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1. Introduction

The study of boundedness of the fractional integral operator, singular integrals, max-
imal function were studied by lots of researchers in the last decodes. Morrey estimates
of such kind of operators is a more recent problem and is still very popular. Just as an
example we recall the study made in [1,3,7,8,10,11].

In this paper we introduce modified Gegenbauer Morrey space (G- Morrey space) and
prove Adams type theorem on the boundedness of the G- fractional interal. The result
obtained is an analog of the corresponding theorem obtained for Riesz potential in [4].

Let 1 <p < oo and 0 < A < n. The classical Morrey spaces is defined by

My (R") = {f € Lo (R") < [ fllor < 00}, (1)

1 1/p
o i=sup [ —— x)|P dx ,
1110 9p<w/n/61f< ) )

the supremum, is taken over all cubes Q C R™. It is well known that if 1 < p < oo then
Mpo(R") = LP (R") and M), (R") = L* (R").

Morrey spaces were originally introduced by Morrey in [15] to study the local behavior
of solutions to second-order

Morrey spaces were originally introduced by Morrey in [15] to study the local behavior
of solutions to secon-order elliptic partial differential equations.

where
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In [1], Adams for the Riesz potential

_ f(y)dy
Jaf(ac)—/Rn ]m—y[”_o"0<a<n

on the Morrey space proved the following theorem.
Theorem A. [1] Let 0 <o <nandlet 0 <A <n,1<p<(n—2A)/a

1. If 1 < p < (n— ) /a then the condition 1/p —1/q¢ = a/ (n — \) is necessary and
sufficient for the boundedness of J, from M, ) (R") to My (R").

2. If p =1, then the condition 1 — 1/q = «/ (n — \) is necessary and sufficient for the
boundedness of J, from M; y (R") to Mg\ (R").

In the work [12] is proved analog of this theorem for the Gegenbauer fractional integral
on G- Morrey space.

The structure of the paper is as follows.

Section 1 is for informational purposes. In Section 2 are given some definition, notation
and auxiliary results. In Section 4 is proved the theorem of strong and weak boundedness
for maximal operator and also the Hardy-Littlewood-Sobolev type inequality for the G-
fractional integral in modified G-Morrey spaces.

2. Definition, notation and auxiliary results

The generalized shift operator associated with the Gegenbauer differential operator G

1 1
o (22 3D e s D 1
introduced in [7] has the form
T(A+3) (7
AN f(chz) = 2/ f(chazchy — shashycos @) (sin ¢)* 1 de.
D =TT ()

Let L, (Ry,G) = L, (R+), 1 < p < oo, denote the space of u (z) = sh**z measur-
able functions on R, = (0, 00) with finite norm

- :
sy = ([ 1 nasithods )" 1 < p <

1Al sy = Il = essuplf (cha)].
’ TER

For all measurable sets E C R, put uE = |E|, = [, sh® zdx.
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Also but WL, (R+), 1 < p < oo, denote the weak space L, \ (Ry) of locally integrable
functions f (chz), x € Ry with finite norm

1
I lwr,\re) = Sup {z € Ry : |f (cha)| > r}[}
reliq

D
= supr / shPzdx | .
reRy {z€Ry:|f(chzx)|>r} N

In what follows, the expression A < B will mean that there exist a constant C' such
that 0 < A < CB, where C' may depend on some inessential parameters. If A < B and
B < A, the we write A ~ B and say that A and B are equivalent.

Denote H, = (0,7) C Ry. Further, we need the following relation (see [14] Lemma 2.3

by z = 0,y = 2X)
v~ (snT)
]Hr|)\—/0 sh tdt~(sh2> , (2)

where
220+ 1, 0<r <2,

’y—w(r)—{ 40, 2<r < oo,
and 0 < A < 1/2.

In [10] the Gegenbauer maximal function (G-maximal function) is defined as follows:

Mg f (chz) = sup
( T>0‘H |)\

/ Achy f (chx)| sh® ydy.

