modern
mathematics. Various inverse problems for certain types of partial differential equations
have been studied in many works. Let us first of all note here the works of A.N. Tikhonov
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[4], M.M. Lavrent’ev [5, 6], V.K. Ivanov [7] and their students. More details can be found
in the monograph by A.M. Denisov [8].

The theory of inverse boundary value problems for fourth-order equations is still un-
derstudied. The works [9-12] are devoted to inverse boundary value problems for the
Benny — Luc equation.

The aim of this work is to prove the existence and uniqueness of solutions to the in-
verse boundary value problem for the Benny-Luc equation with non-self-adjoint boundary
conditions.

2. Statement of the problem and its reduction to an equivalent problem

Let Dy ={(z,t): 0<xz <1, 0<t<T}. Consider the following inverse boundary
value problem in a rectangle D7: find a pair {u(z,t), a(t)} of functions u(x,t), a(t)
satisfying the equation [3]

Ut (2, ) — Uge (2, 1) + QUzgar (2,t) — Pugen(z,t) = a(t)u(x,t) + f(z,t) (x,t) € Dp, (1)
with initial conditions
u(z,0) = ¢(z), u(z,0) =¢(x) (0<z<1), (2)
with non-self-adjoint boundary conditions
u(l,t) = 0,uz(0,t) = up(1,) , Upe(L,t) =0, Uppe(0,8) = Ugee(1,8) (0<t<T) (3)
and with the additional condition
u(0,t) =h(t) (0<t<T), (4)

where o > 0, 5 > 0 - are fixed numbers, f(x,t), p(z), ¥(z), h(t) - are given functions.
Denote 3
C4’2(DT) = {u(m,t) s u(x,t) € CQ(DT) Ut (2, 1),
uttmx($7 t)7 ua:a:x(wy t)) uazwzx(xa t) € C(DT)} .

Definition 1. By the classical solution of the inverse boundary value problem (1) - (4)
we mean a pair {u(x,t), a(t)} of functions u(z,t) € C*2(Dr), a(t) € C[0,T), satisfying
equation (1) and conditions (2) - (4) in the usual sense.

Similarly to [13], the following theorem is proved.
Theorem 1. Let p(z), (z) € C[0,1], h(t) € C?[0,T], h(t) #0 (0<t<T), f(x,t)€
C(Dr) and the conditions of consistency are hold
©(0) = h(0) , (0) = K0). (5)

Then the problem of finding a classical solution to problem (1) - (4) is equivalent to the
problem of determining the functions u(x,t) € C*?(Dr) and a(t) € C[0,T) from relations
(1) - (3) and the condition

h"(t) — uze(0,1) + 0Uzrrr(0,t) — Buge (0,t) = a(t)h(t) + f(0,t) (0<t<T). (6)



On the Solvability of One Inverse Boundary Value Problem 57
3. Solvability of the inverse boundary value problem
It is known that [14], function sequences
Xo(z) =2(1 —x), Xop_1(x) =4(1 —x)cos \gx, Xop(z) =4sin gz (k=1,2,...), (7)

Yo(z) =1, Yor_1(x) = cos A\gx, Yor(x) =axsinN\px (k=1,2,...) (8)

form a biorthogonal system, and system (7) forms a Riesz basis for L2(0,1), where
A = 2km(k = 1,2,...). Then an arbitrary function J(x) € L2(0,1) is expanded into
a biorthogonal series:

V(z) = Jo Xo(z +Z192k 1 Xog—1( 219% Xok(z
k=1

where
1 1 1
Jo =/ Yo Yo (z)dx, Vop—1 =/ Vop—1Yop—1 (z)dx , o1 =/ Vop—1 Yop—1 (z)dx .
0 0 0
It is known that [15],

I(x) € C*10,1), 9 (x) € Lo(0,1),

921 =0, 9FV0)=9®)(1) (s=0,i -1 ),
then

o0 ' 1
§ )\2119 - H19(2Z) ‘
k:l( k U 2k— 1 2 Ly(0,1)

[e.o]

