Caspian Journal of Applied Mathematics, Ecology and Economics
V. 9, No 2, 2021, December
ISSN  1560-4055

Basicity of Linear Phase Exponential System in Grand-
Sobolev Spaces

Seadet A.Nurieva

Abstract. We define a separable M Wp)l(a, b) subspace in grand-Sobolev spaces. Then we show
that this subspace is isomorphic to the direct sum of some subspace of grand-Lebesgue space and
complex plane and so the system 1 U {ei(”‘m‘”g"”)t}mz forms a basis for the space MW, Y(—m,7),
where a € C' is a complex parameter.
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Lately in mathematics, there has been an upsurge of interest in non-standard spaces
(see [17, 18, 19, 20, 21, 22]). The study of differential equations in non-standard Sobolev
spaces requires the knowledge of basicity properties of trigonometric systems in corre-
sponding non-standard function spaces. Basicity properties of some trigonometric systems
in such spaces have been treated in [23, 24, 25, 26, 27, 28, 29].

{ ei(n+o¢signn)t} (1)

. (2)

The study of basicity properties of the systems (1) and (2) in Lebesgue function space
probably dates back to Paley-Wiener [6] and N. Levinson [7]. Riesz basicity of (1)-type sys-
tems was studied in Ly by M.I.Kadets [8], and in L, by A.M.Sedletski [9] and E.I.Moiseyev
[10, 11]. This field was further developed by B.T. Bilalov [12, 13, 14, 15].

Grand-Lebesgue spaces LP) have been introduced in [17] in the study of Jacobian in
an open set. These are the functional Banach spaces, and they have wide applications in
the theory of partial differential equations, theory of interpolation, etc. The study of some
problems of harmonic analysis in these spaces is of special interest.

As these spaces are not separable, basis and approximation-related problems remained
unsolved in them. In [25], some M P) subspace was constructed, interesting from the point
of view of the theory of differential equations. In [26, 27], basicity properties of the systems
(1) and (2) have been studied in this subspace.
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Grand-Sobolev spaces have been studied in many works, including [17]. In this work,
we explore the basicity of one exponential system for a subspace M Wp)l (—m,m) of grand-
Sobolev space.

So, let 1 < p < co. A space LP) (a,b) of measurable functions satisfying the condition

b =
Iy = s (55 [1orae) <oo Q

O<e<p—1

in the interval (a,b)CR is called a grand-Lebesgue space.

Denote by MP)(a, b) the set of all functions satisfying the condition Hf (-+9)— f((?) H | —
P

0as d — 0 and belonging to L) (a,b), where
¢ _ f(t),tE(a,b),
t0={ 0%

It is clear that the set MP)(a,b) is a manifold in LP) (a,b). Denote by MP)(a,b) the
closure of MP)(a,b) with respect to the norm (3).

Denote by Wp)l (a,b) the space of functions which belong to L) (a,b) together with
their derivatives equipped with the norm

1wy = £ 1y + 11 Nlp)- (4)

We will call this space a grand-Sobolev space:

Wy (a,b) = {f \ £, 1€ IP(a,b), [1f Iy + 11F 1y < OO} '

It is easy to prove that this is a Banach space. As is known, L?) (a,b) is not separable.

Therefore, Wp)l (a,b) is also not a separable space. Denote by M Wp)l(a, b) the set of all
functions which satisfy the condition Hf/ (-+6)—f (5)H : — 0 as 6 — 0 and belong to
P

Wp)l (a,b), where

£ - f(t),tE(a,b),
f(t)—{ 0. 1¢ (ab).

It is clear that the set ]\Zpr)l(a, b) is a manifold in Wp)l (a,b). Denote by MWP)I(a, b)

the closure of MWP)I(CL, b) with respect to the norm (4).
The following lemma is true.

Lemma 1. The operator A(f,\) = A+ flff (1) dr creates an isomorphism between the
spaces MP)(a,b) ® C and MWp)l(a, b), where C is a complex plane, 1 < p < oo.

