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is the generalization of classical Sobolev- Slobodetsku and Nikolskii-Besov spaces. We established
sufficient conditions under which the embedding theorems for these spaces are proved. We reduce
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1. Introduction

The theory of embedding of spaces of differentiable functions of several variables de-
veloped as a new direction of mathematics in the 30s of the 20th century as a result of the
works of S.L.. Sobolev, which is presented in detail in monograph [5]. This theory studies
important connections and relations of differential properties of functions in various met-
rics. In addition to its independent interest from the point of view of function theory, it
also has numerous and effective applications in the theory of partial differential equations.
Such applications were given by S.L. Sobolev in [5] (see, also [3]). S.L. Sobolev studied

O]

isotropic spaces Wy (G) of functions f defined on a domain G C R™ with the norm

Hf” (l)(G Z HDafHLp(G) )

|al<I

where [ is a non-negative integer and p > 1. S.L. Sobolev proved embedding theorems for
function space ngl) (G) in domains of n-dimensional Euclidean spaces. Namely, theorems
on the summability in power ¢ of derivatives D? f with respect to a domain G or manifolds

of lower dimension belonging to G .
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In subsequent years, the theory of embedding developed intensively in various direc-
tions and received new interesting and important applications. Among these works, one
can note the works of S.M. Nikolskii, O.V. Besov, V.P. Ilin, N. Aronszajn, V.M. Babich,
L.N. Slobodetskii, A.S. Jafarov, G. Freud, D. Kralik, V.I. Burenkov, A.J. Jabrailov and
others. For more details we refer the readers to [1] and [4].

S.L. Sobolev established embedding theorems using integral representations of func-
tions in terms of their weak derivatives. This method of integral representations was
developed in the works of V.P. Ilin and, in particular, was carried over to cases of repre-
sentation through differences. One of the significant advantages of the method of integral
representations is that the representation of a function at a given point is constructed
from the values of this function at the points of a bounded cone with vertex at this point.
This creates an opportunity to study function spaces of functions defined on an open set
of a sufficiently general form.

The remainder of the paper is structured as follows. Section 2 contains some prelimi-
naries along with the standard ingredients used in the proofs. In Section 3 we reduce the
class of domains satisfying special horn conditions. Our principal assertions, concerning
the embedding of Holder spaces with generalized smoothness to Lebesgue spaces are for-
mulated and proved in Section 4. We establish sufficient conditions on a domain G C R"
for the validity of embedding theorem.

2. Preliminaries

Let R™ be the n— dimensional Euclidean space of points = (x1, ..., z,,), and let G be
a Lebesgue measurable set of R". Suppose f : G — R" is a Lebesgue measurable function
and let 1 < p < oo. Throughout this paper we will assume that all sets and functions are
Lebesgue measurable.

Definition 1. The Lebesgue space Ly, (G) is the class of all measurable functions f defined
on G such that

15,00 = 0= ( rf<x>\pdx)%. 1)

In the case p = oo, the space Lo (G) will be defined as all measurable functions such that
[flloo,c = vraisup | f(z)]. (2)
zeG

Let

m = (mi,..,my) (3)
N = (Ny,..,N,)
be the vectors with integer non-negative components.

The mixed derivative of order |m| = my + ...m,, is defined by

Hlml

D™ f () = D™ ...D™ f (21, 20) = gomrg
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We denote by
AN () f () = AN (8) AN (t) f (1,0 ) (5)

the |N| = N1 + ...Ny-order finite mixed difference of a function f = f (x), corresponding
to mixed step of a vector t = (¢1,..t,). Here

AR () fompe) = At () {A™M 7 (t8) f (pen) }
Ako (tk)f(,xk,) :f(,mk,) (6)
Akl (tk) f (, Tk, ) =f (, T + tg, ) —f (, Tk, )

Therefore
Aka (tk)f(,.%'k,) (7)

Is the finite difference of a function f = f (z) of order Ny in the direction of variable x
with step tx.We observe that in the domain G C E,, the expression
AN(t,G) f (x) = AN (1) f (2) AV (1,G) f (z) = AN (¢) f (@), (8)

is the mixed difference of a function f = f (z). In this case we suppose that the mixed
difference is constructed from the vertices of a polyhedron that lies entirely in the domain
G C E,. Otherwise, we assume that

AN (t,G) f (x) = 0. 9)

Let o = ¢ (t) = (¢1 (t1) , ..., on (tx)) be a vector-function such that
w; =;(tj) >0,if t; #0 and ¢; (t;) } 0 for t = 0 and for all j =1,2,..,n.

