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On Basicity of Eigenfunctions of a Spectral Problem in
spaces L, ® C and L,

T.B. Gasymov, G.V. Maharramova*, S.Kh. Amiraslanova

Abstract. In this paper we study the spectral problem for a discontinuous second order differential
operator with a summable potential and with a spectral parameter in transmission conditions, that
arises in solving the problem of vibration of a loaded string with fixed ends. Using abstract theorems
on the stability of basis properties of multiple systems in a Banach space with respect to certain
transformations, as well as theorems on basicity of perturbed systems are proved theorems on the
basicity of eigenfunctions of a discontinuous differential operator in spaces L, ® C' and L,,.
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1. Introduction

Consider the following spectral problem with a point of discontinuity:
" 1 1
Ly) =~y +a@y=ryze({0,3)JU(31), (1)

y(0) =y(1) =0,
y(3 —0) =y(5+0), (2)
y'(5-0) =y (5+0) = Imy(5),

where ¢ (z) is a complex valued, summable function, A is the spectral parameter, m is
non-zero complex number. Such spectral problems arise when the problem of vibrations
of a loaded string with fixed ends is solved by applying the Fourier method. The practical
significance of such problems is noted in the wellknown monographs (for example [1-3]).
In case when the load is placed at the middle of the string, some aspects of this spectral
problem have been studied in [4,5]. In [6] was found asymptotical formulas for eigenvalues
and eigenfunctions, in [7] was proved completeness and minimality of eigenfunctions of
the problem (1),(2) in spaces L, @ C and L,. In [8-13] the problem (1),(2) was considered
in a special case, when ¢ (x) = 0, where the theorems on completeness and basicity of
eigenfunctions was proved in weight spaces L, ® C and L, , also in Morrey-Lebesgue type
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spaces. We also note the work [14-17], where using different methods was studied the
spectral properties of the above considered problem in the case, when the load is fixed one
or both ends of string.

The spectral parameter with discontinuity point and with spectral parameter in boundary
conditions was considered in [18-20]. Such problems play an important role in mathemat-
ics, mechanics, physics and other fields of natural science, and their applications associated
with the discontinuity of the physical properties of material. The study of basis properties
of the spectral problems with a point of discontinuity sometimes requires completely new
research methods, different from the known ones. In [21,22] new method for exploring
basis properties of discontinuous differential operators has been suggested. The present
paper is an extension of the method of [6,7,12], and here developing the methods of [21,22]
we study the basicity of eigenfunctions and associated functions of the (1),(2) in spaces
L,®C and L.

2. Necessary information and preliminary results

For obtaining the main results we need some notions and facts from the theory of basis
in a Banach space.

Definition 1. Let X- be a Banach space. If there exists a sequence of indexes, such that
{nt} C N, ng < ngy1,n0 =0, and any vector x € X is uniquely represented in the form

oo Mk+1
r = E E CiUy;.
k=0i=np+1

then the system {un},cn € X is called a basis with parentheses in X .

For nj, = k the system {u,}, .y forms a usual basis for X.
We need the following easily proved statements.

Statement 1. Let the system {un}, o forms a basis with parentheses for a Banach space
X. If the sequence {npy1 — Ny }tpen s bounded and the condition

sup [[un | [[9n]| < o0,
n

holds, where {,},cn- is a biorthogonal system, then the system {un}, o forms a usual
basis for X.

Statement 2. Let the system {x,},cy forms a Riesz basis with parentheses for a Hilbert
space X . If the system {xn},cn uniformly minimal and almost normalized, the sequence
{nks1 — M }pen is bounded, then this system forms a usual Riesz basis for X.

Take the following
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Definition 2. The basis {un},cn of Banach space X is called a p-basis, if for any =
€ X the condition

(2{:|@aﬂnﬂp>p <Mz,
n=1

holds, where {Un}, cn- is a biorthogonal system to {un}, -

Definition 3. The sequences {un},cn and {¢n},cn of Banach space X are called a p-
close, if the following condition holds:

oo
> n = énl” < o0
n=1

We will also use the following results from [23] (see also [24]).

