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Uniform Convergence of Spectral Expansions for a Bound-
ary Value Problem with a Boundary Condition Depend-
ing on the Spectral Parameter

K.F. Abdullayeva

Abstract. In this paper, we consider the spectral problem for ordinary differential equations of
fourth order with a spectral parameter contained in one of the boundary conditions. The uniform
convergence of spectral expansions in terms of the system of eigenfunctions of this problem is
studied.
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1. Introduction

We consider the following eigenvalue problem

Uy) (@) =y (2) - (g(@)y' (2)) = Ny(x), 0 <z <1, (1.1)
y'(0) cosa — 3y (0) sin v = 0, (1.2a)

y(0) cos B+ Ty(0)sin 8 = 0, (1.20)

(aX+b)y' (1) + (eA+d) y" (1) = 0, (1.2¢)
y(l)cosd — Ty(l)sind = 0, (1.2d)

where X\ € C is a spectral parameter, Ty = v — qy/, q is a positive absolutely continuous
function on [0,1], o, 53, 0, a, b, ¢, d are real constants such that 0 < o, f < 7w/2, 1/2 <d <7
(with the exception of the case § = = 7/2), 0 = bc — ad > 0.

Note that problem (1.1), (1.2) for « = 8 = 0 arises when describing small bending
vibrations of an elastic cantilever homogeneous beam, in cross sections of which a longi-
tudinal force acts, the left end of which is fixed, and a load is attached to the right end
by means of a weightless rod, which is held in equilibrium by means of an elastic spring
(see, e.g., [6, 17]).
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The uniform convergence Fourier series expansions in the systems of root functions of
Sturm-Liouville problems were studied in [7-9, 11-13, 15].

Problem (1.1), (1.2) in the case @ = § = 0 was studied in [1], where, in particular, it
was proved that the eigenvalues of this problem are real and simple and form an infinitely
increasing sequence. Moreover, the location of the eigenvalues on the real axis is studied,
the oscillatory properties of the eigenfunctions are investigated, and the basis property in
the space L,(0,1), 1 < p < oo, of the system of eigenfunctions of this problem with one
arbitrary remote function is established.

The purpose of this paper is to study the uniform convergence of spectral expansions
in terms of eigenfunctions of problem (1.1), (1.2).

2. Preliminary

Consider the boundary condition
y'(0) cosy + " (0) siny = 0, (1.2¢)

where v € [0, 5]].

By following the argument in Theorem 5.2 of [4] we can prove that for each fixed
a, B the eigenvalues of problem (1.1), (1.2a) (1.2b), (1.2¢/), (1.2d) are real, simple and
form infinitely increasing sequence {\;(7,0)}3, such that Ag(y,d) > 0 for £ > 2, and for
each v there exists do(y) € [5,m) such that A(y,8) > 0 for 6 € [0,60(7)), A1(7,6) =0
for 6 = do(7v), M(v,0) < 0 for 6 € (do(7),m). Moreover, the eigenfunction y - s5(),
corresponding to the eigenvalue Ag(7,d), for k& > 2 has exactly k — 1 simple zeros, for
k =1 has no zeros if § € [0,00(7)], has an arbitrary number of simple zeros in the interval
(0,1) if § € (do(7), ™).

For the study of spectral properties of problem (1.1), (1.2) we consider solutions of the
initial-boundary problem (1.1), (1.2a) (1.2b), (1.2d).

Theorem 2.1. For every fized A\ € C there exists a unique non-trivial solution y(x, \)
of problem (1.1), (1.2a) (1.2b), (1.2d) up to a constant multiplier.

The proof of this lemma is similar to that of [1, Lemma 2.3] (see also [10, Theorem
2.1)).

Remark 2.1. Let y(x, A) be the solution of (1.1), (1.2a) (1.2b), (1.2d) normalized by
the condition |y(0)| + [Ty(0)| = 1 for A > 0, and |¢'(1)| + |y”(I)| = 1 for A < 0. Since Eq.
(1.1) depends linearly of the parameter A, it follows from the general theory of ordinary
differential equations (see, e.g., [16, Ch. I]) that for every fixed z € [0,!] the function
y(z, A) is an entire function of the parameter \.

Let o, 8 € [0, /2] and § € [rr/2,7) be arbitrary fixed, and let By, = (Ax—1(0, ), A\x(0,9)),
k=1,2, ..., where \y(0,0) = — o0.

