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On Basicity of Eigenfunctions of a Spectral Problem in
spaces Lp ⊕ C and Lp

T.B. Gasymov, G.V. Maharramova*, S.Kh. Amiraslanova

Abstract. In this paper we study the spectral problem for a discontinuous second order differential
operator with a summable potential and with a spectral parameter in transmission conditions, that
arises in solving the problem of vibration of a loaded string with fixed ends. Using abstract theorems
on the stability of basis properties of multiple systems in a Banach space with respect to certain
transformations, as well as theorems on basicity of perturbed systems are proved theorems on the
basicity of eigenfunctions of a discontinuous differential operator in spaces Lp ⊕ C and Lp.
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1. Introduction

Consider the following spectral problem with a point of discontinuity:

l (y) = −y′′ + q (x) y = λy, x ∈
(

0,
1

3

)
∪
(

1

3
, 1

)
, (1)

y(0) = y(1) = 0,
y(1

3 − 0) = y(1
3 + 0),

y
′
(1

3 − 0)− y′(1
3 + 0) = λmy(1

3),

 (2)

where q (x) is a complex valued, summable function, λ is the spectral parameter, m is
non-zero complex number. Such spectral problems arise when the problem of vibrations
of a loaded string with fixed ends is solved by applying the Fourier method. The practical
significance of such problems is noted in the wellknown monographs (for example [1-3]).
In case when the load is placed at the middle of the string, some aspects of this spectral
problem have been studied in [4,5]. In [6] was found asymptotical formulas for eigenvalues
and eigenfunctions, in [7] was proved completeness and minimality of eigenfunctions of
the problem (1),(2) in spaces Lp⊕C and Lp. In [8-13] the problem (1),(2) was considered
in a special case, when q (x) ≡ 0, where the theorems on completeness and basicity of
eigenfunctions was proved in weight spaces Lp⊕C and Lp , also in Morrey-Lebesgue type
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spaces. We also note the work [14-17], where using different methods was studied the
spectral properties of the above considered problem in the case, when the load is fixed one
or both ends of string.

The spectral parameter with discontinuity point and with spectral parameter in boundary
conditions was considered in [18-20]. Such problems play an important role in mathemat-
ics, mechanics, physics and other fields of natural science, and their applications associated
with the discontinuity of the physical properties of material. The study of basis properties
of the spectral problems with a point of discontinuity sometimes requires completely new
research methods, different from the known ones. In [21,22] new method for exploring
basis properties of discontinuous differential operators has been suggested. The present
paper is an extension of the method of [6,7,12], and here developing the methods of [21,22]
we study the basicity of eigenfunctions and associated functions of the (1),(2) in spaces
Lp ⊕ C and Lp.

2. Necessary information and preliminary results

For obtaining the main results we need some notions and facts from the theory of basis
in a Banach space.

Definition 1. Let X- be a Banach space. If there exists a sequence of indexes, such that
{nk} ⊂ N , nk < nk+1, n0 = 0, and any vector x ∈ X is uniquely represented in the form

x =

∞∑
k=0

nk+1∑
i=nk+1

ciui.

then the system {un}n∈N ∈ X is called a basis with parentheses in X .

For nk = k the system {un}n∈N forms a usual basis for X.

We need the following easily proved statements.

Statement 1. Let the system {un}n∈N forms a basis with parentheses for a Banach space
X. If the sequence {nk+1 − nk}k∈N is bounded and the condition

sup
n
‖un‖ ‖ϑn‖ <∞,

holds, where {ϑn}n∈N - is a biorthogonal system, then the system {un}n∈N forms a usual
basis for X.

Statement 2. Let the system {xn}n∈N forms a Riesz basis with parentheses for a Hilbert
space X. If the system {xn}n∈N uniformly minimal and almost normalized, the sequence
{nk+1 − nk}k∈N is bounded, then this system forms a usual Riesz basis for X.

Take the following
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Definition 2. The basis {un}n∈N of Banach space X is called a p-basis, if for any x
∈ X the condition ( ∞∑

n=1

|〈x, ϑn〉|p
) 1

p

≤M ‖x‖ ,

holds, where {ϑn}n∈N - is a biorthogonal system to {un}n∈N .

Definition 3. The sequences {un}n∈N and {φn}n∈N of Banach space X are called a p-
close, if the following condition holds:

∞∑
n=1

‖un − φn‖p <∞.