In what follows we need the following Fefferman-Stein type inequality.
Theorem B ([9, Theorem 1.4]). For every 1 < p < oo and every 0 < t < oo the
inequality

T

/ Ay (M f (cha))” sh*ydy < / Ay | (ch )l sh*ydy
0 0

is true.
Theorem C ([10, Theorem 1.5]). The Chebyshev-type inequality

1 T
2 (0.0): A, Maf (cha) > o] < /0 A%, Maf (ch ) sh™ydy

is true for all @ > 0 and t > 0.
Theorem D [10] a) If f € L; ) (R), then for all a > 0 the inequality

1
o€ Ry s Maf (ch) > a}ly £ + Ifllp, .-
b)If fe L,x(R4), 1 <p<oo,then Mgf (chx) € L, (Ry) and

HMGfHLp’A(RH S ||fHLpA(R+) :
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Corollary E. If f € L, (Ry), 1 <p < oo, then

I 1
11m

[ A8 () sty = £ )

for a.e. x € R.

3. Some embeddings into the G- Morrey and modified G-Morrey spaces.

We introduce the following nonation analogously in [8].

Definition 1. Let 1 < p < 00, 0 < A < 1/2, 0 < v <, [sh], = min{1, sh}. We
denote by Ly, (R4) the G—Morrey space, and by I~/p7,\,l, (Ry) the modified G—Morrey
space, as the set of locally integrable functions f (chx), x € R4 with the finite norms

1
p
HfHLp/\U(R+)_ sup <sh /Achy chx)|p5h2>\ydy> ,

5y = s (5] [ 2, 15 o situay) "

zrER,
respectively.
Note that
Lpao (Ry) = Lyno (Ry) = Ly (Ry).
EP,A,O (Ry) C Lp v (R4) ﬂ Lipx (R+)
and

max {[1£ll,,,, /10, } <IfIz, . -

Definition 2. Let 1 <p < oo, 0 <A< 1/2,0<v <. We denote by WLy, (Ry) the
weak G—Morrey space and by WLy, 5, (Ry) the modified weak G—Morrey space as the set
of locally integrable functions f (chx), x € Ry with finite norms

P

t —V
7wty iy = S0 7 s ((shg)

reRy xteR4

{y € (0,t) : Aé\hy |f (chz)| > TH)\)

1

p

= sup r sup < shz’\ydy ,
reRy xteR4

”f”WZp,A,V(RH = Sup r sup <

reRy z,teR4

{yE (0,6):A%, | f(cha)|>r}

1

v € (0.): A}y, If (eha)| > T}D P

3=

t
= sup r sup {sh] sh® ydy
reERy xteERy 2 1 {ye (0,t): chy|f(ch:1: |>r}

respectively.
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Note that WLy xo (Ry) = WLyx(Ry) = WLyro(Ry), Lpaw (Ry) € WLy, (Ry)
and [|fllyp, < I fll, 0 Loaw (Re) © WLy, (Re) and || fllyz o < IfIIz

Lemma 1. Let 1 <p< oo, 0<A<1/2,0<v<~. Then

A DA A

Lyrw (Ry) = Lpaw (Ry) [ Lpa (Ry)

and

11z, =max {Ifllg, ., £z, } -

Proof. Let f € Ly, (Ry). Then

1
r »
£y = s ([ 8,15 )l sty

r,reRy

< sup < /Achy [ (chx) |psh2’\ydy>

= [Ifllz

p A’

and

T P
iy = s ((s05) " [ 43, 15 na)p sty

z,rER

1
r]-—v P
< sup <[3h2}1 / Achy|f(chx)|psh2’\ydy>

z,reR
=Ifllg, .,

Therefore, f € L, (R+) () Lpa (R4+) and the embedding

IN/p,)\,V (R+) - Lp,/\,u (R+) ﬂ Lp,)x (R+)

is valid.
Let f c Lp,)\,l/ (R+) m Lp,)\ (R+) Then

1
Hf‘|LpAV(R+)_ sup (Sh / Achy‘f (chx)|P hQ}‘ydy)

z,reR4

1
= max { sup <[sh;} / Achy |f (chz)P shQ’\ydy> ' ,
z€R1,re(0,1] 0

1
swp ([ a8, 15 ) sy }
z€Ry ,re(1,00) 0
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< maX{”fHLp,A,u ) HfHLPA} .