Proof. Let f € MP)(a,b). Then



Basicity of Linear Phase Exponential System in Grand-Sobolev Spaces )

HA+LU«ﬂm HA+LUwﬂm

= + 11 Flly < 1AM+
W) p)

/:f(r)dr

OMM&W%ﬁMW,ﬂﬂﬂﬂbS&Mbﬁ&Wwﬂﬁ&Mmmwm
P c L' | P C P C IP~¢ (K, Ky, K3, K, are constants). Thus, HA(f,)\)HWp) <
K([Al+ [ fll)), i-e. A is a bounded operator. For v = A + fjf (1) dr we have v' = f (t).
Then v € MWp)l(a, b).

Let’s show that kerA = {0}. Assume A (u, \) =0, i.e. A+ f;f (1)dr = 0. Differ-
entiating both sides, we get f(t) = 0 a.e. Consequently, A = 0. Let 0 = (U,,U (a)) for

Yo € MWp)l(a, b). Then o € MP) (a,b)®C and A (¢) = v. This means R4 = MWp)l(a, b),
where R4 is a range of the operator A. By Banach inverse operator theorem, the inverse
of the operator A exists and is continuous. The lemma is proved.

:

+ 1 £1l,)-
D)

We will significantly use the following theorem.

Theorem 1. (/26]) Let —2Rea + % ¢ Z,1 <p<oo. Then the system (1) forms a basis
for the space MP)(—m,m),1 < p < oo, if and only if d = [—2Rea + %] = 0 ([a] denotes
the integer part of o). The defect of the system (1) is d = [72Reo¢ + ﬂ When d < 0,
the system (1) is not complete, but minimal in MP)(—m, 7). When d > 0, the system (1)
is complete , but not minimal in MP)(—m, ).

So the following theorem is true.

Theorem 2. Let —2Rea + ]% ¢ Z,1<p<oo. Then the system

1 {etrosmr} 6

forms a basis for the space Z\ﬂ/Vp)1 (—=m,7), 1 <p < oo, if and only if [—2Rea + ﬂ =0.

Proof. Let [—QReoz—{— ﬂ = 0. Let’s first prove that the system 4_, = ((1)), uy =

<iaeiat> g (i(n—‘rozsignn)ei(”"'a”g””)t
R =

e—ima Uy, e—im(ntasignn)

) ,n = +1,42, ..., forms a basis for the space

MP) (—z,w) @ C. To do so, it suffices to show that Vi, = (%) € MP) (=7, 7) @ C the
expansion
U= c 1y +colg + Y oty (6)
n#0

exists and is unique. This expansion is equivalent to two following expansions:
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u (t) = coice’™ + Z Cfi(nJrasignn)ei(”“‘“gnn)t’ 7
n#0
A=—mc_1+ Coe*iﬂ'a + Z Cfe*iﬂ'(n+ocsignn). (8)
n#0

By Theorem 1 ([26]), the expansion (7) exists and is unique. As Ve € (0,p—1), LP) c LP~¢
and [—ZRea + 1%] = 0, by [16], Hausdorff-Young inequality is true for the system (1) in
grand-Lebesgue space LP), too. That is, if 1 < p < 2, then

1/q
eol” + 3 lenl” | < Mljul,_. < Mull,
n#0
where p — € and ¢ are mutually conjugate numbers: p%s + % =1
Using Holder’s inequality, we obtain
1 1
q
q
’CO|+Z‘CH_|CO|+Z ||C n| <leo| + Z’ B E}Cfn‘ < 00
n#0 n;éO n#0 n#0

When 2 < p, we can find € > 0 such that 2 < p — ¢. Therefore,

LP) c IP~¢ C [

Similarly we have

[N

1 2
lcol > fen] =leol +> ||cn\_rcoy+ ZW S letn] | <o

n#0 n;éO n#0 n#0
So, the series >, |ct| is convergent. Therefore, the expansion (8) also exists and is
unique. This implies the existence and uniqueness of the expansion (6), i.e. the system
AUt U{at} ,n==£1,£2,...

forms a basis for the space MP) (—m,m) @ C. As the operator A is an isomorphism, the
system
{Ad_ 1} U {Adg} U{AaT} n=+1,£2,...

must form a basis for the space M Wp)l (—m,m) . Simple calculations show that
At =1, Ady= ™,

Aut = eilntosignn)t  — 49 49
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That is, the system 1 U {e"("“‘“g”")t}mz forms a basis for the space MI/Vp)1 (=m,m).
Now let [—2Reo¢+ ﬂ > 0. For certainty, we assume [—2Rea+ ﬂ =1,ie. 1<
—2Rea + 5 < 2.