We will also use the following results from [23] (see also [24]).

Theorem 1. Let {xn}n∈N forms a q-basis for a Banach space X, and the system {yn}n∈N
is p-close to {xn}n∈N , where 1

p + 1
q = 1. Then the following properties are equivalent:

i) {yn}n∈N - is complete in X;

ii) {yn}n∈N - is minimal in X;

iii) {yn}n∈N - forms an isomorphic basis to {xn}n∈N for X.

Let X1 = X ⊕ Cm and {ûn}n∈N ⊂ X1 be some minimal system and
{
ϑ̂n

}
n∈N

⊂ X∗1 =

X∗ ⊕ Cm be its biorthogonal system:

ûn = (un; an1, ..., anm) ; ϑ̂n = (ϑn;βn1, ..., βnm) .

Let J = {n1, ..., nm} some set of m natural numbers. Suppose

δ = det ‖βnij‖ i,j=1,m.

In [25](see also [26]) has been proved the following theorem :

Theorem 2. Let the system {ûn}n∈N forms a basis for X1. In order to the system
{un}n∈NJ

, where NJ = N\J forms a basis for X it is necessary and sufficient that the
condition δ 6= 0 be satisfied. In this case the biorthogonal system to {un}n∈NJ

is defined
by

ϑ∗n =
1

δ

∣∣∣∣∣∣∣∣
ϑn ϑn1 . . . ϑnm
βn1 βn11 . . . βnm1

. . . . . . . . . . . .
βnm βn1m . . . βnmm

∣∣∣∣∣∣∣∣ .
In particular, if X is a Hilbert space and the system {un}n∈N - forms a Riesz basis for X1,
then under the condition δ 6= 0, the system {un}n∈NJ

also forms a Riesz basis for X.

For δ = 0 the system {un}n∈NJ
is not complete and is not minimal in X.
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Let X be a Banach space and the system {ukn}k=1,m;n∈N is any system in X. Let

a
(n)
ik , i, k = 1,m, n ∈ N, any complex numbers. Let

An =
(
a

(n)
ik

)
i,k=1,m

and ∆n = detAn , n ∈ N.

Consider the following system in space X :

ûkn =
m∑
i=1

a
(n)
ik uin, k = 1,m;n ∈ N. (3)

Following theorems have been proved in [12] (also [21,22])

Theorem 3. If the system {ukn}k=1,m;n∈N forms basis for X and

∆n 6= 0,∀n ∈ N, (4)

then the system {ûkn}k=1,m;n∈N forms basis with parentheses for X. If in addition the
following conditions

sup
n

{
‖An‖ ,

∥∥A−1
n

∥∥} <∞, sup
n
{‖ukn‖ , ‖ϑkn‖} <∞, (5)

hold, where {ϑkn}k=1,m;n∈N ⊂ X∗- is biorthogonal to {ukn}k=1,m;n∈N , then the system
{ûkn}k=1,m;n∈N forms a usual basis for X.

Theorem 4. If X-is a Hilbert space, and the system {ukn}k=1,m;n∈N forms a Riesz basis
for X, for holding the condition (4) the system {ûkn}k=1,m;n∈N forms a Riesz basis with
parentheses for X. If in addition the condition (5) holds, then the system {ûkn}k=1,m;n∈N
forms a usual Riesz basis for X.

We need some results from [6]. For their formulation introduce the following functions:

q1 (x) =
1

2

∫ x

0
q (t) dt, q2 (x) =

1

2

∫ 1

x
q (t) dt. (6)

Theorem 5. The eigenvalues of the problem (1),(2) are asymptotically simple and consist
of three series: λi,n = ρ2

i,n, i = 1, 2, 3;n = 1, 2, ..., where the numbers ρi,n hold the following
asymptotically formulas: 

ρ1,n = 3πn+O
(

1
n2

)
,

ρ2,n = 3πn+ α1
n +O

(
1
n2

)
,

ρ3,n = 3πn− 3π
2 + α2

n +O
(

1
n2

)
,

(7)

here indicated α1 = 3+2mq1+2mq2
3πm , α2 = −1+mq2

3πm ,q1 = q1

(
1
3

)
, q2 = q2

(
1
3

)
.
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Theorem 6. The eigenfunctions yi,n (x) of the problem (1),(2) corresponding to the eigen-
values λin = (ρ1,n)2, i = 1, 3;n ∈ N, hold the following asymptotically formulas

y1n (x) =


sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

γ1 sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(8)

y2,n (x) =


sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

γ2 sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(9)

y3,n (x) =


O
(

1
n

)
, x ∈

[
0, 1

3

]
,

γ3,n cos 3π
(
n− 1

2

)
x+O

(
1
n

)
, x ∈

[
1
3 , 1
]
,

(10)

here indicated γ1 = (1 +mq1) , γ2 = mq1−mq2
3 , γ3 = m.