Therefore, f € Lpry (Ry) and the embedding Ly, (Ry) () Ly (Ry) C Ly, is valid.

Thus Ly, (R+) = Ly (Be) (V Ly (By).
Let now f € L, (R+). Then
v [" »
<<5h2> /0 Aé\hy |f (chx)? sh2’\ydy>

1

|| ” p,)\,l/( Jr) , R

" / Ay I (cha)l? sh”ydy>

£z, .-
. If r > 2arcsh 1, then sh; > 1 and

since by 0 < r < 2arcsh 1, shg <1 and [shg]l = shj

we have
T - T
Sh§ 3h§

4. Hardy-Littlewood-Sobolev inequality in modified G—Morrey spaces
In this section we study the I:p, A~ boundedness of the G—maximal operator M.
Theorem 1. 1) If f € ﬂl,,\ﬂj (R4), 0 <wv <7, then Mg f € WINLLA,,, (R4+) and
IMe Sz, ,, Sz,
2)If f € Lpry (Ry), 1 <p < oo, then Mgf € WLy, (Ry) and
Sz, -

IMafly, .,

-

Proof. 1) From the definition of weak modified G—Morrey spaces
t] N g
sh—= {y € (0,t) : Az Mc f (chz) > T‘}‘)\ .

v
Mea fllw7 = sup r sup ]
| Wiy, () Jup o s 2,

Applying the Theorem B and also Theorem A we get
L1 [T 2
. < h— A
~ C
Mol < s ([shg] [ a8, 1f @)l snydy
e T, teERL 1 0

= Ifllz, ., -

Assertion 2) follows from Theorem A.
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We consider G—fractional integral introduced in [14].

J&d (chz) = / Hy|y AN f (cha) shPydy.
0

The following Hardy-Littlewood-Sobolev inequality in modified G—Morrey spaces is
valid.

Theorem 2. Let 0 <a <y, 0<v<y—apandl <p<TE.

(%

v —

< <

R )
@M—*
»Q\'—‘
N

_is necessary and sufficient for the boundedness of the operator J¢ from ip Av (Ry) to
qu)‘ay <R+)'
2)Ifp=1

<1- “

<
—v

=29
S
2

_is necessary and sufficient for the boundedness of the operator J& from Lixy (Ry4)
tOLq,A,V (R+)

Proof.
1) Sufficiency. Let 0 <a <7, 0<v<y—ap, 1 <p< X and f € f)p)\’,, (R4).

From (2), we have
ch ’f Ch&?’
|JEf (chz)| (/ / > syhy — sh2Mtdt

= A (ac,?“) + Ao (.%',T’). (3)
We estimate A (x,r). Let 0 < r < 2, then by (2) we obtain

chz) r/2 (chx
A (x,r)\g/o (C’””f( W ydy <Z/ —C’”f‘f ) sh*ydy

3 y)2A+1 a o 2,\+1 a

e N roN-22-1 [7/% o
< Z (Sh2j+1) <3h2j+2> /0 chy |f (chx)| sh* ydy.
=0

Using the inequality (see [3], Lemma 2.2)

t<sht<elt, A>0 (4)
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and also shat < asht at 0 <a <1, we have

a = . —2X—1 /27
A1 ()] £ (shg) D (279%) (shigr) /0 Ay |f (cha)| sh*ydy

< <shg>a Mcaf (chx) g 9 I
< (shg)a Megf (chz).

Let 2 <r < oo0. Then

Aq (z,7)

r AN chx
</ chy|f( )|sh2’\ydy
0

~ (8h%)4>\_a

o - pr/27 AX chx
< / chy ’f( )lshg)\ydy

~ ]:0 r/2j+1 (sh%)4>\—a

e a _ r/27
SO (shgrm) (shgrm) [ Ayl (hal sy
=0

S (sh%)a Mcaf (chx) Z Pl
=0
r\ o
< _
S <5h2> Mef (chx).
Combining (5) and (6) we obtain
r\
Aq (z,7) < (sh§) Maf(chz), 0 <r < oo.

