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An Inverse Boundary Value Problem for the Boussinesq-
Love Equation with Periodic and Integral Condition
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Abstract. The work is devoted to the study of the solvability of an inverse boundary value prob-
lem with an unknown time-dependent coefficient for the Boussinesq-Love equation with Nonlocal
Integral Condition . The goal of the paper consists of the determination of the unknown coefficient
together with the solution. The problem is considered in a rectangular domain. The definition of
the classical solution of the problem is given. First, the given problem is reduced to an equivalent
problem in a certain sense. Then, using the Fourier method the equivalent problem is reduced to
solving the system of integral equations. Thus, the solution of an auxiliary inverse boundary value
problem reduces to a system of three nonlinear integro-differential equations for unknown functions.
Concrete Banach space is constructed. Further, in the ball from the constructed Banach space by
the contraction mapping principle, the solvability of the system of nonlinear integro-differential
equations is proved. This solution is also a unique solution to the equivalent problem. Finally, by
equivalence, the theorem of existence and uniqueness of a classical solution to the given problem
is proved.
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1. Introduction*

There are many cases where the needs of the practice bring about the problems of de-
termining coefficients or the right hand side of differential equations from some knowledge
of its solutions. Such problems are called inverse boundary value problems of mathematical
physics. Inverse boundary value problems arise in various areas of human activity such as
seismology, mineral exploration, biology, medicine, quality control in industry etc., which
makes them an active field of contemporary mathematics. Inverse problems for various
types of PDEs have been studied in many papers. Among them we should mention the
papers of A.N. Tikhonov [1], M.M. Lavrentyev [2, 3], V.K. Ivanov [4] and their followers.
For a comprehensive overview, the reader should see the monograph by A.M. Denisov [5].

In this paper we prove existence and uniqueness of the solution to an inverse boundary
value problem for the Boussinesq-Love equation modeling the longitudinal waves in an
elastic bar with the transverse inertia.
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2. Problem statement and its reduction to an equivalent problem

Let T' > 0 be some fixed number and denote by D := {(z,t): 0<x <1, 0<t<T}.
Consider the one-dimensional inverse problem of identifying an unknown pair of functions
{u(z,t), a(t)} for the following Boussinesq-Love equation [6 ]

Ut (2, 1) — Utze (T, 1) — QUi (2, 1) — Buge(x,t) = a(t)u(t,x) + f(z,t) (1)

with the nonlocal initial conditions

T
u(z,0) = ¢(x) + /p(t)u(x,t)dt, ut(x,0) =9Y(z), x€][0,1], (2)
0
periodic boundary condition
u(0,t) =u(l,t), tel0,T], (3)
nonlocal integral condition
1
/u(m,t)d:p =0, te[0,T7], (4)
0

and over determination condition
u(o,t) = h(t), t € [0,T). (5)

Where zp € (0,1),a > 0, 5 > 0 the given numbers, f(x,t), ¢(z), ¥(x), p(t) , and h(t) are
given sufficiently smooth functions of x € [0,1] and ¢ € [0, T].
We introduce the following set of functions

CE(Dr) = {ula,t) : u(x,t) € C*(Dr), tge(,t), Upze (T, 1), Uptza(z,t) € C(Dr)} .

Definition 1. The pair {u(z,t), a(t)} is said to be a classical solution to the problem
(22)-(272), if the functions u(z,t) € C?2(Dy) and a(t) € C[0,T] satisfies an equation
(??)in the region Dr, the condition (??)on [0,1], and the statements (?77)-(??)on the
interval [0, T).

In order to investigate the problem (??)- (?7), first we consider the following auxiliary
problem

y'(t) = a(t)y(t), t€[0,7], (6)

T
y(0) = / p(t)y(t)dt, 4(0) =0, (7)
0

where p(t), a(t) € C[0,T] are given functions, and y = y(t) is desired function. Moreover,
by the solution of the problem (??), (??), we mean a function y(t) belonging to C2[0, T]
and satisfying the conditions (??), (??) in the usual sense.
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Lemma 1. [7] Assume that p(t) € C[0,T], a(t) € C[0,T1, [|a(t)[lcj 1) < R = const, and
the condition

T
(1Ollcioz + 57) T <1
hold. Then the problem (7?), (??) has a unique trivial solution.