% 2 _ 1 H (2i) . 9(2i—1) ’2
< — .
; (A )™ < 5 |7 @)z + 200D (@) o) (9)
Under assumptions
9(z) € C%[0,1], 9D (2) € Ly(0,1),
92 (1) =0, 92 D) =9 V(1) (i>1,s=0,7 ),
the validity of estimates [15]:
o . 1 2
> (A k1) <3 ‘19(2”1 )‘ :
L2(0,1)
k=1
S 2i+1 2 <} (2i+1) (24)
;(Ak Doy ) < 5 || @) + 20+ 19 (@ )\LQ(OD (10)

is established. In order to study problem (1) - (3), (6), consider the following space.
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Denote by BS,T [15] the collection of all functions u (z,t) of the form

o0
t)=> g (t) Xp (x
k=0
considered on Dr, for which all functions ug (t) € C[0,T] and

Jr(u) = |luo(t )||c[0,T] +

+ (Z (Ai ||U2k—1(t)||C[O,T]>2> + (Z ()‘2 ”“%(t)”C[O,T})Q) ’

k=1 k=1

where the function X (z) (k=0,1,2,...) are defined by (7).
The norm in this set is defined as follows: |u(z, t)HBgT = J»(u).

Let E2 denote the space of vector functions {u(z,t),a(t)} such that u(z,t) € BS’T,
a(t) € C[0,T]. Equip this space with a norm

2l = lu(z, Ol g, + la®) ooz
It is clear that BS,T and E% are Banach spaces.
Since system (7) forms a Riesz basis in Ly (0, 1) and system (7) and (8) forms biorthog-

onal to the system of functions in Ly (0, 1), then the first component u (z, t) of the solution
{u(z,t),a(t)} of problem (1) - (3), (6) will be sought in the form

u(x,t) =g (t) Xo (z) + Zuqu (t) Xok—1 (x) + Zu2k ) Xog (v (11)

where

is the solution of the following problem:

ug (1) = Fy (t;u,a) (0<t<T), (13)
ng_l(t) + BzUQk_l(t) = mFQk_l (t,u, CL) (O S t S T, k = 1, 2, ), (14)
k
1
uly, (t) + Brugy (t) = WF% (t;u,a)+
k
206 (1 + 2002 268 e,

1+ B2 ugg—1 (1) muqu (t) 0<t<T, k=1,2,.), (15)
k k
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uk(O) = Pk, u%(O) :1/Jk (k‘:O,l,Q,...), (16)
moreover

2 _ A1+ aX})

1
B = 1+ BN s Fio(tu, ) = a(t)ug(t) + fr(t), fk(t):/o Fla, )Yy(2)da,

! 1
Pk —/U o(2)Yi(x)dr, = /0 Y(x)Ye(z)dz (k=0,1,..).
Solving problem (13) - (16) we find:

ug(t) = wo + Yot + /Ot(t — 7)Fo(T;u,a)dr, (17)

t
) /0 Foi_1(7;u,a)sin B (t — 7)dr,

1 .
Ugk—1(t) = @ag_1 cos Byt + ﬁwzk—l sin Byt + m
(18)

1 1 t
ugg(t) = cos Bt + — sinﬁt+/F T;u,a)sin B (t — 7)dr +
2k () = o cos B 5kw2k HE A 5 Jy 2k ( ) sin By ( )
e (14 222 + af); , 1. 1
d (l_i_l@k)\g)z; Bx) {t@%l sin Bxt + <ﬁk Slnﬁkt—tCOSBkt> @wziﬁl +
k

1 3 T
g ), (/o Fo— (€. ) sin By (£ =€) dé) sin B (¢ — 7) df} n
K
t
+5k(12i>§)\i)2/0 For_1(T;u,a) sin \g(t — 7)dT. 19)

After substituting the expression uy(t) (k

= 0,1,...) in (11), to determine the compo-
nent u(z,t) of the solution to problem (1) - (3), (

), we obtain:

u(z,t) = <g00 + ot + /Ot(t —7)Fo(T; 0, a)d7'> Xo(x)+

1

Po—1 sin Bt +
Bk

+ { P2k _1COS Bt +

t
M/o For_1(7;u,a)sin B(t — T)dT}XQk_l(x)+
k

00 1 ‘
+ Z {cpgk cos Bt + @”L/JQk sin Byt +
k=1
Me(1+ 2022 4+ aBA})
(1+BA3)3

t
Bl + 532 | Putrivaysingie - ryar+

1 1
[t@%l sin Bxt + ( sin Byt — t cos 5kt) —VYok-1 +
Bk Bk
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1 t T
+5k(1+5/\2)/0 </0 Fot-1 (&5 u, 0) sin i <t—€>d£> sin By <t_7>d7}+
t
G e [, Pl st 7| Xute) )