Now consider Ay (z,7). By Holders inequality we get

1
A (1) < < | Ay 15 ha)l sy sh”ydy) ’

1
v

% (/OO (sh y)(ﬁ/eroz—v)p’ sh2/\ydy> P

= A9 - Aso
Let v < 8 < 7 — ap. Using the inequality [7]

42,71

< [Ifllz

i A
Lp v P

31
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we obtain )
0o i+l P
A S (3 [ A If (cha)P (shy) ™ shydy
§=0 217
1
o0 ; rlVv p
<HA%tﬂ 27+ sh3]|
SRl L\ S (shair)
/p > ’
riv _ (e
< J2shg] " k) (o2 Al
7=0
< [sh2)7 (sh2) " 151
~ 211 2 Lpaw
since shax > ashx at a > 1.
For As.9 we have
oo 4
Agp = </ (sh y)('g/ﬁaﬂ)p/ sh2’\ydy> ’
< (sh T.)ﬁ/p-#a—v-ﬁ-v/p’ < (sh r)ﬁ/p+a—v+7(1—1/p)
< (Shr)B/P-l-a—v/P < (Sh g)ﬁ/ﬁai’wp‘
Taking into account (9) and (10) in (8), we obtain
riv/p r\a=v/p
< — — -
Ay (@) S [shg| " (shz) A, -
Thus from (5) and (11), we get
rv/p r\a—/p T\
« < _ _ - o
|J&f (chx)] < ({shQ} : (sh2) HfHLp,A,V + <5h2> Mcaf (chx))

< min { <shg>a+(yi'mp ”f”ip,A,V + <5hg>a Mcf (chz),

(Shg>0ﬁ’7/17 17z, + (shg)aMGf (ch:r)},

for all r > 0.
The right-hand side attains its minimum at

- P/
v (v—ap Wi,
2 ap Megf (chz) ’
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p
B v—v—ap HfHZpﬁA’V K
sh— = .
2 ap Mg f (chx)

Applying (13) and (14) in (12), we get

and

ap

1-=£ 1-3=
|J&f (chz)| < min (]ng(chm)> ) (]\@f(chx)) ||f||1ip,A,V .

I1£1lz nalr

P,V DAV

Then O
P _b
&S (cho)l S (Maf (cha))? I1f1; 7

Hence, by Theorem 1, we have

/ [J&f (cha)|? shPxda < ||£I|%7 / \Mqf (ch )P sh® zda
0 DAV 0

RN
~ 211 Z;DA,V
From this it follows that
1&f (challlr,,, SIAT |

i.e., J& in bounded from I~Lp,>\7,, (R4) to qux’,, (Ry).

33

~ Necessity. Let 1 < p < (y-v)/a, f € flpy)v,, (R4+) and J& is bounded from
Lpyu (Ry) to Ly, (Ry). Let the function f (cha) be non-negative and monotonically on

R, . The delates function f;(chx) is defined as follows [6]:

(o1 (02) ) = oy < 1 (o (cnd) ) o 0
(o () ) =y < 5 (o (1L ) 2 <

(15)

We suppose [sh%] | 4 = Max {1, sh%}. Let 0 < t < 2. Using the symmetry of the operator

A)\

ony (see [7]) AN f (chy) = Aé‘hyf (chx) we will have

1
ri—v [T P
||ft”[~/p,)\,y = sup <{sh2] ) /0 A?hy | ft (chy)[? Sh2>‘ydy>

z,re€Ry

r]—v T A t
< sup [shf} AL el ch | cth= |y
z,rER4 211 0 2

()= - (52)o

P 1
sh”ydy)
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1 t
£\ p r1—v rcth§ N o) t
= <sh2> x7i1€1%+ <[sh2} . /0 Agyy 1f (chu) [P sh (th2> udu

2241 r z
_ <m;> " <[(sh2) cthéh)

reRy [Sh%]l
r t -V rcth% %
X sup [(sh) cth] / AN | (chw)P sh® udu |
z,reERy 2 2 1 0
" 2A+1 " ; 22 +1—v
P P D
S <$h2> |:Cth2:| - ”fHLp,)\,u S <th2> Hf”i/p7>\7y
ht 22+1—v
_ ("2 ” S ST
B (ch§> Iz, ., = (ch%)%*“ 11z,

t a+ l/—2p)\—1
< <sh2> 11z, .