Now along with the inverse boundary-value problem (??)-(?7), we consider the follow-
ing auxiliary inverse boundary-value problem: It is required to determine a pair {u(z,t), a(t)}
of functions u(x,t) € C*?) (D7) and a(t) € C[0,T], from relations (??)-(??), and

uz(0,t) = ug(1,t), t€[0,T]. (8)

R () — wipen (20, 1) — QUtzz (70, 1) — B (w0, t) = a(t)h(t) + f(xo,t), t€[0,T].  (9)

The following lemma is valid

Theorem 1. Suppose that (x), ¥(z) € CY[0,1], ¢(1) = ¢'(0),¥(1) = ¥/(0), p(t) €
Cl0,T] , p(t) <0, t €0, T] h(t) € C?[0,T], h(t) # 0, t € [0,T], f(x,t) € C(Dr),
1

bff(:c,t)dx =0, t€[0,T], & — B >0, and the compatibility conditions
1 1
| "
0 0
T
h0) = [ pObEdt + plan), 1(0) = 60 (1)
0

holds. Then the following assertions are valid:

1. each classical solution {u(x,t),a(t)} of the problem (??)-(7?) is a solution of problem
(?7)-(?7), (?7), (?7), as well;

2. each solution {u(x,t),a(t)} of the problem (?7)-(77?), (??), (??), if
T
(16Ol + 3 la@lom ) T <1 (12)

is a classical solution of problem (77)-(77).

Proof. Let {u(z,t),a(t)} be any classical solution to problem (??)-(??). By integrating
both sides of equation (?7?) with respect to x from 0 to 1, we find

1
d2/u (z,t)dx — (upe (1, 1) — up(0,t)) — a(upe(1,1) — u(0,1)) — Blug(1,t) — uy(0,1))
0
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1

1
t)/u(:c,t)d;v—l—/f(x,t)dx, te[0,7). (13)
0

0
Using the fact that }f(ac,t)dx =0, t€[0,7T], and the conditions (??), (??), we find
that : "
Upter (1, 1) — Upez (0, 1) + o (wez (1, ) — w2 (0, 1)) + B (uz(1,t) — uyp(0,t)) = 0,¢ € [0,T]. (14)
It’s obvious that the general solution of equation (2.14) has the form:
a1, 1) = 4 (0,8) = c1e1t + cper, (15)

where c1, ¢ are the unknown number and

o o? o o?
Mlz_g_ Z_ﬁ ;M2:—§+ Z_ﬁ
By (??) and ¢'(?7?) = ¢/(0), ¢'(??) =1'(0) we obtain:
T
ua(1,0) = 1(0,0) = [ p(t) (1) = ws(0,1))
T ’ T
+(1,0) p(t)uz(1,t)dt — | us(0,0) p(t)uz(0,t)d
-/ [
=¢'(1) = ¢'(0) = 0, ugz(1,0) — uz(0,0) = ¢'(1) —4'(0) = 0. (16)

Using (??) and (??) we obtain

T
c1+co— /p(t) (cre"t + coe') dt =0, cipn + copp = 0.
0

Hence we find:

T
e =—"Yer, er [ po—pm - /P(t) (2 = m)e’ — (e —emh)dt | =0.
0

By p(t) <0, g2 —p1 = 24/% — B> 0, from the latter relations we have ¢; = co = 0.

