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Inverse Boundary Value Problem for a Third-Order Par-
tial Differential Equation with an Additional Integral Con-
dition

A1 Ismailov

Abstract. In the article the author analyses one inverse boundary problem for a partial differential
equation of third order with an Additional Integral Condition. First, an original problem is reduced
to the equivalent problem, the theorem of existence and uniqueness of solution is proved for the
latter. Then, using these facts the author proves existence and uniqueness of classical solution of
the original problem.
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1. Introduction

Inverse problems are an actively developing branch of modern mathematics. Recently,
inverse problems have arisen in various fields of human activity, such as seismology, mineral
exploration, biology, medicine, quality control of industrial products, etc., which puts them
among the actual problems of modern mathematics. Various inverse problems for certain
types of partial differential equations have been studied in many works.

Let us note here, first of all, the works of A.N. Tikhonov [1], M.M. Lavrentev |2, 3],
V.K. Ivanov [4] and their students. More details about this can be found in the monograph
by A.M. Denisov [5].

The purpose of this work is to prove the existence and uniqueness of solutions of
one inverse boundary value problem for a third order differential equation with partial
derivatives with an integral condition of the first kind.

In this work, using Fourier method and contraction mapping principle, we prove the
existence and uniqueness of the solution of the nonlocal inverse boundary value problem
for a third order two-dimensional pseudo parabolic equation.
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2. Formulation of the inverse boundary value problem

Consider for the equation

2u(x 2u(x
8(‘3(152’0 — gt (a(t)aa(xz’t)) =p(t)u(z,t) + f(z,t) (1)

in the domain Dy = {(z,¢) : 0 <2z <1, 0 <t < T} inverse boundary value problem with
initial conditions

u(@,0) = p(z), ug(x,0) =¢(x) (0<z<1), (2)
with Neumann boundary conditions

uzy(0,t) =u(l,t) =0 (0<t<T), (3)

and with an additional integral condition

/1 g(@)u(z,t)de =0 (0<t<T) (4)
0

where a(t) > 0, f(x,t), ¢(x), ¥(x), w(x) , h(t) are given functions, and u(z,t) and p(t)
are unknown functions.
Let us introduce the notation

C?*%(Dr) = {u(x,t) : u(z,t) € C*Dr), wge(x,t) € C(D7)}.

Definition 1. Under the classical solution of the inverse boundary value problem (1)-(4)
we mean a pair {u(z,t),p(t)} of functions u(z,t), p(t) , if u(z,t) € C*>%(Dr), p(t) €
C10,T) and the relations (1)-(4) are satisfied in the usual sense .

The following theorem is true.
Theorem 1. Let f(z,t) € C(Dr), ¥(x) € C[0, 1], (x) € C[0, 1], h(t) € C?[0,T],
0 < a(t) € CHO, T], h(t) #0 (0 <t <T) and the matching conditions are met

1 1
/0 g(x)p(z)dr =0, /0 g(x)(x)dz = 0.

Then the problem of finding a classical solution to problem (1)-(4) is equivalent to the
problem of determining functions u(x,t) € C*%(Dr), p(t) € C[0,T), satisfying equation
(1), conditions (2), (3) and conditions

1 2u T 1
)~ 5 (a0 [ o055 a0) =pono) + [ g@iswnar 0 <0< 6)

Proof. Let {u(z,t),p(t)} be a classical solution to problem (1)-(4). Since h(t) €
C?[0,T), we differentiate (4) twice with respect to ¢, we get:

1 1
/ g(@)us(w, t)dz = B (1) | / (@ )un(e, Odz = K'(1) (0 <t <T). (6)
0 0
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We multiply equation (1) by the function g(x) and integrate the resulting equality
from 0 to 1 with respect to x, we have:

j; /01 g(z)u(z,t)dxr — % (a(t) /01 g(x)%dm) =

1 1
—5(0) [ gl@pulzde+ [ gla)(e.tdn (0<t<T). (7)
0 0
Hence, taking into account (4) and (6), we easily arrive at the fulfillment of (5).
Now, suppose that {u(z,t),p(t)} is a solution to problem (1)-(3), (5).
Then from (5) and (7) we get:

d2

1 1
dtQ/O g(@)u(z,t)dz = P(t)/o g(@)u(z, t)dr (0<t<T). (8)

Due to (2) and fol g(z)p(z)dz =0, fol g(z)(z)dx = 0 it is clear that

1 1 1 1
/0 g(@)u(z, 0)da = /0 g(@)p(w)de = 0, /0 g(w)ur(z, 0)dz = /0 g(@)b(e)dz = 0. (9)

From (8) and (9) we conclude that condition (4) is satisfied. Theorem is proved.

