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Abstract. In this paper we investigate the mixed problem for some class of quasi linear hyperbolic
equations with nonlinear dissipation and with anisotropic elliptic part. The theorems of local
solution and global solution are proved.
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1. Introduction

The solution of a series of technical problems is brought to non-stationary equations
with derivatives of a different order by space variables [1, 2]. For these equations, the
problem with initial conditions in time reduces to abstract hyperbolic equations in some
function spaces. Those terms of these equations in which only derivatives with respect to
space variables participate are called the anisotropic elliptic part.

In this paper, we study a mixed problem for systems of hyperbolic equations with an
anisotropic elliptic part in a certain cylinder whose base is a certain three-dimensional
cube. The existence and uniqueness of local and global solutions of this mixed problem
with Dirichlet boundary conditions are proved.

2. Statement of the problem and main results
Let us introduce the following notation: = = (1, x2,z3) € I3,
z1(a) = (a, 2, 23), x2(a) = (21,a,23), x3(a) = (z1,22,a).

Let us also introduce the notation:

(u,v) = /H u(x)v(x)dr,u,ve Ly (II3), [Ju|| = v/ {u,u).
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Let us consider the mixed problem for systems of semilinear equations

wrge + Sy ( 1)L1kD2A1’“u1 + Jure| ult = g1 (u1, u2)
U + Sy (— I)LQ’“DZAZ’WQ + gt gy = g2 (u, uz)

with boundary conditions

DZbu (t, 2, (0)) = D%y (t,2, (1) =0, Bp=0,1,.., Ay —1,i=12, k=123, (2)

fckl

and initial conditions
ui (0,2) = ¢; () ,uit (0,2) =i (z), wellgi=1,2 (3)
where Ajp € N, i =1,2, k=1,2,3, g1 and go are the following non-linear functions
g1 (u1,ug) = arfur +uglP P2 (ug 4 ug) + brfua [P Hug P2,
g2 (w1, ug) = aglur + ug [P P2 (w1 + ug) + bofu [P |ua 2 uy,
ai,as, by, bs, p1, po are real constants and

b1 > Oa b2 > 0. (4)

—-1 -
We introduce the notation: ‘Ai ‘ = 22:1 ﬁ? where A;= (A1, Ai2, Aiz). Let us denote
ﬁ

the anisotropic Sobolev space by WQA’L', ie.

A A A
Wyt =Wy (Ilz) = {v : v, Dyitu € LQ(Hg)},

1/2
2
Il [H ||L2(n3)+ZHD vHM(ng)] :

A A
Denote by W, the next subspace of W,
Nrud
Wi = {u w e W, DEvu(t, 2, (0) = DS*u(t, 24(1)) = 0, B = 0,1, ..., Agy — 1} .

Let X be some Banach space and denote by C ([0,77]; X) the set of continuous functions

acting from [0, 7] to X: [lu (t)l|lc(om,x) = Orgtz?épHu )l x -

Denote by C¥ ([0,7];X) the set of continuously differentiable functions of order k
p :
acting from [0,T] to Xz [lu ()l (jo,r1,x) = 2oizo Hu(z) (t)HC([O,T];X) :
Denote by Cy, ([0,T]; X) the set of weakly continuous functions acting from [0, 7] to
X.
Let us define the following spaces of functions

Hh=C ([O,T] WA % WQK?) A C([0,T]; La (Tl) x Lo (1)),
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Hioo = {us we Loo (0,73W5% x W) ) us€ L (0,73 La (113) x Ly (IT3)) |
HE, = {us we Cy ([0, WS x W) | w e 0y ([0,T]5 W50 x W32
ue € Cy ([0, 775 Lo (I3) x Lo (I13)) },
H%,oo = {u o u € Ly (O,T; ngl X W2A2> ,up € Lo (O,T; VAV2X1 X W2K2)
wr € Lo (O, T; Lo (Hg) X Lo (Hg))} .
It is clear from the expression of the functions g;(u1,us), that
l9i (ur, w2)| < e[ Jen PP g ] = 1,2, > 0 (5)

A strong solution of problem (1) - (3) is a pair of function s (uj (+),us (+)) € H%}OO,
such that for all (11(-),n2(-)) € Wit x W2 the following equalities hold