¢ ori-%
< <sh2> Hf”iw,y ,0<t<2.

On the other hand, by 0 < t < 2, we get

- L R AP P 2 !
HftHLp’)"V B mﬂs"léngr <|:5h2]1 /0 Achy |ft (Chm” sh ydy)
i A t P P
> sup [shf} AL \felch | th= |y || sh™ydy
T,reR4 2 0 2
t t t
Kth2> Yy=u,y = (cth2> u, dy = <cth2> du]
t % r1—v rth% \ o t %
= <cth2> x,?«lég+ [shﬂl /0 A% 1 f (chu)|P sh (cth2> udu
22+1 v
o hE)thi] \ P
> (ctht) " MR
2 rery  [shi], P
t t
= | cth— th—
(02) * [
1

22+ v

t\"p p©
> (eth’ 1z,

2241

SN

|” Wi, .,

1+

1
P

(16)
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2241—v

t p @
= | cth; IFllz, .,

¢ ori-%
> <sh2> 1z, .

Combing (16) and (17), we obtain

et
Ifellz, ., = <3h2> Iflz,,,  0<t<2.

Now, let 2 <t < oo, then from (15) we have

r1—v 7
HftHip,M,: sup <[sh2L /OAg\hy|ft(ch;g)|Psh2,\ydy>

z,reR
()

> sup <[shr}_y/ AN sh”‘ydy)
T,reR4 21 0

t t t
[<th2> y=u, y= (cth2> u, dy = (cth2> du]

p p

1 v rthi %
= (ctht> ! sup [Shq / ’ Aé‘hy |f (chu)|P sh®* <ctht) udu
2 :E,T€R+ 2 1 0 2

22+1

t —v Tthi p
> (cth> ’ sup [shq / ’ AN | f (chu) P sh® udu
2 z,rER4 25 0
(ot [(sh5) thsl \ ™ oy
= | cth sup o 11z N
2 @,reRy [sh3], e

22+1 v 4A—v
= tht o tht ’ > tht o
=\ ) . ||f||LMW e HfHEp,A,V

v—4X at v—y

t\*t e ; =
= oy 11z, = (13 Iz, .- 25t <o

2
On the other hand, at 2 <t < co, we get

r1-v "
1, = s ([s] 7 [y e cna) ity

r,reRy
r t p 1
r1-—v P
< h— A} h( sh— h* yd
_95778"16111;+ <[s 2]1 /0 chy |f <c <5 2) y> sh*ydy

35

(18)

(19)
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t du

1 t
t\ » r1-v [Tsha u
hi [hf} A ha) P shr g
(s05) Ii‘;&(s 00 [ s i S
2241

t » rq—v rsh%
< | sh= sup [shf} / AN | f (chw)|P sh® udu
2 201y

r,reR L 1

4 z
t\ shl) shi P
< (sng) <upm> 171,
reRy [Sh§ Ll
" _AX " v
p p
= (svg) " [sv] s,

v—4X

¢ a+T
< <5h2> 1z, ..

¢ a_,_%
_ <5h2) 1£llz,,, 2 <t<oo. (20)

B =

hSAl

Combing (19) and (20), we obtain

v=y

t at=y
15, % (sn3) " 16l .. (21)

Thus from (18) and (21), we have

v—y

t\ 2o
Ifell; . =~ (shs Ifllz,,, 0<t<oo. (22)
AV 2 Py, v

From (2) 0 < t < 2, we have

r1-v " a
196l = s ([sng] " [ 10 chlt sy

z,reERL
rv 7 a t ! 2
< sup [shﬂ Jaf | ch cth§ y || sh*ydy
r,reERy 1 0

t t
[(cth2> Y=z, dy = (th2> dz]
AT [sno] Mh%uaf(h 9 sh2 (tnl) zd
= 2x7i1612+s210 af (chz)|?s 5 ) 202

q

Q=
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22+1

t\ “a T’Cthf q
< (th) sup [sh ] / |J&f (ch 2)|? sh®zdz
2 r,reRy 0

22+1 v
t\ ¢ shi)ctht a
:(th) q <supw> 178z, .