Theorem 1. Let {zy},, o forms a q-basis for a Banach space X, and the system {yn}, cn
is p-close to {xn}, cn, where % + % = 1. Then the following properties are equivalent:

i) {Un}nen- is complete in X ;

i) {yn}neN- is minimal in X ;

i) {Yn}pen- forms an isomorphic basis to {xn}, o for X.

Let X1 = X & C™ and {in},cny C X1 be some minimal system and {79,1} N C X =
ne
X*@® C™ be its biorthogonal system:

A~

ﬁn = (Un; Anly -y anm) ;ﬁn = (79717 Bnla ceny Bnm) .
Let J = {nq,...,ny} some set of m natural numbers. Suppose

6 = det |8

i,j=1,m"
In [25](see also [26]) has been proved the following theorem :

Theorem 2. Let the system {in},cn forms a basis for Xi. In order to the system
{un}pen,s where Ny = N\J forms a basis for X it is necessary and sufficient that the
condition § # 0 be satisfied. In this case the biorthogonal system to {uy} 1s defined

by

nENJ

L S N )y,
19* — 1 Bnl 67111 e ﬁnml
ﬂnm 67’11771 ce /Bnmm
In particular, if X is a Hilbert space and the system {uy}, - forms a Riesz basis for X1,
then under the condition § # 0, the system {un}neNJ also forms a Riesz basis for X.
For 6 =0 the system {“n}neNJ s not complete and is not minimal in X.
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Let X be a Banach space and the system {ukn}k:L—mmeN is any system in X. Let

al(.z), i,k =1,m,n € N, any complex numbers. Let

A, = (al(.,:)) T and A, = detA, ,n € N.

Consider the following system in space X :
m
Ukn :Zaﬁz)um,k: I,m;n € N. (3)
i=1

Following theorems have been proved in [12] (also [21,22])
Theorem 3. If the system {ukn}ty—Tom.nen forms basis for X and
A, #0,¥n € N, (4)

then the system {ﬂkn}k:L—mmeN forms basis with parentheses for X. If in addition the
following conditions

sup { || An|
n

A} < o0r sup {llugnll 19knll} < o, (5)
n

hold, where {Vkn}y_Tmnen C X7~ is biorthogonal to {ukn}y_Tmnen, then the system

{akn}k:ﬁ;neN forms a usual basis for X.

Theorem 4. If X-is a Hilbert space, and the system {ukn}klen;neN forms a Riesz basis
for X, for holding the condition (4) the system {lgn}y_Tmnen forms a Riesz basis with
parentheses for X. If in addition the condition (5) holds, then the system {ln }y_T7m.nen
forms a usual Riesz basis for X.

We need some results from [6]. For their formulation introduce the following functions:

T 1
n@=5 [ adn@ =3 [ aa (©

Theorem 5. The eigenvalues of the problem (1),(2) are asymptotically simple and consist
of three series: \; , = pin,i =1,2,3;n = 1,2, ..., where the numbers p; , hold the following
asymptotically formulas:

prn=3mn+ 0 (35),
p2n =3+ % +0 (3%), (7)

p3n =310 — G + 2+ 0 (;3),

3+2maq1+2mqa _ __1+mage

here indicated oy = T Jap = =2 gy = ¢ (%) g2 = G2 (%)
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Theorem 6. The eigenfunctions y; , (x) of the problem (1),(2) corresponding to the eigen-
values Ay, = (pl,n)z,i =1,3;n € N, hold the following asymptotically formulas

sin3mnx + O (%) , T € [0, %] ,
Yin (z) = (8)
Yisin3mnz 4+ O (1), x € [3,1],

sin3mnz + O (1), z € [0, %] )
yo (@) = ©)
fygsin37rnac+0(%), S [%,l],
O (z), v e [0,5],
Y3 (JL‘) = (10)
vamcos3n (- 3)a+0 (L), ae [4,1],

here indicated v1 = (1 +mq1) ,v2 =

mqgi—maq2 —
TSR g =m.