3
a) jt (ue (¢ )+ Z DAlkul DAlk 1 ())+
=1
(e () e (8 m () = (o (87) ua (82) () (6)
d - DAQk D m
7 (g ( )+ ; ug ( 2 (1) +

o (fuze (1) uze (1) me () = (g2 (82) sz (7)1 ()

almost all t € (0,7), (7)
3
tl—Z>TO Z — P ( )] =0,1=1,2, (8)
k=1 LQ(H3)
T AZ —_ —_—
CtliTo/HB;D o [ugy (t, ) — b (x)] DAk (2)dz =0, i=1,2 (9)

By a weak solution to problem (1) - (3) we mean the functions (u; (+),u2 (+)) € H%F’Oo
such that for all (n; (+),n2 (")) € H;lpm, ni (x,T) = 0,7 = 1,2 the following equalities hold

T 3
a) /0 [(Uzt( it (t +Z (Db, (t,-), D2ten,; ()| dt+

=1

+AT@WWN“WM )i (t) )dt =



Mixed problem for systems of semilinear hyperbolic equations 49

T
=A<mwu»mxn»mwww+wwmmm»n=Lz (10)
b) i% <uz ('7t) — @ (')7771 (t’)>W2Xz =0, =12 (11)

It is known that under the condition
nnn{ijlk‘K;W}:>2, (12)

the embedding B
Wit € C(T3), i=1,2, (see [3]) (13)

is valid. The following theorems on the existence of a local solution of the problem (1) -
(3) are true.

Theorem 1. Suppose that the conditions (4), (5) and (12) are satisfied. Then for any

initial data (¢, ¢2) € W22K1 X W22K2, (1hy,1h2) € Wi x WQKQ there exists T' > 0 such that
the problem (1) - (4) has a unique solution (u1,us) € H:Qr’ w

In addition, if Ty, = maxT” is the length of the maximum interval of the existence
of this solution, then one of the following statements is true:

2

i 3 [0+ el ] = +oss (14
1=
or

Trnax = +00. (15)

Theorem 2. Suppose that the conditions (4), (5) and (12) are satisfied. Then for any

initial data (¢, ¢2) € WZKI X W2, (1, 42) € Lo(Il3) x Lo(Tl3) there exists T' > 0 such
that the problem (1) - (3) has a unique solution (ui,u2) € H:lr’ "

In addition, if Ty,ax = maxT” is the length of the maximum interval of the existence
of this solution, then one of the relations (14) and (15) is true.

In some cases, for any T" > 0, the local solutions defined by Theorem 1 can be dis-
tributed over the entire [0, 7] x II3 region. According to Theorem 1, this is possible if the
following a priori estimate is true for local solutions

9 2

S it 2) 2 +

=1

3
Z D;}é’“ui(t, x)

k=1

<e¢,0<t<T (16)

We get this estimate if
1 1
)\:a1(p1+ ):a2(p2+ )’ (17)
b1 ba

a; < 0, bl < 07 1= 1,2. (18)

When these conditions are met, the following theorem on the global solvability of the
problem (1) - (3) is proved.



50 Gunay Yusifova

Theorem 3. Suppose that the conditions (4) , (5), (17) and (18) are satisfied, then for any
T >0, (¢,,02) € W2A1 X W2A2 and (Y1,12) € Lo (I13) X Lo (I13) the problem (1) - (3) has a
unique solution (uq (+),uz2 () € C ([O,T] WA W2A2> NC([0,7T]; Ly (M3) x Ly (113)) .

3. Proof of Theorem 1

We will prove the theorem using Galyorkin’s method. Let e; (z), j = 1,2,...-denote
the solutions of the following problem:

3
> (=1)MEDZey; () = Nijeji (x) @ € T,
k=1

DP%e (24(0)) = Direj(xi(1)) = 0,8, = 0,1,..., Ay — L,k =1,...,n, i =1,2.