Now, from (6), taking into account (11), we have:
_ —1 Vi 2.1
a(t) = [h(t)] {h (t) = £(0,%) +4Z (AR + adp)uap—1 () + BARugy_y (¢ ))}' (21)

Further, from (14), taking into account (18), we obtain:

(AR + o ugp—1(t) + BAjusy () =

BX;

WFQk—l(t;ua a) — Biugp—1(t) =
k

= Fop_1(t;u,a) — ug, 4 (t) =
B2

1 .
=7 8% ——thog—18in Bt +

——k Fop_1(t;u,a) — Bi <<P2k1 cos Byt + B

¢
+ M/O Foi_1(T;u,a)sin Bi(t — T)dT) . (22)

In order to obtain an equation for the second component a(t) of the solution {u(x,t),a(t)}
to problem (1) - (3), (6), we substitute expression (22) into (21):

a(t)—[h(t)]_l{h”( £(0,1) +4Z [1+ﬁ>\2 et (t; U, a)—

t
—Bi (@Qk—l cos it + 51k¢2k—1 sin Byt + M/O Fop—1(75u,a) sin Bi(t — T)dTﬂ }
(23)
Thus, the solution of problem (1) - (3), (6) is reduced to the solution of system (20),
(23) with respect to unknown functions u(x,t) and a(t).
To study the question of uniqueness of the solution of problem (1) - (3), (6), the
following lemma plays an important role.

Lemma 1. If {u(x,t),a(t)} is any solution to problem (1) - (3), (6), then the functions
ug(t) (k=0,1,2,...) defined by relation (12) satisfy the counting system (17), (18) and
(19) on [0,T].

Obviously, if ug (¢ fo (z,t)Yi(z)dz (k=0,1,...)is a solution to system (17), (18)
and (19), then a palr {u(z,t),a(t )} of functions u(z,t) = Y po , uk(t) Xg(x) and a(t) is a
solution to system (20), (23).

Lemma 1 has the following
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Corollary 1. Let system (20), (23) have a unique solution. Then problem (1) - (3), (6)
cannot have more than one solution, i.e. if problem (1) - (3), (6) has a solution, then it
1S unique.

Now consider the following operator in space E:5F

®(u,a) = {P1(u,a), P2(u,a)} ,

where
O (u,a) = u(x,t) Z x), Pa(u,a) = al(t),
k=0
and ug(t), @or_1(t), Uk (t) and a(t) equal corresponding to the right side (17), (18) , (19)
and (23).

It is easy to see that

1 1

1+ BA2 > BAZ, < ,
g 1+ BX2 ~ BAZ

1—|—a
,/1+ Me < Bk <4/ Ak

Taking these relations into account, we find:

| N

/1+B

<1
)\kﬁ

1
T 2
o Bllogozy < lol + T o] + TVT ( /0 o <r>2df) + 72 at) oz a0 )l
(24)

(Z()\i||ﬂ2k—1(75)”c[0,T])2> <

k=1

S : 1 - 2 /1
(Z N [par-1]) ) + 2 %ﬁ (Z()\i\%kl’)?) t 3 %ﬁ

k=1

(/0 > % ok ( |)2d7> + Tla@®)llcom (ZO‘ZHU%1(t)HC[O,T})2> :
k=1

k=1

1
2

(Z AV [laar (1 ||COT])2) <
k=1

: 1 > 2 3 /1
) vy E (Z(Amm?) + gy E

k=1

/—\
Mg
>
3
g

\_/
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T o0 3 o 1
VT (/0 kz_:l()\%|f2k (1) )2d7> + T lla®)ll ooy (Z()\Z |U2kz(t)”C[07T])2> ] +

k=1

+3(1+2;;+a’6) {T (; N [pan- 1\)) (\/7+T> ﬁ(; N [ar1]) > +
F<T\F</O > OF okt (1) ) +

+T7 |a a()ll o, (Z()‘k”u% 1 HCOT] )

k=1

T o0
e { </o Z)‘k’f%l dr | +

p
+ T||a(t)Hc[o,T] (Z(Ai |U2k—1(t)||C[O,T])2> ] ) (26)
k=1
lalop < [ o {Hh" ool 4
+4 i/\—2 % I+a i(}\S‘ 2 % ﬂ = )\4 2
k 3 i lp2k-1]) R Vi (N [ 21 )7 | +
k=1 k=1 k=1
T 2
; ! </ Z)‘k|f2k1 T) +
+ T la(®)l| 0,1y (Z()‘Z |u2k—1(t)||C[O,T])2> ] ] +
k=1
+ (Z()\iﬂfzk Ol o7 !) + lla@ll oo, (Z()‘Z||u2k—1(t)”C[O,T])2> }} - (27)
k=1 k=1