3. Main results

Now consider a problem on basicity of eigenfunctions of the problem (1),(2) in spaces

L,(0,1) @ C and Ly(0,1).

Theorem 7. The root vector system {gjm}fil—gneN of the operator L, which linearized
the problem (1), (2) forms basis in space L, (0,1) & C,1 < p < oo, and for p =2 it forms
a Riesz basis.

Proof. Since the operator L has compact resolvent, the system {go} U{%in}; 15,en Of
eigenfunctions and associated functions is minimal in L, (0,1)@® C. The conjugate system
{20} U{Zin}215.en is the eigenvectors and associated vectors of the conjugating operator
L* and is in the 2y, = (2 () ;Mzin (%)) form, where z;, (z),i = 1,3;n € N are the
eigenvectors and associated vectors of the conjugate problem and anologically we obtain
the asymptotically formulas:

sin37mx+0(%) ) T € [0, %] )
Z1n (37) = Cin - (11)
~1 sin 3mnx + O (%) , X € [%, 1] ,

sin3mnz +0 (L), x€]0,3],
Z2.n ($) = Con - (12)
Yosindmnz 4+ 0 (L), z € [3,1],
O(%)v xe[()’%]’
Z3,n () = c3n (13)
Y3cos3m (n— 1)z +0 (L), z € [3,1],
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Here indicated 71 = (1 4+ mq1),v2 = ™57 v3 = m, and cip, Con, 3, are the normalized

multipliers. We can easily calculate that, the c1,,, cap, ¢35, normalized multipliers hold

6 1 6 1 3 1
0N 0(Ne 0 (2)
1+ 2]y n 1+ 2|7 n |m| n

If we consider these at formulas (11)-(13), we will obtain for z;, () the following formulas:
ﬁsin&mw + 0 (%) , TE [O, %} )

Z1n (z) = i (14)

1 sin 3rna + O (

S
SN—
8
m
—
Lol
M

14271 |?
msin3ﬂna:+0(%), T € [0,%] )
zon (z) = i (15)
1+g‘7§2|2 sin3mnx + O (%) , X € [%, 1],
O(3), v e[0,3],
23y (z) = , (16)

73005377(71—%)35—#0(%), ze[3,1],

Let us introduce the following functional system for the separating the head part of the
asymptotically formulas:

( s§itn3d TN, x € [0, %] ,
Uy () =
y18tnImnx, x € [%, 1] ,
sind T, x € [0, %] ,
Uz () = (17)
Y28ind TNTX € [%, 1] ,
0,z €0,3],
ugy () =
Y3€083 T (n — %) T, T € [%, 1] .

Then from the formulas (8)-(10) implies that, the following relations are true:
Y (2) = un (2) + 0 (3),
Yo (1) = uzn (2) + O (3) . (18)
Y (2) = ugn (2) + O (3) .

One can easily seen that the system (17) implies from the following system by the conver-

sion
3
Uin = E :aijej,n
Jj=1
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( sin3 mnx,x € [0, %
el’n(x>_{ Oxeﬂ 73]3
)

[3:1
0.4
. 0, S )3
e2n (¥) = { sin3 ™, x

€3.n (z) = {

\

1 v O
0 0

Note that, since v3 = m # 0, for 1 # Yo, i.e. 2mq; +mgz + 3 # 0 the determinant will be

detA =3 —7173#0

On the other hand the system {e;n}, 13,y forms a basis for L, (0,1) , 1 < p < oo.
Really, according to the decomposition L, (0,1) = L, (0, %) @ Ly (%, 1) and since the
systems {e1n},cns {€in}izy gy form basis in L, (0,1), L, (3,1), their combination
will form a basis in L, (0,1). If we take it into consideration and apply Theorem 3, then
we obtain that the system {uin},_73,,cx forms basis in Ly, (0,1). Consider the system in
{0} U{tin};—13men in Lp (0,1) ® C, where

Gy = (0;1), % n = (uipn;0),i=1,3;n € N. (21)

It is clear that, the system {o} U {t;n},_13.,c forms basisin L, (0,1) & C. Let us show
that it also forms a ¢-basis, where ¢ = p/(p — 1). One can easily check that the system