Putting the value of ¢; = c2 = 0 in (2.15), we get that the problem (2.14), (2.16) has
only the trivial solution, i.e. we conclude that the statement (?7?) is true.
Substituting = = z¢ in equation (??)we find:

(20, 1) — Utz (20, t) — QUL (20, 1) — Bugy (2o, t) = a(t)u(xo, t)+ f(xo,t), t€[0,T], (17)
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Assume now that h(t) € C2[0,T]. Differentiating (??)twice, we get
u(zo,t) = h"(t), ¢t €10,T). (18)

From (2.17), taking into account (??) and (2.18), we conclude that the relation (?7?)
is fulfilled.

Now, assume that {u(z,t), a(t)} is the solution to problem (??)-(??), (2.8), (2.9).
1

Then from (??), taking into account the condition [ f(z,t)dz =0, t € [0,T] and relations
0

(??), (??) we have

1 1
d2
dﬂ/u(aj,t)dm = a(t)/u(m,t)d:z, t €10,T]. (19)
0 0
Furthermore, from (??)and (??)it is easy to see that
1 T 1
/u(x,O)d:c/p(t) /u(x,t)dx dt
0 0 0

jm@ﬂﬂxz}¢@ﬂxz& (20)
0 0

Since, by Lemma ??, problem (2.19), (2.20) has only a trivial solution. It means that
1
Ju(z,t)de =0, te€[0,T],ie. the condition (??) is satisfied.
0

Next, from (??) and (2.17), we obtain

d2

> (u(o,t) = h(t)) = a(t)(u(zo,t) = h(t), 0<t<T. (21)

By virtue of (?7)and the compatibility conditions (?7), we have

T
ul(ip, 0) — h(0) — / p(t) (ulzo, 1) — h(t))dt
0

T T
= u(@0,0) — [ p(B)ulze,ydt — | h(0) = [ p(t)h(t)dt
/ /
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p(®h(t)dt | = 0,u(z0,0) — K(0) = 0. (22)
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Using Lemma ?7, and relations (2.21), (2.22), we conclude that condition (?7?) is
satisfied. The theorem is proved.

3. Existence and uniqueness of the classical solution to the inverse
boundary value problem
It is known [8] that the system
1, cos Mz, sin Az, ..., cos A\px, sin Az, ... (23)
is a basis in Ly(0, 1), where A\, = 2k7w (k =1,2,...).

Then the first component of classical solution {u(z,t), a(t)} of the problem (?7)-(?7?),
(?7), (??) has the form:

u(z,t) =Y uip(t) cos e + Y ugp(t) sin Mgz, Mg = 27k, (24)
k=0 k=1

where

1
wo(®) = [ ulz.t)dz,
0
1
uik(t) = 2/u(:v,t) cos \pzdr, k=1,2,...,
0

1
ugg(t) = 2/u(x,t) sin \pxdz, k=1,2,.....
0

Then, applying the formal scheme of the Fourier method, from (?7)-(?7)we have

ufy(t) = Fro(t; u, a), 0<t<T, (25)

(14 M%) ulh(t) + aXfuly () + BAjuik(t) = Fi(t; u, a), (26)
1=1,2, k=0,1,2...; 0<t<T,

T
UM®=¢N+/MWM@ﬁH who(0) = 1o (27)
0
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T
uzk(()) = Yk + /p(t)uik(t)dt, u;k(O) = wik:, 1= 1, 2; k= 1, 2.... (28)
0

where

Flk(t) :a(t)ulk(t)+f1k(t) k=0,1,..,

1
fo(?) /f t)ydx, fix(t) /f x,t) cos \pxdr, k=1,2,...,
0

1
w0 = | p(z)dz, ¥ip=2 [ P(z)dx
/ /

1
Olk :2/g0(:v) cos \prdr, Y1y :2/w x)cos A\gxdx, k=0,1,...,
0
1
Fo(t) = a(t)ugk(t) + for(t), for(t) 2/f x,t)sin \yxdr, k=1,2,..,
0

1 1
Dok = 2/@(.%’) sin \gzdx, k=1,2,..., o = 2/¢(x) sin \gzdx, k=1,2,....
0

It is obvious that A2 < 1+ A2 < 2A? (k = 1,2,...). Therefore

a? az)\z ao?
— <l — < — — k=12 ..).