It is obvious that the eigenvalues A\;(0,0) and Ax(7/2,0), k € N, of problem (1.1),
(1.2a) (1.2b), (1.2¢), (1.2d) for v = 0 and v = 7/2 are zeros of entire functions y'(l, \)
and y” (I, \) respectively. Note that the function F(\) = y”(I,\)/y'(l,\) is defined in



Uniform Convergence of Spectral Expansions 5

( U Bk> (C\R) and is a meromorphic function of finite order, and the eigenvalues

A (/2 5) and A\, (0,9), k € N, are zeros and poles of this function respectively.
Lemma 3.1. The following formula holds:

l

/yQac)\dx A€ B. (2.1)
0

dF(\) _
A

The proof of this lemma literally repeats the proof of [11, formula (30)].
Lemma 2.2 The following limit relation holds:

lim F(\) =+ oc. (2.2)
A——o00
The proof of this lemma is similar to that of [1, Lemma 2.8].
In view of [5, Property 1], by (2.1) and (2.2) we get

)\1(7T/2,(5) < )\1(0, (5) < )\2(71'/2,(5) < /\2(0,5) < ... (2.3)

Let m(A\) = ay' (L, \) + ¢y (I, N).

Remark 2.2. If follows from boundary condition (1.2c) that if A is an eigenvalue of
problem (1.1), (1.2), then m(\) # 0.

We denote by s(A), A € R, the number of zeros of the function y(z, \) contained in the
interval (0,1).

By following the arguments in Lemma 2.11 from [1] we verify that the following oscil-
lation theorem is valid for the function y(z, ).

Lemma 2.3. If A € (A\,—1(0,0), \g(7/2,0)) for k >3, then k —2 < s(A\) <k —1, and
if X € [Me(7/2,0), M\i(0,6)] for k > 3, then s(\) = k—1. Moreover, if § € [1/2,60(0)], then
s(A) =0 for A € [0,A1(0,9)], 0 < s(A) <1 for A € (A1(0,9), Aa(7/2,0)) and s(A) =1 for
A€ [Aa(7/2,6),X2(0,6)], if 6 € [00(0),00(7/2)), then 0 < s(A) <1 for A € [0, \2(7/2,6),

s(A) =1 for A € [Na(7/2,0),2(0,0)], and if § € [oo(7/2,7), then s(A\) = 1 for \ €

3. The properties of eigenvalues and eigenfunctions of problem (1.1),
(1.2).
We introduce the following boundary condition
y'(1) +cy’ (1) = 0. (1.2¢")

Note that, boundary condition (1.2¢”) in the case a = 0 (¢ = 0) coincides with condition
(1.2¢/) for v = /2 (v = 0). By [2, p. 768] the eigenvalues of problem (1.1), (1.2a) (1.2b),
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(1.2¢"), (1.2d) for each fixed «, 8 and for ac # 0 are real, simple and form infinitely
increasing sequence {7;(0)}7°, such that for any fixed «, 5 and ¢ the relations hold

)\1(71'/2,6) < 7'1(5) < )\1(0, 5) < )\1(7‘1’/2,(5) < 7'2((5) < )\1(0, 5) < ... (310,)
in the case a/c > 0, and
T1(8) < A1(7/2,0) < A1(0,0) < 12(9) < Aa(7/2,0) < A2(0,0) < ... (3.1b)

in the case a/c < 0.
For a # 0 (¢ # 0) we define the number k, (k.) from the inequality

)\ka—l < —b/a < )\ka ()‘kc—l < —d/C < /\kc)'

Remark 3.1. If ac # 0, then k, < k. + 1 for ac > 0, and k, > k. for ac < 0.