{190} U {ézn}

, which biorthogonal to it is in the following form:

i=1,3;neN
Uo = (0;1),95 = (93n;0),i =1,3;n € N, (22)
where
ﬁ sin3mnzx, x € [0, %] ,
Yp (x) = . (23)
H(;T;l'Q sin3mnxz, x € [%, 1],
ﬁ sin3mnz, x € [0, %] ,

192,n (.%') = (24)

672 : 1
T2l sin3tnz, x € [3, 1] ,

0, z € [0,3],

193771 (ac) = . (25)
cos 3w (n— %) T, T € [%,1] ,

3
73
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Let 1 < p < 2. Then according to inequality Hausdorf-Young for trigonometric system
(see [27], p.153) for each f € L, (0,1) the inequality

1

3 oo q
(ZZ < frein >|‘1) < M|fl,,

i=1 n=1
is fulfilled, where M > 0 is a fixed number which does not depend on f Taking into
consideration that, the system {U;,},_13.,cx implies from the system {e;n}, _73.,cn DY

conversion
3
Uin =) bijejn
j=1

where b;; are the elements of matrix the (A~!)*. We obtain from here that for an arbitrary
fe€L,(0,1) & C the following inequality holds:

3 oo q %
(S5 a]') <
i=1 n=1
and implies the system {a; . }; _15.,cn 15 @ ¢-basis in L, (0,1) @ C . Let’s point

. 1 .
Yin = (yi,n (:E) s MYin <3>> ,t=1,3;n €N,

According the formulas (8)-(10) since y;, (3) = O (1), from (18) implies that the systems

{@M}i:ﬁ;neN and {aivn}i:ﬁ;neN are p-close,

3 oo
S ldin — tinl? < 0.
i=1 n=1

Thus, all the conditions of Theorem 1 are fulfilled and according t is theorem the system
{90} U {an}iﬁneN also forms an isomorphic basis to the system {to} U{tin},_13.,cn
in L, (0,1) & C.

Now suppose that p > 2, then 1 < ¢ < 2. Taking into account that in this case the
following inclusion is fulfilled:

Ly(0,1) C L, 0,1),

Then for f € L, (0,1) ® C' we obtain:

33 :
(el aalr) =i

This implies that the system {@;n},_73.,cy forms a p-basis in L, (0,1) ® C. Besides, the
systems {Jin};—13.nen 80d {in};_73.,cn are g-close in Ly (0,1) &C:

< M|
Ls®C /

LyaC’

3 oo

DD Mdin — dinllf ge < oo

i=1 n=1
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According the system {70} U {yjm}fiﬁne  is minimal in Ly, (0,1) ® C' and again applying
the Theorem 1, we obtain that it is an isomorphic basis to {0} U {@in},_13.,cn In
L,(0,1)&C .

In the case p = 2 according the Theorem 4 the system {do} U {@in};_73,,cy forms
a Riesz basis in Ly (0,1) & C. Besides the systems {go} U {Qi,n}zﬁneN and {ap} U
{@in}—13.necn are square-close,

3 oo
SN i — tinl? < oo
=1 n=1
and according Theorem 1 the system {@O}U{Qm}ﬁﬁne  forms a Riesz basis in L (0,1)®
C and this completes the proof of the theorem. The theorem is proved. «

Now consider the basicity {yo} U {%in};o135 nen Of the system of eigenfunctions and
associated functions of the problem (1),(2) in L, (0,1). Applying the Theorem 2 and 6,
we obtain the honesty of the following theorem.

Theorem 8. In order the system {yo} U {yz7n}zﬁ7 nen Of eigenfunctions and associated
functions of the problem (1),(2) forms a basis in L, (0,1), 1 < p < oo, and for p = 2
forms a Riesz basis, after eliminate any function y;p, (x) it is necessary and sufficient
that the corresponding function zin, (z) of the biorthogonal system satisfy the condition
Zi no (%) # 0. If zip, (%) = 0, then after the eliminating function y,, () from the
system, obtaining system does not form basis in Ly (0,1), moreover in this case it is not
complete and not minimal in this space.