2 TERy [3 %]1
‘ 2241 ‘ v
q q
— — — a ~
= (th2> I:Cth2:|1 ”JGfHLq,A,u
2241 v
<(eanl) " el e
S \|C 5 C 5 1+H GfHLq,A,u
v—22—1
<(arnl) e
< (etny 1&flz, .
v—2A—1
t q o
< 5h§ ||<]GHLM7V

v—oy

t q o
_ <5h2> 181z, . 0<t<2.

On the other hand by 0 < t < 2, we get

1
HJg;ftHiq’A’V: sup ([sh /\JGft chy)|q3h2)‘ydy>

"E7T€R+
—V T o t 2)\ %
> sup [sh } gef (en (ths) y)| sh?Pydy
z,rERY 2 0 5
t t
: t
t E ri1-—v Tthg t
<c 2> x,i&%([s 2]1 /0 |J&f (ch2)|9s <C 2> B

2241 z
t) " [(sh3) th3], \* | e
> (cth2> (sup ] HJGfHEq’A’U

reRy [ 9

q

N——
Q=

2,\+1

W(ffhi) < §>
b,z (o

ch% a
> sht ez, ..,

1761l

q,\,v

q
a ~
) NN

37
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v—y

t\ « o
= <Sh2> ”JGfHI:q’)\’U 5 O <t< 2. (24)

Thus from (23) and (24), we obtain

v—ry
o t a (0%
161z, ~ (sh5) T 19801, 0<t<2 (25)

Now we consider the case, then 2 <t < co. From (15), we have

1

ri—v (" q

96, = s ([sng] " [ 15ttt sy
A 1 Jo

z,reER4
r t q 3
—y q
> sup ([sh;} / Jaf <Ch (th> y) sh”‘ydy)
T, reERy 1 0 2
t t
{(th2> Y=z, dy = <cth2> dz]
£\ ry—v [T 2) t ’
_ (et nr o f(chz)9sh? (ethl ) zd
<c 2> a:,ilengr [s 2}1 /0 |J&f (ch2)|%s <c 2>z z
2A+1 <
h5)ths], \*
> (cmt) " ((up LBV " gy,
2 rery  [shg], o

4

N\ @ A
= Cth§ th§ ) ||<]G.f||iq’)\7u

AN—v v—-y

t a a t\ ¢ o
> (chQ) 1I&fllz, , , > <sh2> 17&flz,,, 2 <t <oo. (26)

r1—v " t
(6% - < r o 12
||JGft”Lq,)\,u = xf}ég+ <[5h2]1 /0 Je (ch <sh2> y>
i) y=z =B
2 Sh§
£\ "
q ri—v >
= h— h— J& ht)|4 h2)\< >d >
(8 2) x,ilé%([s 2}1 /0 |J&f (cht)|? s L 2

t _, prshi
- (sh> ’ sup [shq / ’ | J& fi (chz)|? sh**zdz
2 T,reRL 2 0

-

On the other and by 2 < < oo, we obtain

q 1
sh”‘ydy) !

Q|

SR
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—22+1 z
AR AN [shs (sh5)] N " | ja gy
— (sn5) (,i‘;% ) Wz,

NS 1 N
S Sh§ Sh§ HJGfHEq,)\,u

v—4X

< (sng) " Wsl;
2 q,\,v
N
_ <3h2> 17aflz, . 2 <t <o (27)
Combing (26) and (27), we have
8z, = (s ) 15l ,, 2 <t <o (25)
Thus (23) and (28), we obtain
-
U, ~ (shg ) 18,0 0 <t <. (29)

Since J& is bounded from Ly, (Ry) to Ly, (Ry), ie.

1eflz,,, S Iz
q,\,v

p A’

then taking into account (18) and (29), we obtain

v=oy v—y
t\ e t\ e
8z, ~ () 19801, % (sh5) * UAl, .,

£\ (-3)
< (sn5) 171z

(shg)a”(%_%) ,0<t<?