(3), (6) satisty the following conditions:
(0<t S T).
(1) = 0,¢'(0) = #'(1),

Suppose that the data of problem (1) -
La>0,8>0,h(t) € C?[0,T], h(t) #0
2.0(x) € C*0,1], ¢®)(z) € Ly(0,1), ¢
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(1) = 0,¢"(0) = (1), (1) =0
3.0(@) € CU0.11, 00 () € Lo(0.1), (1) = 0, ¥(0) = V(1. ¥'(1) = 0.4(0)
@) fa(er8) € CD), funlort) € La(Dr) £ = O, £ul0,8) = Fllst) (0 <t <
& Then from (24)- (27) we find:
e, )5z, = A2(T) + Bi(T) a®)llcgo.zy o, Ol (28)
6()logo.zy = A2(T) + Bo(T) all o s, )., (20)

where

AUT) = 8@ a0y + T 1@ a0y + TVT 1 @)y + V|| (@)

L2(0.1)
WW o 2B o Ol oy SleP@ @]
FHM ) + 393 (a Moo ; T(Hm o (2, t) + 2f2 (@, )l Ly ) +
+3(1+2a+a5 <\[ H(’” o +< T) \/THMM(:U) Lo

6 T
|fx:r €z, t HL2 DT) E

T2 4 11T /1458 < 1—|—2a+aﬂ)T>’
a

Hf:]ca:(:[:a t)HLQ(DT) )

//
) = [0 0 - 5001
o\
_ 1+« 1+5
(5] { ﬁ [uw F [
1 /T(1+p)
5\ e Mes@ Dllsaion) +HHfmw)Ho[oﬂHMO,D}’

By(T) =2 H [h(t)rlHC[O . ((i A;Q) 'l ;O‘ \/ #T + 1)
’ k=1

From inequalities (27), (28) we conclude:
(e, Dllpg, + 1@l cior < AT)+ BT la®llcor @Ol s, . (60)
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where

A(T) = Al(T) + Ax(T), B(T) = B1i(T) + Ba(T).
So, the following theorem is proved.
Theorem 2. Let conditions 1-4 be satisfied and
B(T)(A(T) +2)* < 1. (31)

Then problem (1)-(3), (6) has a unique solution in the ball K = Kg(|| z HE;SF <R=
A(T) +2) from E3.

Proof. In the space E3., consider the equation
z =%z, (32)

where z = {u, a}, the components $;(u, a) (i = 1,2) of the operator $(u, a) are defined by
the right-hand sides of equations (20), (23), respectively.

Consider an operator $(u,a) in a ball K = K of E2. Similarly, from (30) we obtain
that for any z, z1, 29 € K the following estimates are valid:

182l g5, < A(T) + B(T) la(®)l| ooy e, 1)l g, < A(T) + BIT)(A(T) +2)%, (33)

821 — $all g5, < BOOR (Jlar(t) = ol + s (,6) = waar )l g ) - (34)

Then, taking into account (31), it follows from estimates (33), (34) that the operator $
acts in the ball K = Kg and is contracting. Therefore, in the ball K = Kpg, the operator
$ has a unique fixed point {u,a}, which is a solution to equation (32), that is, is the only
solution in the ball K = Kg to system (20), (23).

A function u(x, t) as an element of space BSVT, has continuous derivatives u(z, t), uz(z,t),
Uz (X, ), Upga (T, 1), Ugpgs(x,t) in Dy,

Similarly to [10], one can show that u;(x,t), ug(z,t), uw(z,t), v (x,t), e (z,t) are
continuous in D.

It is easy to check that equation (2) and conditions (2), (3) and (6
usual sense. Hence, {u(x,t),a(t)} is a solution to problem (1) - (3), (
the corollary to Lemma 1, it is unique. <«

) are satisfied in the
6), and by virtue of

Using Theorem 1, we prove the following

Theorem 3. Let all conditions of Theorem 2 be satisfied and the conditions of consistency

Then problem (1) - (4) has a unique classical solution in the ball K = Kg(|| 2z HE% <
R=A(T)+2) from E3.
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