Now suppose that %2 — > 0. Solving the problem (3.3)—(3.6), we fin

T t
ulo(t) = @10 + /p(t)ulo(t)dt + twlo + /(t — T)Flo(T; u, a)dT, (29)
0 0
1 T
wi(t) = - (Hoke* — pipett) | i + /p(t)uik(t)dt + ekt — ety gy,
0
t
+ T )\% /Fik(T;u, a) (e“gk(t*T) — e‘“’“(t*ﬂ) dr (30)
0

0<t<T;i=12k=12.),
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ax? V/ a2)2 3
Hik = — o7 o\

where

2(1 +/\2 4(1 +/\2 IRV
a; a?X? B

Mok = — ooy 2 5
2(1+ A7) 4(1+ A7) 1+/\k
9) Ck2)\2 ﬁ

Tk = K2k — K1k = 4Ak 41+>\2 1+)\z-

Differentiating (3.8) twice, we get:

!/

T
1
w(t) = . ikpior (€18 — et2kh) | gy + /P2(t)uik(t)dt + (pore " — piret ) iy
0

1
EEEDY /Fik(T?“a a) (Mzke“%(H)— Mlke’“’“(t’”> dr} (31)
k
0

O0<t<T;i=1,2k=12_.),

1
g, (t) = o [apiar (paret™s" — pore?*) | i + /PQ(t)uik(t)dt

1 _
+ (,u%ke“%t — u%ke’“’“t) ik + T2 / Fi(T5u,a,b) (H%kemk(t 7
k

— u%keulk(t_7)> dT] )\2 Fir(t;u,a,b)  (k=1,2,..). (32)

To determine the first component of the classical solution to the problem (?7?)-(77?),

(?7), (?7?) we substitute the expressions u;;(t) (i =1,2;k =0, 1,...) into (3.2) and obtain
T t

u(z,t) =10+t | 10+ /p(t)ulo(t)dt + /(t — 7)Fo(7T;u,a)dr

0 0

T
o
1
> T (ake™*" = pge!™) | ou+ / Py(tyurg(t)dt | + (2! —e1:t) gy
k=1 /

_l’_

t
T /Flk(r; u,a) (6”2’“()&77-) — e“lk(t*ﬂ) dr COS \,T
0

2
k
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T
00
+Z W (M2k€u”€t _ Mlkeu%t) Yok + /Pg(t)u2k(t)dt + (eu%t _ e#lkt) Yo
k=1 ;
1 pok(t—T) p1g(t—7) .
+ m FQk(T; u, a’) (6 —€ ) dr sin A\gx. (33)
k
0

It follows from (??) and (3.2) that

a(t) = [h(t)]‘l{h”() (zo, ) + > (AP (t) + a Al (1) + B Afuk(t)) cos Aezo
k=1

+ Z (N2ulyy () + a A2uby (1) 4+ B Aug(t)) sin )\kiﬂo} . (34)
By (3.4) and (3.10) we have:
Nk i () + aXjuiy (t) + BN (t) = F(Tiu,0) — wip(t)

T

1

A [kpior (pake!™" — pore>) | i + /p(t)uik(t)dt + (et — pipet ) i
0

t
1
ARV /Fik(7'§U7 a) (M%keuz'“(H)— M%keulk(w)) dT}
k
0
2
+WFik(t;u,a) 0<t<T;i=1,2,k=1,2,..). (35)

By substituting expression (3.13) into (3.12), we obtain the equation for the second
component of the solution to problem (?7)- (?7), (?7?), (?7):

aft) = [h(e)]"" {h"(t) = flao. t

T

oo

Z [ [akpian (ke — popet> ) | gy, +/p Juk(t)dt
=1 0

t

1
k
0

+ (Hgkeﬂ%t M emkt) Vik + ——
)\2 0 1
)\2 Flk(t U CL):| COS A\LTo — Z |:’Yk [leﬂ?k (leeulkt _ NZkEMZkt)
k=1
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T
X | por + /p(t)u%(t)dt + (Mgkeuzkt _ M%ke/ﬁlkt) ok
0

1
14+ A7

Ak

WFQ]C( t, u, a) sin Aka’O .
k

+

t
/sz(T;U, a) (M%keﬂ%(t#)— M%keulk(H)) dT} -
0

(36)
Thus, the solution of problem (?7)- (77?), (?7?), (??7)was reduced to the solution of
system (3.11), (3.14) with respect to unknown functions u(x,t) and a(t).