Let 1 <6 < oo and let % =11 jeE Ciﬁ We consider the following semi-norm
no by

1

0 0
AN (L. G) D" f dt
p.o o jeB. P\t ||, &
For 6 = oo, we suppose that
DY (4.6)
£l s gy = vr@i sUp || sm—P— (11)
Ao (@0 iepy || er, 95 )],

Here E,, = supp N is a support of a vector N = (Ny,...N,,) . In other words E,, is a set of
nonzero indices of the coordinates of vector N. Thus, E,, C {1,2,..n} = e,.

1 _ (1t tn i 0 _
Let us 7 = ( N Nﬂ) and we use the convention § = 0.

Therefore E\EN| = {t € En;t; =0 (j € en/En>} :

Let

mk = (mk,..m¥)

N = (N ) } (k=0,1,..,n) (12)

be the vectors with integer non-negative components. Thus,

my >0 —
kg }forall (]zl,n) and k = 0,n.

Nj
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Suppose that any vector-function from collection of (n + 1) vector function ¥* = ¥ (t) =
(€5 (t1, ..., % (tn))) satisfy following conditions:

;=¥ (tj) >0 for t; # 0

©;(tj 4 0) fort—0.

Definition 2. Let 1 <P <0 < o0, and k=0,...,n. The space
k Nk
ﬂ Apk gk ) ‘Pk) (13)

is defined as the closure of sufficiently smooth functions f = f (x) with compact support
on R™ by the norm

77 Zufn ity <00 (14)

k Pkek Apyoy, (G ¥)

Remark 1. We observe that the space given by (13) in the case 1 < P < @ < oo (
k =0,n )is a generalization of the classical Sobolev-Slobodetskii space W, (G) . Also, in

k: Nk
the case 1 < Py, < 0 < 0o and suppm® C suppN;, = Eyr the space ﬂ A< ) (G, oK)

Pk, 0k

is a generalization of Nikolskii-Besov space By ,(G) (see, [2]).

3. The class of domains G C F,,

Let
a(v) = (a1 (v),....an (V) a(v) = (ag (vV),...,an (V)) (15)

be a differentiable vector-function in [0; k] such that

aj =a;(v) >0, v e (0;h]
e (v) =0 (16)
dva]( v) >0, v € (0;h]

for all j =1,n.

Let 6 = (61, ..., 0,) be a vector such that 0; = +1. We put

Rs(a(h) = U {yEEn;cj < uh <A*} (j =T,n) for all v € (0;1] . (2?)
o<v<h

The set X + Rs (a(h)) is called < a (h) >-horn with vertices in z € R™.

Note that at each point z € R™, you can give2"-number of "a (h) ”-horns with vertex
inz e R"

If a vector § = (d1,...,0,) be fixed, then at each point x € R™ there is only single
< a (h) >-horn (for the same vector function (15) - (16) the vertex at this point x € R").

A subdomain © C G is considered to be a subdomain satisfying the a (h)-horn condi-
tion, if there is a vector § = (41, ..., 0, ) with ; = 1 for which X + Rs (a (h)) C G for all
z e ).
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Definition 3. A subdomain G C E,, is called a domain satisfying "a (h)- horn” condition,
if there exists a finite collection of subdomains

1,02, ..., U C G,

M
with a (h)-horn condition such that |J Q = G.
k=1

By C (a (h)) we denote the class of domains G C E,, satisfying the a (h)-horn condition.

Definition 4. Let k = 1, M and let Qi = {y € Qr; p (y; G\Qk) > €} is a set of points

y € Qk spaced from G\Qy at a distance greater than e > 0. A set G € C (a(h)) is called
M

a domain satisfying strong a (h)-horn condition, if in addition to condition |J Qi = C,
k=1

there is also a covering

M
U Qke 2 G for some e > 0.
k=1

By C: (a (h)) we denote the class of domains G C R" satisfying strong ”a (h) -horn”.
We observe that the notions of a domain G C R™ satisfying the a (h)-horn condition
and strong a (h)-horn conditions are introduced in [3] by O.V. Besov, respectively.

4. Main results

In this section of our paper we state and prove our principal assertions.
<mk ;Nk

Pk, 0%

Theorem 1. Let 1 <Py <6 < oo and let f € [ A ) (G,¢*) (k=0,n). Suppose
k=0

mb = (mk, .., mk)

N* = (Nf, s Niy)
that {k} C supp (m"* + N*) (k=1,m).