Tk ]
In other words, e;; () ,z € Il3, j = 1,2, i=1,2,... are eigenfunctions of the operator
? = Y3 (1) D2Mik with the Dirichlet boundary condition (see 4, 5]).
k=1 T Yy
We approximate the functions ¢; (z) and ; (z) and the functions @, (z) and Vi, (z),
i1=1,2, m=1,2,... respectively. So that,

Gim = Zazrmew — ¢, In W;A asm — 00,1 = 1,2, (19)

Wi = wamew — ;, in I/V2 tasm — 00,7 =1,2. (20)

We are looking for approximate solutions of problem (1) - (3) as follows

m

Ui, () = Z Cirm (t) €ir (z), i=1,2,

r=1

so that the functions Cjp, (t), @ = 1,2, r = 1,...,m are the solutions of the following
Cauchy problem for the system of ordinary differential equations

(Wimny, (£, ), €5 (x)) + Z <D Ui (¢, ) Di\gkeir (z))+

+/ ‘uimt (tv $)|r171uimt (t) ﬂf) Eir (l‘) dr = <gl (ulm (tv LIT) , U2m (tu SU)) , Cir (ﬂf)> )
I3
T:l’,,,’m, ’[::1,2, (21)

According to Cauchy-Picard theorem [6], on the existence of a solution of the Cauchy
problem for a system of ordinary differential equations, problem (21) - (22) has a solution
in some half-interval [0, t,,).



Mixed problem for systems of semilinear hyperbolic equations

51

Multiplying both side of each equation (21) by the function C, (), and summing up

the resulting equalities, we obtain

3
(Wimg, (£, ), Wimne (T, 2)) + Z DA”“uzm (t,x), Dgékuimt(t,x»
k=1

+/ [twim, (t, x)\”“dx =
I3

= (gi (u1m (t, x) ,u2m (8, ), im, (t,x)) i =1,2.

It is obvious that

1d .
<uimtt (t,l’) y Uiy (t, $)> = iﬁ”ulmt (t7 ')||27 i=1,2,

3 3

1d
E DA”“ulm (t,x), D;\;kulmt(t,x» =57 E HDi\;kUzm (t,-)|
k=1

Summing equalities (23) and taking into account (24) and (25) , we obtain:

d 2
dZ[Hulmt ) +ZHD mulm 7')“2

—Z/ gi (Ui (t, ), uom (8, 2)) , Uim, (t, z)dz.
Il

Using the Holder’s and Young’s inequalities, we obtain the following:

/ 9i (Ulm (t7 :L‘) , U2m (ta l‘)) s Uimy (t, x)d:n S
I3

r;+1

1
1 Ty i+l )
< () / lgi (uim (t, ), uom (¢, )| " do+ 6/ [tim, (t, a:)]”“da:.
( H3 HS

ri+1)e
Using (5) we have

Ti+1
/ 105 (i (1) » (£, 2)) 7 da <
I3

<C [/ w1 ‘(P1+p2+ )= d:U+/ |us ’(p1+p2+ )= dx:| <
II3 I3

r;+1 (

p1t+p2+1)- p1+p2+1)-t (P1tp2+1) =%
e i 1]<OZ||uz||
=1

Tz+1

2
i+l g
23 [ i () =
=1 n

(26)

(27)
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It follows from (26) and (27) that

2

d A
g 2 [luime (6} + Z | Dz (8
i=1
p1+p2+ ) ZH
< CZ IIUZH
i=1
Hence, for

z_: [|uzmt H +ZHD muzm ’)HQI

we obtain the following inequality

1 7‘1+1
y <CZ (p14p2+1)

=1

From here we obtain the following inequality
2 < C12P,2(0) =20 =yo + 1,

where z =2 (1) =y (1) + 1, p=(p1 +p2 +1) ,max{LJrl L“}.

re ? 7o

From inequality (29) we obtain that

Yo+ 1

Y=< - — L.
L= (p—1) o+ 1777
It follows that
/ 1
where T" = o1 Do )T
From (30) we obtain the following a priori estimate:
2 2
Z [”uzmt & +Z“D R i, ( 7)“ ] <
i=1

< CIZ [!wzm\l +Z | D2 G| ] 0<t<T.