Lemma 2. If {u(x,t),a(t)} is any solution to problem (7?)- (??), (77?), (??), then the
functions

1
wo(®) = [ (e, )iz,
0

1
ui(t) = 2/u(m,t) cos \gzdx, k=1,2,..,
0

satisfies the system (3.7), (3.8) in C[0,T].
It follows from Lemma 77 that

Corollary 1. Let system (3.11), (3.14) have a unique solution. Then problem (?7)- (?7),
(??), (?7?)cannot have more than one solution, i.e. if the problem (??)-(77?), (??7), (??)has

a solution, then it is unique.

With the purpose to study the problem (??)- (??), (??), (??), we consider the following
functional spaces.
Denote by B;T [9] a set of all functions of the form

u(z,t) = Z u1(t) cos Adgx + Z ugk(t) sin \gx, A\ = 27k,
k=0 k=1

considered in the region D7, where each of the function uyx(¢) (kK =0, 1, 2,...), ugk(t) (k=
1, 2,...) is continuous over an interval [0, 7] and satisfies the following condition:

[e.9]

J(u) = [[wot) e, 7y + {Z (A% | w1k (t) HC[O,T])2}

k=1
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o !
+ {Z (A% || wor (1) ||C[0,T})2} < 400.

k=1

The norm in this set is defined by
lue, )1y, = T(u).

It is known that B;T is Banach .

Obviously, B3 = Bj ;xC[0, T] with the norm ||2(z, t)HEgT = |lu(z, t)"B§7T+‘|a(t)”C[O,T]
is also Banach space.

Now consider the operator

O(u,a) ={P1(u,a), P2(u,a) },

in the space E%, where

o
U1 (t) cos Apz + Z Uk (t) sin \gz, Po(u, a) = a(t)
0 k=1

NE

Dy (u,a) =u(z,t) =

b
Il

and the functions u19(t) ,a:x(t), ¢ =1,2; k= 1, 2,..., and a(t) are equal to the right-hand
sides of (3.7), (3.8), and (3.14), respectively.
It is easy to see that

ik <0, etirt <1, ertint=T) o1 (1=1,2, 0<t<T; 0< 7 <t)

Oz>\k 042)\% ﬁ Oé)\k .
7 < A - < < = 172 )
] < ’“(2(1+A§)+\/4(1+/\i)2 1+ —1+A§—O‘(Z )

Bk 1 1 1
< B — = < =.
1+ )\k Yk 9 A2 a?)? 9,./1 a?

[V (4(1+Xﬁ)2 B 5) 2 (? - 5)

Taking into account these relations, by means of simple transformations we find:

| pion] <

@10l co.71 < 10| + TPl cpo,77 w10l oo, + T |10l

1
2

T
VTVT / FomPdr |+ T2 la®lopz luo® g - (37)
0

(Z(Ai ||ﬂik(t)||o[o,T])2> < VBay (Z(A% |%‘k|)2>

k=1 k=1



26 S.I. Allahverdiyeva

1
T

+V57 (Z X¢ |9ik]) ) +70V5T (/Z A, | fi (T T)
k=1 2 k=1

1

o0

+ V5T (Hp(t)HC[O,T] + Ha(t)HC[O,T]) (Z(Ai Huik(t)HC[O,T])2> ; (38)

k=1

la®)lleor) < [1BO1 o { 117 = F(zo,)