(sh) G 2 <h <o

P,Av

Sz, .,

If ) — ¢ <&, thenat t — 0 we have | J&fill; =0, forall fe Lpry (Ry) )
}D : % T 72, then at ¢ — oo we get ”Jgft”Eq,A,V =0, forall fe Ly, (Rs4).
o 8]
Therefore 5 < i < 7"
Sufficiency. Let f € L; », (Ry), then

As well as is

{z € (0,r) - [JGf (chx)| > 2B},
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< |{.le € (0,7") 1Ay (iU,’l“) > BH)\ + |{:E S (0,?”) Ao (%,7“) > 5}’)\ :
& f (chx) sh* ydy
As (z,7) = / A -
N T
_ i /QjHT Ag‘hy |f (ch )| sh* ydy
i (sh$)™™"

[2J+1sh 1l PNV T
LIMJ = (27sh5)* ™ <Sh§> [Shi}l HfHLl’M

< (shg)" " [shg] 11z, (30)

<fll- (Sh%)oﬁu—v’ if 0<r<2arshl, (31)
Ly (sh%)aiﬁy, if 2arcsh1 <r < oo.

Also

< [t

According the inequality (7) and Theorem C, we obtain

{z € (0,r) : Ay (z,7) > By

5‘{$€(0,T>Mgf(6h$)>ciw,} 5
2 A
1 v
E(sh“ )[ LHfHEl,A,«/’ 0<r<oo. (32)

If (sh5)™ [shg]l{ HfHE1M = (3, then from (30) we obtain |Ag (z,7)| < S and conse-
quently, [{z € (0,7) : A2 (x,7) > B}|, =0. Thenby 0 < r < 2arcsh 1 (sh%)OHW_7 £z, oy =
B and from (31), we have

1 14
o€ O.r): 1 (cha)] > 28Y1, S 5 (sh°F) [shg] WAl .

B %t B 1 ] ,Yju%a v
= (shg)" " [shg] = (87080, ) T s (33)
And for 2arcsh1 <r < oo, 8 = (sh)""’ 11z, . and from (32), we have

o € (0.r): 1785 eha)] > 28}, 5 5 (sh°5) [sn] A1z,

ol

= (3) [sng), = (7 00, ) 3] @)

Finally from (33) and (34), we obtain

{z € (0,r) - [JGf (chx)| > 2B},
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yY—v

< [ong)win (57415, ) (5 W) T

Y q
< lshg) (870, )
where by condition of the theorem

(%

y—v

T o< 17Y L2
Y -a Y-v-a oy

<1--<

Q| =

Necessity. Preliminarily we established the estimates for ||J& fillyyz . From (15)
q, A,V
for 0 <t < 2, we have

u -V
1J& fellwz, . = sup sup [shf] / shPydy
a4, reRytzueR 211 {ye(O,u):A’\ ‘Jgft(chx)|>r}

chy

> supr sup [Shﬂ}‘” / shPydy
reRy zu€Ry 211 {yE(O,u):A’\ |Jgft(ch(th%)y)‘>7“}

chx

t t
[(th2> y=zdy = <cth2> dz}
1+1
= (ctht) %
2

1

—y a
X sup (rtht) sup {shg} / sh? ((ctht> z) dz
reR, 2 T, u€ER L 211 {zE(O,uth%):Aé‘hz|Jgf(ch)|>rth%} 2

1
7 hY) tht
> (ctht> sup <rtht> sup w
2 reRy 2 uceRy [Shé] 1

1
. 7
X sup [(shu> tht] / sh? (ctht> zdz
z,u€ER L 2 2 1 {zE(O, uth%):A/\ ‘Jgf(czh)’>rth%} 2

SN

chx

2241

> <ctht) ! [tht] T %
2 2],
1

t t]7" !
X sup ((Shr> th) sup [(shu) th ] / sh* zdz
reRy 2/ 2) sueR, 27211 J{ze(o,utht):AN, | Jaf(ch)|>rtht}

“Tchx

22—1

t\ ¢ t % a
> thg th§ ||JGft|‘Wf/q,A,u ’