According to (19), (20), we get

- |l + Y1080 | <

i=1

2
+1-e)Y /H (i, (£, )| da <
=1 3

(28)

(29)

(32)
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From (31) and (32) it follows that

2

> [Huz‘mt I +ZHD i (1| < s, (33)

=1

where c3 > 0 is a constant independent of m.
It follows from (28) and (33) that

Z/ / [tim, (8, 2) “Hdmds <e,0<t<T, (34)
I,

where ¢; >0, i =1,2,3 are constants that do not depend on m.
Multiplying both sides of (21) by the function C’;;C (t), summing over k =1 to m, we get
that:

[wimee (& P < i (& lox - i (8, 2) |+

M

D=

+( [ tuim <t,m>12“d:c) tomie (£, ) | +
113

([ o s 8.2) (o) ) (0] <

< i (& ) oz - llimee (t 2)1 +

T1
+ (max i (6,2)] ) letamte (1) | +
z€ll3

+max [gi (wim (8, @), uzm (6, 2))] |wimu(t, 2)[| <
xells

=

< 0 [luimee (8, 2) | + e llwim (¢, )l

From this relation it follows that

i, (0 )} < CllGimllyg oz, 0 =1, 2. (35)

We differentiate both parts (21) - by ¢. Then we multiply each of the obtained equations
by Cikmet (t) and add them. Then we will get the following equality

3
<uimttt (t7 ) 7u1mtt ) : + Z DAZkulmt t $) Dﬁ;kulmtt(t $)>+
k=1

a pp—
+/Hg ot (|Uzm (t IE)| ' luim (t,LE)) Uiy (tvl’) dxr =

2
Z Giuy (uim (¢, ), uom (¢, x))ujmt (t,z) » Ujme (tvx)>' (36)



54 Gunay Yusifova

Since (3 (s) = |s|“’_1 s is a monotonically increasing function, therefore

/1'[ gt <‘ulm (t, )] rluim (t,aj)) Uiy, (t,2) dx > 0. (37)

If we evaluate the right side of the equality (36) from above, we get that:

‘J]‘ = ‘<giuj (ulm (t7 :ZJ) y U2m (t7 l’)) Ujmy (tv x) y Ujmy (tv LL’)>‘ <

< |9iu; (wim (tvw),wm(t’m))f\wmt (t,2)| de % [y, (¢, 2)|*de %- (38)
I I3

In view of the embedding theorems, using (12) , we obtain that gy.; (uim (t, ), uzm (t, 7))
eC (ﬁg). That is why

1 1
2 2
|J]| = sup ‘giuj (ulm (tv J}) » U2m (t> x))} </H |Ujmt (t7 1‘)|2dﬂj> (/H |u’imtt (ta $)|2d$> <
3 3

z€lls

< | sup fuim (,2) PP 4 sup fugg (6 2)[PP2 ) tim, (6] wime, (&) <
x€1l3 z€ells

<CZHum i letime (&) i, (1)1 (39)

Taking into account (37) and (39) in (36), we obtain the inequality

2
Z[\uzmﬁ 2+ i (8- AAi}<cZHuzmn DI (40)

From here we get

QJ‘Q)

Z iy, (¢ ” + time (8, )| .5, F < e (41)

W,

If we multiply both side (21) by AjCjkm (t,-) and sum over j =1,...,m and k = 1,2, 3, we
get the following equality

3 3 3
<m (t.0). 3 Dt x>> . <z D2t 2), 3" DNt x>> .

k=1 k=1 k=1

/ ’ulmz (t x)‘n uzmt t 1‘ ZD ”“Uim(t,x)dl':
I3

k=1

= <gi (w1, (t, ) s uzm ( ZD Ui (t a:)> (42)
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From here, using the Holder inequality, we obtain that

2
+

< lwimy, (t || Zkuzm (t,x)

1/2
</ |1, (t,w)|2”dx> +
I3

</H3 191 (wim (£, ), ugm (¢, 2))|*dx )1/2‘

Taking into account a priori estimates (41) from here we get

““ Uim (L, T)

Z’“ Uim (T, )

3

Z Difikulm (t, )

k=1

_|_

zku m

<ec. (43)

By virtue of (41) - (43) there is a subsequence of {u1m, , u2m, } which we will denote by
{u1m, u2m }, where

Wimn —> w; *-weak in Lo <O,T; ngi) i=1,2, (44)
Uim, — Uit T-weak in Lo (O,T; WQE) ,i=1,2. (45)
Uim, — Uiz F-weak in L' ((0,T) x I3) ,i = 1,2, (46)
Uimy, — Uit F-weak in Lo (0,75 Lo (I13)) ,i = 1, 2. (47)

It follows from (44) and (45) that
AN
uiEC'([O,T];W2 >,z—1,2. (48)

On the other hand, it is known that if uy, uy € C ([o, T] ;W}‘) ALy (o, T; ngi) _ where