[e'e) % 2 [e's)
s (z A,;2> - |20 (z 0 mknz)
= k=1

‘C[O,T]

1
2

1 1
+2a”7 (Z >‘k |%ikl) ) + 204270T||p(t)Hc[o,T} (Z()‘i ”uik(t)‘C[O,T})2>

k=1 k=1
1
2

1
00 2
+20%70T la()llcom <Z(A2 Huik(t)’C[O,T})2>

k=1

T
+2027VT (/Z (A} [ fir (7 2dr>

+(Z(Ak||fik<t>||cm,ﬂ>2) + la®llepr (Z(Az||uik<t>||cw,ﬂ>2) ]} (39)

k=1 k=1

Suppose that the data for problem (??)-(??), (??), (??) satisfy the assumptions:
L o(z) € C*[0,1], ¢"(x) € L2(0,1), 0(0) = (??) ,¢'(0) = ¢'(?7) ,¢"(0) = " (??);
2. Y(x) € C?[0,1], ¥"(2) € L2(0,1), ¥(0) =4(??) ,4'(0) = 4'(??),9"(0) = ¢"(?7);
3. [z, 1), fa(x, 1), faa(z,t) € C(Dr), faae(z,t) € L2(Dr), f(0,t) = f(1,1),

J2(0,1) = fo(1,1) fau(0,8) = fau(1,8), 0 <t <T;
4. p(t) € C[0,T],h(t) € C?[0,T), h(t)#0, 0<t<T.
5. a >0, >0, ——,8>O

Then from (3.15)-(3.17) we correspondingly find
a0 ()l < le@)llpy00) + T 1@ 2,00y + VT 1f (@ ) 50,1

+T [lp)lego.r) luro @l egor) + T la®)llogo,zy luao®ll oo,z (40)

1

{Z (A% (| @i (t) HC[O,T])2} < 2V5a7 H‘p/”(‘E)HLQ(OJ)

k=1
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—|—2\/570 H”L/}m(l') HL2(071) + 27()@ ”facac:c(x7 t) HLz(DT)

N

2 00
+ V5T Hp(t)”C[O,T] Z (Z(Ai ||uik(t)||C[0,T])2>
=1 \k=1

=1

D=

+ V5T la(t) | opo 17 Z (Z N Huik(t)HC[O,T])Q) : (41)
i=1 \k=1
oo 3
la(®) oz < MR o {h” — 1O )] oz + (Z /\EQ>
k=1

X {404570 H‘P”/(UC)HLQ(OJ) +4a’y H@bm(x)HLg(o,n +4a*yVT Hfmm(%t)HLg(DT)
1
2

+4ayT (||P(t)||c[0,T] + lla(®)ll o1y (Z N llue )l oo.m) )

k=1

42|l 5ot Dlepo 01+2H<>rrcm,ﬂ< <Azuuk<t>ucm,ﬂ>2> ” (12)
k=1

It follows from (3.18) and (3.19) that

(@, )llpg, < AT + Bi(D) lla@®ll gy @, )l g, + CLT) ul, )y, (43)

where

A1(T) = lle@) |y 00y + T 1@ py01) + TVT N (@0 100
+2v/5a70 “90///(5”)“1:2(0,1) + 250 HW"(:C)HLQ(OJ) + 270 V/5T | fowz(@, ) 1, (Dr) »
By(T) = T* 4 7oV/5T,

Ci(T) = T(T + V57%) lp(t)llcpory -

Further from (3.20), we may also write

18(®)lcgo.ry < As(T) + Ba(T) la®)ll ooy I, ) g+ Co(T) e, ) gg o (44)

where

As(T) = H [A(t) 1Hc[o T {Hh” - 10, t))HC[o,T} + (Z )‘l;2> [40‘670 Hgolll(x)HLQ(O,l)
k=1