Theorem 3.1. The eigenvalues of problem (1.1), (1.2) are real and simple and form
an infinitely increasing sequence {\;}72, such A > 0 for k > 3 +sgn|c|. Moreover, for
k > k1 = max{kq, kc} + 2, the eigenvalues have the following arrangement on the real
axis:

Me—1(0,0) < A < Ap(7/2,0) < A,(0,9), if ¢=0, (3.2a)
Me—2(0,0) < T—1(8) = Me—1(7/2,0) < A < A,—1(0,0), if a=0, (3.2b)
Ae—2(0,0) < Ap—1(m/2,0) < 16—1(8) < Mg < Ag—1(0,0), if ac >0, (3.2¢)
Ae—2(0,0) < T—1(8) < Ak < Mg—1(7/2,9) < A\—1(0,0), if ac < 0. (3.2d)

Remark 3.2. Using Lemma 2.3 from Theorem 3.1 one can obtain the oscillatory
properties of eigenfunctions corresponding to all positive eigenvalues. For example, if
¢ = 0, then the function yi(z) (k > 1 for § < dp(7/2) and k, > 2; k > 2 for § < do(7/2)
and k, = 1, for dp(m/2) < § < p(0) and for § > d9(0) and kq > 3; k > 3 for § > dp(0) and
kq < 2) has exactly k — 1 simple zeros for k < kg, has either kK — 2 or k — 1 simple zeros
in the interval (0,1) for k& > k.

4. Asymptotic formulas for eigenvalues and eigenfunctions of problems
(1.1), (1.2a) (1.2b), (1.2c"), (1.2d) with ¢ =0 and (1.1), (1.2)

Lemma 4.1. Let ¢ =0 in Eq. (1.1). Then the following asymptotic formulas for the
eigenvalues and eigenfunctions of problem (1.1), (1.2a) (1.2b), (1.2¢"), (1.2d) with ¢ =0
are valid:

IT(8) = <k—H?fgmB>7lr+O<lj2>, ifa=0,c¢=0, (4.1a)
() = <l<:— 2+34sgnﬁ> %+ (1+sg2;rlli)cota+0<kl2>’ o012 =0,

(4.1b)
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S(8) = <k_2""?fgnﬂ>7lr+‘;/

) = (o — 2t} 3 eleslipmilente | o (),

C+O<k2>’ ifa=0,c#0, (4.1¢)

(4.1d)
if a€(0,7/2], c#0,
v, 5(z) =4/ 1+Sgnﬂ { — sgn ) sin &7 — (—1)%8"5 cos YT+
(4.2a)
(1—sgnp)e “VTET 4O (%)}, ifa=0,c=0,

vy, 5(z) = \/72_73;“6 {sin YT e —sgn B - cos Y1 x — sgn B cem VTRT 4

sgnf % sin 7z — (14 sgn,B) oo - COS {/Tp T + (4.2b)
(1+5g08) $%2 e Y52 10 (%)}, ifa € (0,7/2], ¢ =0,
vk, 5(x \/Hsgnﬁ { 1 — sgnf) sin &7,  — (—1)8"F cos VT +
sgnf
(1 —sgnpB)e VT 4 (—1)kt! (@) e VT @=l) (4.2¢)
sgnf
(—1)k+L (@) 8l ¢ /7 (a= l>+o(12)}, ifa=0,c#0,
vy, 5(z \/2 sgnfs {sin ¥Tx —sgn B - cos YTyx —sgnf-e VT4
k+1—sgnB [ V2 1-sgnf Y7 (x—1) cotoz
(—1) <7> e — sgnf3 - sin /7« —
(4.2d)
a o — Y x
2 (:;tnﬂ CoS \/Th T + (2 Cb(;tnﬂ)pk e VT
krsgng ((v/2) 755 afe pe(z=l) L O (L
(bt (Z) T eeeneh 1 0 () ¢ i (0.5], ¢ £ 0,
where relations (4.2a)-(4.2d) hold uniformly for x € [0,1].
The proof of this lemma is similar to that of [3, Lemma 3.1].
By (4.1) from (4.2) by direct calculations we obtain

lor,sll3 =1+ 0 (k72), (4.3)

where || - ||2 is the norm in Ly(0,1).
We denote by ¥i(x), k € N the normalized eigenfunction, corresponding to the eigen-

value 7 of problem (1.1), (1.2a) (1.2b), (1.2¢), (1.2d) with ¢ = 0, i.e. Vi(z) = ﬁq’jk‘séﬁl
Then by (4.3) for Wi (z) the asymptotic formulas (4.2a)-(4.2d) are valid.
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The function go(x), x € [0,!], and the number gy we define as follows:

T

l
qo() :/q(t)dt, Qo = /q(t)dt.
0

0

Lemma 4.2. For the eigenvalues and eigenfunctions of problem (1.1), (1.2) we have
the following asymptotic formulas:

Wewll _ 5+3sgnf\w 1 L B
\/)\k—<k: — l+4k‘ + 0 2 , ifa=0,c=0, (4.4a)

I = (k: _ 6+3Zgn6) x4 2ot2(ltsgfleota | (),
(4.4b)

if € (0,m/2], c =0,

Weell _ 6+4+3sgnf\ 7w qo + 4a/c 1 L
\/)\k—<k — 1 l+74k:7r +0 12 , ifa=0,c#0, (4.4¢)

m _ (k . 7+3zgnﬁ)) % + q0+4a/c+2£ijr-sgn,6’) cot « +0 (%) :

(4.4d)
if o € (0,m/2], ¢ #0,
x) = \/71+Slgnﬁ {(1 —sgn B) sin ¥/ Agx — (—1)%8" cos v/ Az+
(1—sgn ) e~ VAwe 4 (—q e msenlaomaol®) iy /30—
(4.5a)
(— 1)5gnﬁ’% cos VA + (1 — sgn B) L) qO(z) eVae 4 0 (%)} ;
ifa=0,¢c=0,
yr(z) = \/@{sin S px —sgn B - cos YApx — sgn - e Y
sgn 3 qo(x):% sin v/ gz — qo(x)”(l;skgnﬂ Jeota o ¢/ + (4.5b)

s ()2 Aeoto o~ VNe 10 ()}, ifa e (0,7/2], c=0,
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=/ 1+Sgnﬁ {(1 - sgn B) sin VAgx — (—1)%8"7 cos v/ Apz +
(1—sgnB) e YAz 4 (—1)ktsend ({)Sgnﬁ e VA=) 4

(_1)sgnﬂ(1—Sgﬂﬁ)(QZ‘;k4a/c)_QO($) qin & )\kx_ (4.56)

( 1)5gnﬁ¢10+4a/c+(ig:gnﬁ qo(x COS W]: +( — sgn ﬁ) q0+4a4/§k—(10($) e~ ma:_’_

sgnf - )
(—1isend (YZ)T ) ¢ At ”+0(12)}, ifa=0,c#0,

yr(z) = VM {sin Y Npx —sgn 3 - cos Vagx —sgn B - e~ VT4

sgnf3
(_1)k+sgnﬁ (@) & e VAk(z=1) _ sgn 4cota+q0( ) sin &/ ez — s

QO($)+2(12;skgnﬂ) cota oo mx 4 sgn6~qoglmg)k+4cotae— Iz

+ (—1)Fsendllontiale YD L O (), if a e (0,7/2), ¢ #0,

where relations (4.5a)-(4.5d) hold uniformly for x € [0,1].

The proof of this lemma is similar to that of [3, Lemma 3.2].

5. Uniform convergence of expansions in Fourier series of subsystems
of eigenfunctions of problem (1.1), (1.2)

Let
0 = llyxll3 + o~ mg. (5.1)
Since o > 0 and my, # 0 it follows from (5.1) that
o >0, ke N. (5.2)
Theorem 5.1. Let r be the any fized positive integer. Then the system {y(2)}72; ks,

of eigenfunctions of problem (1.1), (1.2) forms a basis in Ly(0,1), 1 < p < oo, and for

p = 2 this basis is a Riesz basis. The system {ug(x)}32y 1., conjugate to the system
yr ()} , is defined by the equality:
k=1, k#r

uk<$) = 5]:1 {yk(x) — mEm,. 1yr<m)} keN, k 7é T, (53)

The proof of this theorem repeats the proof of Theorem 4.1 of [1].
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If r is an arbitrary fixed natural number, then by Theorem 5.1 the Fourier series

expansion
oo

f@) =Y (froun) (), (5.4)

k=1, k#r

in the system {yx(z)}32; ;. of any continuous function f(x) on [0, 1] converges in Ly, (0,1), 1 <

p < 00, and converges unconditionally for p = 2.

The main result of this paper is the following theorem.

Theorem 5.1. Let r be the an arbitrary fized positive integer, f(x) is continuous
function on the interval [0,1] and has uniformly convergent on [0,1] Fourier series in the
system {Wy(x)}72,. Then the series (5.4) converges uniformly on [0,1].