3. Main results

Now consider a problem on basicity of eigenfunctions of the problem (1),(2) in spaces
Lp(0, 1)⊕ C and Lp(0, 1).

Theorem 7. The root vector system {ŷin}∞i=1,3;n∈N of the operator L, which linearized
the problem (1), (2) forms basis in space Lp (0, 1)⊕C, 1 < p <∞, and for p = 2 it forms
a Riesz basis.

Proof. Since the operator L has compact resolvent, the system {ŷ0}∪{ŷi,n}∞i=1,3;n∈N of
eigenfunctions and associated functions is minimal in Lp (0, 1)⊕C. The conjugate system
{ẑ0} ∪ {ẑin}∞i=1,3;n∈N is the eigenvectors and associated vectors of the conjugating operator

L∗ and is in the ẑin =
(
zin (x) ;mzin

(
1
3

))
form, where zin (x) , i = 1, 3;n ∈ N are the

eigenvectors and associated vectors of the conjugate problem and anologically we obtain
the asymptotically formulas:

z1n (x) = c1n ·


sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

γ̄1 sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(11)

z2,n (x) = c2n ·


sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

γ̄2 sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(12)

z3,n (x) = c3n


O
(

1
n

)
, x ∈

[
0, 1

3

]
,

γ̄3 cos 3π
(
n− 1

2

)
x+O

(
1
n

)
, x ∈

[
1
3 , 1
]
,

(13)
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Here indicated γ1 = (1 +mq1) , γ2 = mq1−mq2
3 , γ3 = m, and c1n, c2n, c3n are the normalized

multipliers. We can easily calculate that, the c1n, c2n, c3n normalized multipliers hold

c1n =
6

1 + 2|γ1|2
+O

(
1

n

)
, c2n =

6

1 + 2|γ2|2
+O

(
1

n

)
, c3n =

3

|m|2
+O

(
1

n

)
If we consider these at formulas (11)-(13), we will obtain for zin (x) the following formulas:

z1n (x) =


6

1+2|γ1|2
sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

6γ̄1
1+2|γ1|2

sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(14)

z2,n (x) =


6

1+2|γ2|2
sin 3πnx+O

(
1
n

)
, x ∈

[
0, 1

3

]
,

6γ̄2
1+2|γ2|2

sin 3πnx+O
(

1
n

)
, x ∈

[
1
3 , 1
]
,

(15)

z3,n (x) =


O
(

1
n

)
, x ∈

[
0, 1

3

]
,

3
γ3

cos 3π
(
n− 1

2

)
x+O

(
1
n

)
, x ∈

[
1
3 , 1
]
,

(16)

Let us introduce the following functional system for the separating the head part of the
asymptotically formulas:

u1,n (x) =


sin3 πnx, x ∈

[
0, 1

3

]
,

γ1sin3πnx, x ∈
[

1
3 , 1
]
,

u2,n (x) =


sin3 πnx, x ∈

[
0, 1

3

]
,

γ2sin3 πnxx ∈
[

1
3 , 1
]
,

u3,n (x) =


0, x ∈

[
0, 1

3

]
,

γ3cos3 π
(
n− 1

2

)
x, x ∈

[
1
3 , 1
]
.