#4020 [0 00 + 40290 T WDl +2 M Dl |}
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Bz<T)=H[h<t>]‘1ch,ﬂ( (Aﬁ)) (204270T+1>,
1

k=

[N

Co(T) = || [T oy <Z(>‘k2)> Tlr®llcro,m -

k=1
From the inequalities (3.21) and (3.22), we conclude that
(2. 1)l 5g , + 8(0) |l ciom
< A(T) + BT a(t) g0 a5, + OT) . 1) g, (45)

where
A(T) = Ai(T) + A2(T), B(T)=B1(T)+ B2(T), C(T)=Cy(T)+ Co(T).
Thus, we can prove the following theorem:

Theorem 2. Assume that statements A)-E) and the condition
(B(TY(A(T)+2)+C(M)(A(T)+2) <1, (46)
holds, then problem (?7?)-(77?), (??), (??)has a unique solution in the ball K = KR(H,ZHE% <
R < A(T) +2) of the space E3.
Proof. In the space E%, consider the operator equation

z2=®z, (47)

where z = {u, a}, and the components ®;(u,a) (i = 1,2), of operator ®(u, a) defined by
the right sides of (3.11) and (3.14), respectively and the following inequalities hold:

|@21l5 < A(T) + B(T) la(®) ooy N, ) gy, + C(T) ul, 0) g,

< A(T)+ B(T)R?> 4+ C(T)R = A(T) + (B(T)(A(T) + 2) + C(T))(A(T) + 2), (48)
21— @2 sy < BIT)R(lus(,6) = o, 1) g+ s (8) = a2l o)
+O(T) (1) = o, D)l (49)

Then it follows from (3.24), (3.26), and (3.27) that the operator ® acts in the ball
K = Kpg, and satisfy the conditions of the contraction mapping principle. Therefore the
operator ® has a unique fixed point {z} = {u, a} in the ball K = Kg, which is a solution
of equation (3.25); i.e. the pair {u,a} is the unique solution of the systems (3.11) and
(3.14) in K = Kp.

Then the function u(x,t) as an element of space B3 ;. is continuous and has continuous
derivatives u,(z,t) and ugy(z,t) in Dp. 7
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Now from (3.9) it is obvious that w,(¢) (i = 1,2; k = 1,2,...) is continuous in [0, T
and from the same relation we get:

(zuz Hu;k<t>}|cm>2> < 23585 (@) 0
k=1

+2\/5a H¢/H(x)HL2(071) +2aV5T fo:t::z:(x) t)HLg(DT)

+2a/5T (”P(’f)Ho[o,T] + lla(®) o1y ) <Z()\% ||Uk(t)”0[o,T})2> :

Hence, it follows that w;(x,t), i (z, 1), Uire ( ,1) are continuous in Dy .
Next, from (3.4) it follows that u},(¢) (i = 1,2; k =1,2,...) is continuous in [0,7] and
consequently we have:

(Zw Hu;uwumf) <% (Zuﬁ Huzkuwcmf)
k=1 k=1

N |=

1
o0

+28 (Zuz uumu)ucm)?) 21l 6) + alt)al, ) cpor

L(0,1)
k=1 (

From the last relation it is obvious that wy(x,t), s (z,t), Upee (z, t)are continuous in Dyp.
It is easy to verify that equation (??)and conditions (?7), (?7), (?7), (?7?)satisfy in the
usual sense. So, {u(z,t),a(t)} is a solution of (??)-(??), (??), (??), and by Lemma ?7 it

is unique in the ball K = Kg. The proof is complete.

In summary, from Theorem 7?7 and Theorem 7?7, straightforward implies the unique
solvability of the original problem (?7)- (77).

Theorem 3. Suppose that all assumptions of Theorem 77, and the conditions

1 1 1
[ewiz=o, [z =0, [ f@0ds =0, te0.1)p0) <0, e 0.1,
0 0 0

T
/ POR(E)dE + p(z0), 1(0) = (0)
0

(Hp(t)uom,ﬂ +5AM)+2)T <1

holds. Then problem (?7)- (??)has a unique classical solution in the ball K = KR(HZHE% <
A(T) +2) of the space E3..
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