In Theorems 6 and 7 the parameter m which included in the problem (1), (2), generally
speaking is a complex number. But in some particular cases it is possible to refine the
root subspaces of the operator L. So, if m > 0 and ¢(x) is a real function, then the
operator L , linearized of the problem (1),(2), is a self-adjoint operator in Ly & C, and in
this case all the eigenvalues are simple and for each eigenvalue there corresponds only one
eigenvector . If m < 0 and ¢ (x)- is a real function, then the operator L is a J-self-adjoint
operator in Lo @ C, and in this case applying the results of [28,29], we obtain that all
eigenvalues are real and simple, with the exception of, may be either one pair of complex
conjugate simple eigenvalues or one non-simple real value. In the case of a complex value
m the operator L has an infinite number of complex eigenvalues that are asymptotically
simple and, consequently, the operator L can have a finite number of associated vectors.
If there are associated vectors, they are determined up to a linear combination with the
corresponding eigenvector. Therefore depending on the choice of the coefficients of the
linear combination there are associated vectors satisfying the condition 22, (%) # 0, and
there are also associated vectors not satisfying this condition.

Acknowledgement

This work is supported by the Science Development Foundation under the President
of the Republic of Azerbaijan Grant No. EIF-BGM-4-RFTF1/2017- 21/02/1-M-19



26

[1]
2]

[3]

[4]

[10]

T.B. Gasymov, G.V. Maharramova, S.Kh. Amiraslanova

References

F.V. Atkinson, Discrete and Continuous Boundary Problems. Moscow, Mir, 1968.

A.N. Tikhonov, A.A. Samarskii, Equations of Mathematical Physics, Mosk. Gos.
Univ., Moscow, 1999

L.Collatz , Figenvalue problems. M. Nauka, 1968, 504 p.

Gasymov T.B., Mammadova Sh.J. On convergence of spectral expansions for one
discontinuous problem with spectral parameter in the boundary condition , Trans. of
NAS of Azerb. 2006, vol. XXVI, Ne4, p. 103-116.

Gasymov T.B., Huseynli A.A. The basis properties of eigenfunctions of a discontin-
uous differential operator with a spectral parameter in boundary condition, Proc. of
IMM of NAS of Azerb. vol. XXXV(XLIII), 2011, pp. 21-32.

Maharramova G.V. Properties of Figenvalues and Figenfunctions of a Spectral Prob-
lem With Discontinuity Point, Caspian Journal of Applied Mathematics, Ecology and
Economics, V. 7, Ne 1, 2019, July,pp.114-125.

Gasymov T.B., Maharramova G.V., Kasimov T.F. Completeness and minimality of
eigenfunctions of a spectral problem in spaces Lp ©&C and Lp , Journal of Contempo-
rary Applied Mathematics, v.10, Ne2, 2020, ¢.85-100.

Maharramova G.V On completeness of eigenfunctions of a second order differential
operator, Journal of Contemporary Applied Mathematics, v.8, Ne2, 2018, p.45-55.

Gasymov T.B., G.V. Maharramova. The stability of the basis properties of multiple
systems in a Banach space with respect to certain transformations , Caspian Journal
of Applied Mathematics, Ecology and Economics. V. 6, No 2, 2018, December, p.
66-77.

Gasymov T.B, Maharramova G.V., Mammadova N.G. Spectral properties of a problem
of vibrations of a loaded string in Lebesgue spaces, Transactions of NAS of Azerbaijan,
Issue Mathematics, 38(1), 62-68(2018), Series of Physical-Technical and Mathematical
Sciences.

Gasymov T.B, Maharramova G.V., Jabrailova A.N. Spectral properties of the problem
of vibration of a loaded string in Morrey type spaces, Proceedings of the Institute of
Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, v. 44, Ne
1,2018, pp. 116-122.

Bilalov B.T., Gasymov T.B, Maharramova G.V. On basicity of eigenfunctions of
spectral problem with discontinuity point in Lebesque spaces , Diff. equation, 2019,
vol. 55, No 12, p.1-10.