Let % (t) = (€5 (t1),....9% (tn)) be a vector-function satisfying condition ¥; (t) =
©; (t;) > 0 for t; # 0, and ¢; (¢;) | 0 for ¢ — 0. Suppose that a domain G C E,, is satisfy
"a (h) -horn” condition, i.e. G € C (a(h)) and a vector-function a (v) = (a1 (v), ..., an (v))
satisfy condition (16) for all v € [0,n)

Let v = (v, ..., v,) be a vector with integer-nonnegative components satisfy matching

mk = (m},...,mk)

N = (V. N
1

that } 1s the vectors with integer non-negative components such

condition with respect to the vectors } m? > 0, Nf > 0, as the

form:
yj>m2—|—N]0 (j=1,0)
viZmp £ Ny (G#AR) 0 (k=1n)
vy <my+NF (j=k)
Here Hy (h) < const < oo, 1<p, <g<oo (k‘ = 1,n) and
h 2 mE_v_1_1 day, (v)
Hi= [ [J(aj)™ 7m0 T[] #¥(a; ) (17)
0 - . ax (v)
j=1 JEE



forallk € e, ={1,2,...,n}.
Then
DUf € Ly (G), (18)

and the integral inequality holds

1D F Ly <CZHk AN et (19)

Pk 01 (G ka) 7

where C' > 0 is a constant independent of function f = f (z) and h > 0. Also Hy (h)
is defined by (17) for k = 1,n, and for k =0

IO | R TOT0
j=1

JEEN,
We observe that Ey, = suppN k (k: = O,—n)

Other formulation of Theorem 3.1 we can give as following form.

Remark 2. Under the conditions of Theorem 3.1 the following embedding holds:
k Nk
ﬂ AN (6ig) Ly (@) (20)

k Nk:
In particular, for v =0 we have ﬂZ:o Aé:bgl; )

(G; gok) C Ly (G) .

Thus, the inclusion (20) is characterized the differential properties of functions from
m”~,N
Nk= OA;<)k 0 K (G5 ‘Pk) :
Proof Theorem 3.1 is proved by the method of integral representations of functions
f = f (x), developed by S.L. Sobolev in [1]. The method of the proof of Theorem 3.1 is

the integral identities given by the equality

Z
dz’ X/ {ANO (N(]) D™ f(x—l—y)}Mg,ody—l—

+ Z (_1)|V+mk|ck /h Ay (v) day, (v) %

el 0 a (v)

x /E dzF /n {AN’“ (Nk D™ f (z + y)) } M dy. (21)

‘N’“‘

D f = (—1) ey Ag (k) [E
|EN0‘

Here C}, are the constants independent on f = f (z) and h > 0, where
n
(’”fmk( => (v+mp) .
=0
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A ) =T @ )™ ™ I (@)™ (k=0n).
j=1

jeENk

In (21), the kernels Ms o and Msy,

My = Mso (i =)

Zk
s = s (G752 ) = )

are sufficiently smooth functions with compact support on R™, respectively. Here
Y _ Y1 Un
a(v) a; (v) Ta, ()]’
k

z :< 2k 1 Zkn > k= (1,n)

a(v)  \ai(v)" " an(v)

while the supports of these kernels satisfy condition:

0<y;—6;<1 (j=1n)
.k J J ) .
suppM(;,k (y,z > C{ (y;zk) EEnXE|Ek| :O<Zk,j(5j <1 ’(‘7 eENk)'

Also, a vector 6 = (1, ..., 9y), with ¢; = +1 (j = L—n) be fixed.
We observe that in (22)

/E (...)dzk:/El /E () T e
Eyvk

|EN’€‘ %/—/jEEN’“

where by |En, | the number of elements of the set Ey, = suppN*.
Moreover, the construction of auxiliary functions given by equality

f,/75i (1‘) = (—1)’m0+l/‘ Co4p (h) /|EN0| d=0x

x/ {ANO <sz_%Qz +R5i> Dmof(ery)}Maioder

n

+3 (—plmtd Ck/OhAk (v) 22 (V) /dzkx

ag (v)
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and proof of inequality

q1 E, (23)

M M M n
IMVNWgSCE:WUTMn#miSCE:WhmMJkSCEZEZH%y
i=1 i=1

1=1 k=0

shows that estimates of integral expressions ||D”f||, o reduce to estimates of integral
operators Jy 5i (k: = O,—n) in Lebesgue space Lq(G).
Then, using the Holder inequality and Young inequality for convolution, we have (see, [2])

M n
10" Flly < €SS st (D], < ZQk (annApTz’Nk (9 + Royy ) <

i=1 k=0

<02Qk VI ()

Apgg ¥ (Gron)

Here

mﬁfwf day (v)
/H (0 @)™ ) 3 TT e o))

jeENk:

This complete the proof of Theorem 3.1.
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