1
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v—oy

t\ ¢ o
> <th2> HJGft|’WI~1q7A,U ’ (35)

On the other hand at 0 < r < 2, we have

1
q

ul-—v
1785w, = s sup | [sng] shPydy
N reRyzueR, 201 J{yeuyad, | fi(cn(cth 2)y)|>r}

chax

(== ()

1
t\a —v t
- (th) sup sup [shg} / sh?A <th> 2dz
2 r€ERyzuERy 211 {zE(O,ucth%):AA |Jgf(chz)|>r} 2

1
q

chx

22+1 v
t\ @ sh¥) cthi q
g(th2> " sup <W> 178w,

uERy [sh3],
2A+1—¢q v—2A—1
< t v a < t ? a
S I e €34 7
AN
= sh§ ||JGfHW£qYA’V . (36)
From (35) and (36) it follows that
" X
q
980wz, = (515 ) W65, 0 <7 <2 (37)

Now we consider the case then 2 <t < co. From (15), we get

Q=

ul-—v
HJca:ftHWi“V > supr sup {sh§} / sh2\ydy
" r€RL wuERL L Jyeou):|AY,  J& fi(ch (ths)y)|>r}

chax

(8- ()

1 1
t q -V t q
= (cth) sup sup [shg} / sh?) (cth) zdz
2 r€ERyzucRy 20 ZG(O, uth%):|AA Jgf(chz)‘>r} 2

chax

1

q
sh”zdz)

22+1 +1

t a t ul"v
= <cth> sup rth— sup [sh—} /
2 r€ERy 2:c,u€R+ 25 ze(O,uth%):|A>‘ Jgf(chz)‘>rth%}

chax
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22+1 t z
AN [(sh3) th3], )
> (ahg) T s L) 18 e
< 2) reri \ [sh3]y Whane
4ax v
= (cthy )" |ng| 1871
=|cC 5 9 ) GI WLy x .

v—4aX v—4X

t 7 . LY 7 e
> () " Wefli,, = (shg) e, .,

v—oy

t q o
- <3h2> 17 flws, .. 2<t<oo (38)

On the other than, we have

Q=

ul—v
||JgftHW£“V < supr sup [Sh§} / shP\ydy
” reR+ z,u€R4 1 {yE(O,u):|A)‘ Jgft(ch (sh%)y)|>r}

chax

t dz
[<3h2> y=2z dy = shﬂ

t\ ¢ uy—v
= <sh> sup r sup [shf} /
2 réeRy zu€R4 211 ye(O,ush%HA* Jgf(chz)|>rsh%}

1

q
sh”ydy)

chx

(shg) "5 (o [(shg) 5], )" |
Tsup <7“S 2> uselgl [Sh—%]l H GfHWLq’)\’V

reRy
t
< (snt
< (3)
v—X\

t q
= (Sh2> ”Jg;ftHWiq,)\,l, , 2< 1< o0. (39)

v—2X—1 v—4X

t q
Iefllwi,,, S <sh2> 1eflwi, ..

According to (38) and (39), we obtain

t q
i, = (s05) " 198 hlhwi, . 2t <. (40)

Thus from (37) and (40), we have

v—oy

t q
il = (s05) " 198 hlhi, . 0<t <. (41)
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From the boundedness J& from L, (R4) to WL, (Ry) and from (22) and (41), we

have

Y—Vv

t q
ehli, < () 1985w, .,

y—

(it =
< (snf) " s
t\T [\
<(ong) " (sng) Wl
a—(v—u)(l—l)
t q
— (sn5) 171z, .

(sh%)a_v(l_%) , if 0 <t<2arcshl,

LAy (Sh%)af('yfu)(lfé)

S IFIlg
, if 2arcsh1l <t < oo.

If1— % < £, then at ¢ — 0, we have HJgftHWj;q’M =0 forall f€ Ly, (Ry). Similarly,

if 1 -1 > 2 then at t — oo we obtain [|J&filly 7 ., = 0forall fe Ly, (Ry).
q,A,V

q v

Therefore, % <l-1l<_ o

1]

q — v’
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