(17)

Then from the formulas (8)-(10) implies that, the following relations are true:
y1,n (x) = u1,n (x) +O

(
1
n

)
,

y2,n (x) = u2,n (x) +O
(

1
n

)
,

y3,n (x) = u3,n (x) +O
(

1
n

)
,

(18)

One can easily seen that the system (17) implies from the following system by the conver-
sion

ui,n =

3∑
j=1

aijej,n
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

e1,n (x) =

{
sin3 πnx, x ∈

[
0, 1

3

]
,

0, x ∈
[

1
3 , 1
]
,

e2,n (x) =

{
0, x ∈

[
0, 1

3

]
,

sin3 πnx, x ∈
[

1
3 , 1
]
,

e3,n (x) =

{
0, x ∈

[
0, 1

3

]
,

cos3 π
(
n− 1

2

)
x, x ∈

[
1
3 , 1
]
,

(19)

where the numbers aij are the elements of the following matrix

A =

 1 γ1 0
1 γ2 0
0 0 γ3

 (20)

Note that, since γ3 = m 6= 0, for γ1 6= γ2, i.e. 2mq1 +mq2 + 3 6= 0 the determinant will be

detA = γ2γ3 − γ1γ3 6= 0

On the other hand the system {ei,n}i=1,3;n∈N forms a basis for Lp (0, 1) , 1 < p < ∞.

Really, according to the decomposition Lp (0, 1) = Lp
(
0, 1

3

)
⊕ Lp

(
1
3 , 1
)

and since the
systems {e1,n}n∈N , {ei,n}i=1,2;n∈N form basis in Lp

(
0, 1

3

)
, Lp

(
1
3 , 1
)
, their combination

will form a basis in Lp (0, 1). If we take it into consideration and apply Theorem 3, then
we obtain that the system {ui,n}i=1,3;n∈N forms basis in Lp (0, 1). Consider the system in
{û0} ∪ {ûi,n}i=1,3;n∈N in Lp (0, 1)⊕ C, where

û0 = (0; 1) , ûi,n = (ui,n; 0) , i = 1, 3;n ∈ N. (21)

It is clear that, the system {û0}∪{ûi,n}i=1,3;n∈N forms basis in Lp (0, 1)⊕C. Let us show
that it also forms a q-basis, where q = p/(p − 1). One can easily check that the system

{ϑ̂0} ∪
{
ϑ̂i,n

}
i=1,3;n∈N

, which biorthogonal to it is in the following form:

ϑ̂0 = (0; 1) , ϑ̂i,n = (ϑi,n; 0) , i = 1, 3;n ∈ N, (22)

where

ϑ1n (x) =


6

1+2|γ1|2
sin 3πnx, x ∈

[
0, 1

3

]
,

6γ̄1
1+2|γ1|2

sin 3πnx, x ∈
[

1
3 , 1
]
,

(23)

ϑ2,n (x) =


6

1+2|γ2|2
sin 3πnx, x ∈

[
0, 1

3

]
,

6γ̄2
1+2|γ2|2

sin 3πnx, x ∈
[

1
3 , 1
]
,

(24)

ϑ3,n (x) =


0, x ∈

[
0, 1

3

]
,

3
γ3

cos 3π
(
n− 1

2

)
x, x ∈

[
1
3 , 1
]
,
. (25)
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Let 1 < p ≤ 2. Then according to inequality Hausdorf-Young for trigonometric system
(see [27], p.153) for each f ∈ Lp (0, 1) the inequality(

3∑
i=1

∞∑
n=1

|< f, ei,n >|q
) 1

q

≤M‖f‖Lp

is fulfilled, where M > 0 is a fixed number which does not depend on f. Taking into
consideration that, the system {ϑi,n}i=1,3;n∈N implies from the system {ei,n}i=1,3;n∈N by
conversion

ui,n =

3∑
j=1

bijej,n

where bij are the elements of matrix the (A−1)∗. We obtain from here that for an arbitrary

f̂ ∈ Lp (0, 1)⊕ C the following inequality holds:(
3∑
i=1

∞∑
n=1

∣∣∣〈f̂ , ϑ̂i,n〉∣∣∣q)
1
q

≤ M
∥∥∥f̂∥∥∥

Lp⊕C

and implies the system {ûi,n}i=1,3;n∈N is a q-basis in Lp (0, 1)⊕ C . Let’s point

ŷi,n =

(
yi,n (x) ;myi,n

(
1

3

))
, i = 1, 3;n ∈ N,

According the formulas (8)-(10) since yi,n
(

1
3

)
= O

(
1
n

)
, from (18) implies that the systems

{ŷi,n}i=1,3;n∈N and {ûi,n}i=1,3;n∈N are p-close,

3∑
i=1

∞∑
n=1

‖ŷi,n − ûi,n‖p <∞.