Let’s rewrite the system (5) as 1U {e™elot; e~ikteiat]
—it/2

n>ok>1  and multiply every

term of it by e . After making some transformations, we obtain:

e—zt/2 U {ezntez(oc—Q)t;e zkte i(at35)t

}n20$21

i

. . . . 1 . . 1
= 6—1t/2 U {eltel(n_l)tel(a_i)t' e—zkte—z(a+§)t}
n>0,k>1
=¢ it/2 U {ezntez(a—&—Q)t;e zkte z(a+2)t} .
n>—1,k>1

Denoting o = o + %, we can rewrite the last system as

) o . 7
e—zt/Q U {ezntewc t; e—zkte—za t} ) (9)
n>—1k>1

As —2Rea’ + % = —2Rea + % — 1, we have 0 < —2Rea’ + % < 1. In this case, due to the
fact we have proved above, the system

1 U {einteialt. e—ikte—ia/t} (10)
’ n>0,k>1
forms a basis for M Wp)l (—m,m). It is clear that if we remove {1} from (10) and add the
functions e~*/2 and €@ ~D!  we obtain the system (9). It is known from the theory of
bases that in this case the system (8) cannot be a basis.
Note that the basicity properties of the systems (9) and (5) are absolutely identical.
Because it is easy to verify that the operator of multiplying by e~%/2 is an automorphism

in MW ! (=7, 7). So, in case [—QRea + ﬂ = 1 the system (5) does not form a basis for
MI/Vp)1 (—m,m). The case of [—ZRea + %] > 1 can be treated similarly.

Let [—2Rea + ﬂ < 0. For certainty, assume [—2Rea + ﬂ =—1,ie—-1 < —2Rea +
1

Let’s rewrite the system (5) as 1U {e™eiot; e~ikteiat]
it/2

nsok>1  and multiply every

term of it by €**/¢ . Once again, after making some transformations, we obtain:

. . . 1 . 1
ezt/Q U {ezntez(a+§)t; e zkte i(a 2)t} —
n>0,k>1

— ezt/2 U {6—ztez(n+1)tez(a+2)t;e zkte i(la—73

)t}
n>0,k>1

= ezt/Z U {ezntez(oc 2)t;e zkte (o 2)t} ]
n>1,k>1
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. 1 .
Denoting & = o — % , we can rewrite the last system as

eit/2 U {einteia”t. e—ikte—iaut} ) (11)
’ n>1,k>1
As —2Rea” + % = —2Rea + ]l) + 1, we have 0 < —2Rea” + 1% < 1. In this case, due to the
fact we have proved above, the system

. . . L
1U {eznteza t;e—zkte—za t (12)

}n207k21

forms a basis for M Wp)l (—m, 7). It is clear that if we remove {1} and ¢t from (12) and

add the function /2 we obtain the system (11). It is known from the theory of bases

that in this case the system (11) cannot be a basis.
Note that the basicity properties of the systems (11) and (5) are absolutely identical.
Because it is easy to verify that the operator of multiplying by e*/2 is an automorphism

in ]\ﬂ/[/p)1 (—m,m). So, in case [—2Rea + ﬂ = —1 the system (5) does not form a basis
for MI/VP)1 (—m, ). The case of [—ZRea + H < —1 can be treated similarly. Thus, if the

condition [—2Reo¢ + ﬂ = 0 is not satisfied, then the system (5) cannot form a basis.

The theorem is proved.
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