(ui(-),ua(-)) is a solution of the problem (1)-(3) then uj,us € Cy ([O,T] ;W;Ki) (see
[4, 7]). Similarly, we can show that

ute € Cy ([O,T] WQK) and wie € Cy ([0,7]; Lo (I13)) . (49)

If in (19) we pass to the limit as m — oo, then we obtain that the functions (uj, ug) satisfy
the systems (1).
According to (48), (49), these functions also satisfy the initial conditions (2), (3).
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4. Proof of Theorem 2
We choose such functions ¢; € WZQKi, Vi € WQE, 1=1,2, k=1,2,... that
Vi, =0 in Ly (I13)

as k — oo.

Then, according to Theorem 1, there exist functions (uy,,us,) € H%T, r=1,2,... such
that

Utrtt + Zzzl ( 1)A1kD2Alku1 + ’ulrt’ ulrt =g (U1r7 U27‘) (51)
Ugptt + O ey (— 1)A2kD2L2’“u2fr + Jugee|"> Muger = go (urr, ugr) [
DP%u, (t 2y (0)) = DiFu, (t,ap (1)) =0, B =0,1,..., A —1,i=12,
k=1,..n, r=1,2 ., (52)
wir (0,2) = i () w4t (0,2) = Yy (), x€lls,i=1,2, r=1,2,... (53)
are satisfied. In addition, the following a priori estimate is true
2 3 2
Z Huirt || + ZDL”CUW t, «73 <c¢,0<t<T, (54)
i=1 k=
t
/ / i, | dads < e, (55)
0 Ji;
2
where ¢, = (2, ||k dau |+ o] )
1
T, = 5 . (56)
2 3 Ak 2
20~ 1) (2, ||t Do + ] +1)
By virtue of (50)
e <c, r=1,2,.., (57)

2
where ¢, depends only on the expression Z?:l [szzl Dk ¢ir|| + H%’r!ﬂ i

By virtue of (56) and (57) there exists Ny € {1,2,...} such that for r > Ny the following
inequalities hold

1

T.>T =
1= 1) (T2 |24 [T i

- .
+ IWJ@-IIQ} + 1] + 1>
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Hence the sequence {u; (t,-),wir, (t,-)} is bounded in the space
Lo (0, T WQA) % Log (0, T L (IT5)).

Then from this sequence, we can choose subsequence which we will again denote by
{ur (t,-) ,ug, (t,-)}, such that as k — oo

Uir — u;  F-weakly in Lo <O,T; WZKZ) , 1=1,2; (58)
Uir, — Wiz S-weakly in Lo (0,75 Lo (I13)) ,i = 1,2; (59)
Uik, — uwir “~weakly in Ly, 41 ([0,T] x II3) ,i = 1,2. (60)

From (58) and (59) it follows that

wip, — u; in C([0,7]; Ly (I13)) ,i =1, 2. (61)

Let us investigate whether the function g; (u1,, ug,) is converted to the function g; (u1, u2),
i=1,2.
Using Lagrange’s Mean Value Theorem, we obtain that

_/n3

+92u, (u1 + 7 (U1, — u1) ,ug + 7 (u2r — u2)) (u2r — ug)) d7'|2da:.

Jie = [lg1 (wir, uzr) — g1 (u1,u2)||* =

1
/ (g1uy (u1 + 7 (ury — up) ,ug + 7 (ugr — u2)) (U, — u1) +
0

According to the embedding theorem, the following relations are true.

0 < Jg < sup [gru, (w1 + 7 (ury —u1) ,ug + 7 (ugr — ug))|lure — u||*+
z€ells

+ sup |gruy (ur + 7 (ury — ur) ,up + 7 (U2 — up))||luge — ugl® <
xells

2 2
< ¢ (lhutlloqm,ys luallogm,) ) [l = il + lluzr = sl <

2 2
< (Il o Tl 5 ) (s = P+ ey = el

Then it follows from (61) that
lim Jj = 0. (62)
— 00

Thus, according to the relations (58) - (62), if we pass to the limit in the equation (51),
we will get that , (u1, wue) satisfies the problem (1) - (3), so that

Ui () € Loo (OaT; sz) it (+) € Loo (0,1 Lo (113)) O L1 ((0,T) x M), = 1,2,
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It follows that hi(t,z) = g1 (u1,u2) — |uis|™ us € Ly ((0,T) x T3), i=1,2.
It is obvious that the functions uq, uo are a solution of the mixed problem

3
Ujpy + Z (—1)A““D§£“°ui = h;(t,x),
k=1

DBk (t, 2 (0)) = DiFuy (2 (1)) =0, By =0,1,.., Ay —1,i=1,2, k=1,...n,
u; (0,2) = ¢ (z) ,ui (0,2) = (z), xellzi=1,2.