Proof. If « = =0 and ¢ = 0 in boundary conditions (1.2a)-(1.2¢) and (1.2¢”), then
it follows from (4.1a) and (4.2a) that for eigenvalues and eigenfunctions of problem (1.1),
(1.2a), (1.2b), (1.2¢"), (1.2d) with ¢ = 0 the following asymptotic formulas hold:

r(®) = (k— i) e (;2> (5.5)

Uy (x) = \/%{sin (k—1) Tz —cos(k—1) Tz +e ~(k=3)7e —1—0(%)} (5.6)

where (5.6) holds uniformly for = € [0,].
It follows from (4.4a) and (4.5a) that for eigenvalues and eigenfunctions of problem
(1.1), (1.2) with @ = 8 =0 and ¢ = 0 the asymptotic formulas are valid:

o (BT w0 (]

M= (k-2 T o (). (5.7
@) = /1 {sin (k= 3) o —cos (k= §) Fa e (DT
wsm(;ﬁ_g)%_wcw(,ﬁ_g)zﬁ (5.8)

4km 4km

womfeions (D72 4 0 ()],

km

o

where (5.8) holds uniformly for = € [0,1].
By asymptotic formulas (5.6) and (5.8) we have

yr(z) = Uj_y(z) + \/>{ qo— q04kx¢)r a0z (k o %) %x _ (%-&-qoi;;)r)l—qwx

cos (k= §) o+ (st o (DT 4 0 ()},

=

In view of (5.8) we get

- (3 o).
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i = 0vay T (14 20 (L)),

which implies that

e = ayy() + eyl () = — W ~0 (1> . (5.10)

Direct calculations show that

1
Il =1+0 (3)- (5.11)

Then by (5.10) and (5.11) it follows from (5.1) that

1
b=l + o~ mt =140 (13 ). (5.12)

Let r be the any fixed positive integer. By (5.10)-(5.12), from (5.3) we get

uk(x) = 5’;1 {yk(a;) —my mr_l yr(:(;)} = yk( )+ O (k12> (5.13)

Note that for uniformly convergence of series (5.4) it is necessary and sufficient uniform
convergence of the series

ST un)yn(@). (5.14)
k=r+1
By (5.13) we have
S (Fudvel) = > (frun)ur(z Z O <k2) (5.15)
k=r+1 k=r+1 k=r+1
it follows from (5.9) that
yr(x) = @p_q1(x) + O <]1§) . (5.16)
According to (5.16) we have
S @) = S Fa®a@+ S Gwo(d). (a7
k=r+1 k=r+1 k=r+1

Since {yx(2)}72; k. 18 @ Riesz basis in L5(0,1) the following estimate holds

> \(f,ywO(i)lsConst{kf (Fl+ 5 ,32}<+oo.

k=l+1 =l+1 k=l+1
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Hence to study the uniform convergence of the series (5.14), it suffices to study the uniform

convergence of the series
o0

> () ¥eoa(x) (5.18)

k=r+1

pi(z) = ﬁ (qo — QO(Z;)Z +QOCU7 o) = ﬁ (qo + %(43;))[ — q()aj7

exa(x) = e~ (+75)

)

Let

7r
h

Then by (5.9) we get

yp(z) = U1 (x) + k_lpl(m)ekyl(m) + k_po(:U) ek,g(x) + k;_lp3(x) ekg,( )+ O (132)

whence implies that

Yo Fw)®roa(e) = Y (fPr1) Ppoa(a)+
k=r+1 k=r+1

Z k= (fp1sen) Proa Z k= (fp2sen2) P (2)+

k=r+1 k=r+1
Z K (o3, ens) Pro1(z) + Y O (K72) By (a). (5.19)
k=r+1 k=r+1

By virtue of [14, Lemma 5] each of the systems {e; ;}32,, 7 = 1, 2.3, is a Bessel system.
Therefore, we have the following estimates

> | < omst ( 2 @t 2 <fpj,ek,j>\2> < const (1+£1[3), j = 1, 2. 3.
k=l4+1 k=Il+1 k=l+1
oo
By virtue of the condition of this theorem the series > (f, ®x_1) Pr—1(z) converges
k=r+1

uniformly on the interval [0,1]. Then, as seen from (5.19), the series (5.18) converges
uniformly on [0, 1].
The rest cases are treated in a similar way. The proof of this theorem is complete.
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