Thus, all the conditions of Theorem 1 are fulfilled and according t is theorem the system
{ŷ0}∪{ŷi,n}∞i=1,3;n∈N also forms an isomorphic basis to the system {û0}∪{ûi,n}i=1,3;n∈N
in Lp (0, 1)⊕ C.

Now suppose that p > 2, then 1 < q < 2. Taking into account that in this case the
following inclusion is fulfilled:

Lp (0, 1) ⊂ Lq (0, 1) ,

Then for f̂ ∈ Lp (0, 1)⊕ C we obtain:(
3∑
i=1

∞∑
n=1

∣∣∣〈f̂ , ϑ̂i,n〉∣∣∣p)
1
p

≤ M
∥∥∥f̂∥∥∥

Lq⊕C
≤M

∥∥∥f̂∥∥∥
Lp⊕C

,

This implies that the system {ûi,n}i=1,3;n∈N forms a p-basis in Lp (0, 1)⊕C. Besides, the
systems {ŷi,n}i=1,3;n∈N and {ûi,n}i=1,3;n∈N are q-close in Lp (0, 1) ⊕C:

3∑
i=1

∞∑
n=1

‖ŷi,n − ûi,n‖qLp⊕C <∞.
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According the system {ŷ0}∪{ŷi,n}∞i=1,3;n∈N is minimal in Lp (0, 1)⊕C and again applying
the Theorem 1, we obtain that it is an isomorphic basis to {û0} ∪ {ûi,n}i=1,3;n∈N in
Lp (0, 1)⊕ C .

In the case p = 2 according the Theorem 4 the system {û0} ∪ {ûi,n}i=1,3;n∈N forms

a Riesz basis in L2 (0, 1) ⊕ C. Besides the systems {ŷ0} ∪ {ŷi,n}∞i=1,3;n∈N and {û0} ∪
{ûi,n}i=1,3;n∈N are square-close,

3∑
i=1

∞∑
n=1

‖ŷi,n − ûi,n‖2 <∞

and according Theorem 1 the system {ŷ0}∪{ŷi,n}∞i=1,3;n∈N forms a Riesz basis in L2 (0, 1)⊕
C and this completes the proof of the theorem. The theorem is proved. J

Now consider the basicity {y0} ∪ {yi,n}∞i=1,3; n∈N of the system of eigenfunctions and
associated functions of the problem (1),(2) in Lp (0, 1) . Applying the Theorem 2 and 6,
we obtain the honesty of the following theorem.

Theorem 8. In order the system {y0} ∪ {yi,n}∞i=1,3; n∈N of eigenfunctions and associated
functions of the problem (1),(2) forms a basis in Lp (0, 1) , 1 < p < ∞, and for p = 2
forms a Riesz basis, after eliminate any function yi,n0 (x) it is necessary and sufficient
that the corresponding function zi,n0 (x) of the biorthogonal system satisfy the condition
zi,n0

(
1
3

)
6= 0. If zi,n0

(
1
3

)
= 0, then after the eliminating function y1,n0

(x) from the
system, obtaining system does not form basis in Lp (0, 1), moreover in this case it is not
complete and not minimal in this space.

In Theorems 6 and 7 the parameter m which included in the problem (1), (2), generally
speaking is a complex number. But in some particular cases it is possible to refine the
root subspaces of the operator L. So, if m > 0 and q (x) is a real function, then the
operator L , linearized of the problem (1),(2), is a self-adjoint operator in L2 ⊕C, and in
this case all the eigenvalues are simple and for each eigenvalue there corresponds only one
eigenvector . If m < 0 and q (x)- is a real function, then the operator L is a J-self-adjoint
operator in L2 ⊕ C, and in this case applying the results of [28,29], we obtain that all
eigenvalues are real and simple, with the exception of, may be either one pair of complex
conjugate simple eigenvalues or one non-simple real value. In the case of a complex value
m the operator L has an infinite number of complex eigenvalues that are asymptotically
simple and, consequently, the operator L can have a finite number of associated vectors.
If there are associated vectors, they are determined up to a linear combination with the
corresponding eigenvector. Therefore depending on the choice of the coefficients of the
linear combination there are associated vectors satisfying the condition z2,n

(
1
3

)
6= 0, and

there are also associated vectors not satisfying this condition.
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