[13]

[21]

[22]

On Basicity of Eigenfunctions of a Spectral Problem in spaces L, & C and L, 27

T.B. Gasymov, A.M. Akhtyamov, N.R. Ahmedzade, On the basicity of eigenfunc-
tions of a second-order differential operator with a discontinuity point in weighted
Lebesgue spaces, Proceedings of the Institute of Mathematics and Mechanics, Na-
tional Academy of Sciences of Azerbaijan, Volume 46, N¢ 1, 2020, Pages 32—44.

Kapustin N.Yu., Moiseev E.I. On spectral problems with spectral parameter in bound-
ary condition, Diff. equat, 1997, v.33, Ne 1, p. 115-119.

Kerimov N.B., Mirzoev V.S. On basis properties of spectral problem with spectral
parameter in boundary condition, Sib. math. journal. 2003, v.44, Ne 5, p.1041-1045.

Kerimov N.B., Poladov R.G. On basicity in of the system of eigenfunctions of one
boundary value problem II, Proc. IMM NAS Azerb., 2005, v.23, p. 65-76.

Kerimov N.B, Aliyev Z.S. On basis properties of spectral problem with spectral param-
eter in boundary condition, Doklady RAN, 2007, v.412, Ne 1, p. 18-21.

Gomilko A.M., Pivovarchik V.N. On bases of eigenfunctions of boundary problem
associated with small vibrations of damped nonsmooth inhomogeneous string, Asympt.
Anal. 1999., v.20 Ne3-4, p.301-315.

Shahriari M. Inverse Sturm-Liouville Problem with FEigenparameter Dependent
Boundary and Transmission Conditions, Azerb. J. Math., 4(2) (2014), 16-30.

Shahriari M., Akbarfam J.A., Teschl G. Uniqueness for inverse Sturm-Liouville prob-
lems with a finite number of transmission conditions, J.Math. Anal. Appl. 395. 19-
29(2012).

Bilalov B.T., Gasymov T.B. On bases for direct decomposition, Doklady Mathematics.
93(2) (2016).pp 183-185.

Bilalov B.T., Gasymov T.B. On basicity a system of eigenfunctions of second order
discontinuous differential operator , Ufa Mathematical Journal, 2017, v. 9, No 1,
p.109-122.

Bilalov B.T. Bases of Exponentials, Sines, and Cosines, Differ. Uravn. , 39.5 (2003),
619-623.

Bilalov B.T.. Some questions of approximation, Baku, Elm, 2016, 380 p .(in Russian)

Gasymov T.B. On necessary and sufficient conditions of basicity of some defective
systems in Banach spaces, Trans. NAS Azerb., ser. phys.-tech. math. sci., math.
mech., 2006, v.26, Nel, p.65-70.

Gasymov T.B., Garayev T.Z. On necessary and sufficient conditions for obtaining the
bases of Banach spaces , Proc. of IMM of NAS of Azerb.2007. vol XXVI(XXXIV). P.
93- 98.



28 T.B. Gasymov, G.V. Maharramova, S.Kh. Amiraslanova
[27] Sigmund A. Trigonometric series. v 2, M.: Mir, 1965, 537 p.

[28] Azizov T.Ya.., lokhvidov L.S.. Criterion for completeness and basicity of root vectors
of a completely continuous J-selfadjoint operator in the Il Pontryagin spaces , Math.
research,1971, v.6, Ne 1, p. 158-161. (in Russian)

[29] Azizov T.Ya.., Iokhvidov 1.S., Linear operators with G—metric in Hilbert spaces,
Succe. math scien., 1971, v.26, Ned, p. 43-92. (in Russian)

Telman B. Gasymov

Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, Az-1141, Baku,
Azerbaijan

E-mail: telmankasumov@rambler.ru

Gular V. Maharramova

Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, Az-1141, Baku,
Azerbaijan

E-mail: g.meherremova.89@mail.ru

S. Kh. Amiraslanova

Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan, Az-1141, Baku,
Azerbaijan

E-mail: sevamir@mail.ru

Received 15 September 2020
Accepted 14 December 2020