It is known that if the solutions of the problem (1) - (3) satisfy the condition

U; () € Ly (O,T; VAVQKZ) , Ut () S Loo (O,T; Lo (Hg)) 1 =1,2,

then _
ui () €C ([O,T];WZAi> o wi () € CH([0,T]; Ly (TT3)) i = 1, 2.

(see [4, 7]).

5. The existence of a global solution

In some cases, for any 7" > 0, the local solutions defined by Theorem 1 can be dis-
tributed over the entire [0, 7] x II3 region. According to Theorem 1, this is possible if the
following a priori estimate is true for local solutions.

2
<ec0<t<T. (63)

2

S st 2) 2 +

i=1

3
Z Dé\;kul(t, J})
k=1

We get this estimate if
1 1
)\:04(]91‘1' ):(lg(pg—l— )’ (64)
by ba

a; <0,b; <0, i=1,2. (65)

Theorem 4. Suppose that conditions (4), (12), (64) and (65) are satisfied, then for any
T >0, (¢,02) € W2Al X W2A2 and (1,1p2) € Lo (II3) X Lo (Il3) the problem (1) - (3) has a
unique solution (uy (+),u2 () € C ([O,T] WA % W2A2> NCY([0,T]; L (I3) x Lo (I3)) .

Proof of the Theorem 4. Assume that (u; (-),u2(:)) is a local solution of the
problem (1)-(3) in the domain [0, T),q,] X I3 defined by Theorem 2. Denote b, = —b;,
i = 1,2, and multiply both sides of equation (1) by the function p;;:luit (t,x).

Integrating the resulting equality over the area [0, 7] x II3, we obtain

i+ 1 [
b —/i_ / / wi,, (S, 2) w;, (s,2)deds+
Vi Jo Jug
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i + 1
O T SR
11

3I<:1

1)
az pz + / / ‘uzs s, .CU rﬂrldl‘ds o
I3

i+ 1
_bit / / gi (u1 (s, 2) ,u2 (5, ) us, (s, x) deds,
0 Ji,

if we use integration by parts and sum the resulting equalities, we get the following:

2
+1
b [/ qu‘t(t,l‘)\deJr/ | DAk, (s, 2) | da+
I3 113

2V;
t
" 2/ / s, <sax>|”“df”d3] "
0 JII3

i=1
2 t
i + 1
+ZP + / / gi (u1 (s, ), ug (s,2)) u;, (s,x) drds =
i=1 bi 0 JIs

2 .
=3 / Vi (@ 'd“Z/\DA* <<x>\2dt]. (66)
i=1 t

On the other hand, if we use the expression of the functions g1 (u1,u2) ,g2 (u1, u2) and the
condition (64) , we get that

sz—l—l//n ), u2 (s,2)) us, (s,x)deds =

A
= / g + ug PPy +/ g [P g P2 da—
p1+p2+ 2 I3 s
A / +tp2+2 +1 +1
————— [ g1+ P Rdr — [ [P a2 . 67)
p1L+p2+2 H3’ | HS\ P17 | o (

Considering (65) and (67) in (66), we obtain the following:

2 opi+1
;b/A |:/ ‘uit (tvx)‘de‘i‘/ ‘D lkuz S, T ‘ dx+
i=1 ! I3

t
; A
—|—2/ / |Uis (S,:L,)|n+1d$d8—|—/ |U1+U2|pl+p2+2dm—|—/ |U1|p1+1|u2‘p2+1d1'
0 JII3 p1+p2+2 /i, I,
2
[ s | ol

/H |p1() +¢2(l‘)|pl+p2+2d:ﬂ—|—/ \¢1(1:)|p1+1|¢2(x)|p2+1d$‘
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A
_1_7
p1+p2+2

From this we obtain the a prior estimate (1).
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