3. On the solvability of the inverse boundary value problem

The first component u(z,t) of the solution {u(z,t),p(t)} of problem (1)-(3), (5) will
be sought in the form:

T
u(z,t) = kZ_:IUk(t) COS A\, ()\k = 5(2k - 1)) , (10)
where .
up(t) = 2/0 u(z,t) cos \pxdx (k=1,2,...).
Then, applying the formal scheme of the Fourier method, from (1), (2), we obtain:
up(t) + A (a(tur(t)) = Fi(tu,p) (k=1,2,.50<t<7T), (11)

where

1
Fultiu,p) = filt) + p(eun(t). fult) = 2 /0 F (2, 1) cos Meda,

1 1
Y = 2/ o(x) cos Apzdr, Py, = 2/ ¥(x)cos Agzdr (k=1,2,...).
0 0
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Solving problem (11), (12) we find:

t t t t t
uk(t) = ok (e_)‘i Joals)ds A2a(0) / e ) a(s)d8d7> + wk/ e Jrale)ds gy
0 0

t t
+/ Fi.(n;u,p) (/ e M f:a(s)d5d7> dn (k=1,2,..). (13)
0 n

Differentiating twice (21) we obtain:

t
ul(t) = =Ny, <a(t)e)‘i Jo al)ds _ a(0) <1 - )\%a(t)/ e )7 “(s)d8d7)> +
0
v,
+n <1 — Aaf(t) / e M f7“<8>d5dr> +
0

t t
+/ Fy(n;u,p,q) <1 — )\%a(t)/ eI “(s)d8d7'> dn (k=1,2,..), (14)
0 n

t
uf(t) = ~Npor ((0'() = MaP(0))e M) 1 X2a(0)(a'(1)-
t t
~A2a3(1)) / e a<$>d8d7> — Nr(d () — \a%(1) / e M Sra)ds g
0 0

t t ¢
% [ Filup ((a'(t) =) [ eI a(t)) dn+
0

0
FE(tu,p) (k= 1,2,..). (15)

After substituting the expression uy(t) (k= 1,2,...) from (13) into (10), to determine
the the component u (z,t) of the solution of problem (5) we obtain:

oo

t t
U(.%', t) = Z {Sok <e_)‘% fot a(s)ds + )\za((]) / e—/\i I; a(s)dsd,]_> +
0

k=1

t t ¢
+y, / e M7 al9ds g 4 / Fi.(n;u, p) (/ el a<s)d8d7’> dn } COS AL . (16)
0 0 n

Now from (5), taking into account (10), we get:

1 oo
p(t) = ()] {h"(t) —/0 9(@)f (@, t)dz +an>\i(a(t)uk(t))'} : (17)

k=1

where

1
ng = / g(z) cos Apzdr. (18)
0
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Further, from (18), by virtue of (25) we find:

Nela(tyug(t)) = —uji(t) + Fy(t;u,p,q) =
t t 9 rt
= XNy ((a'(t) — A2a2(t)) (e_)‘i Joals)ds 4 2a(0) / e M7 a(s)d5d7> ) +
0

t
() a2 (0) [ Ry
0

—I—)\% /Ot Fy.(n;u,p) <(a'(t) - )\iaQ(t)) /t e~ S als)ds g + a(t)) dn(k=1,2,...) (19)

n

In order to obtain an equation for the second component p(t) of the solution {u(x,t), p(t)}
of problem (1)-(3), (5) we substitute the expression A2 (a(t)ug(t)) (k =1,2,...) from (19)
to (17) . We have:

p(0) = o1 {0~ [ o) ste. s +
+ i o [Azgok <(a’(t) — M\242(t)) (Ni Jo al9)ds 4 x24(0) /O LS “(s)dsdr> ) +

t t
(0 = (1) [ e
0

o F(rwp) (@ - | Lo Sl gr olt)) dn] b

n

Thus, the solution of problem (1)-(3), (5) is reduced to the solution of system (16),
(20) with respect to unknown functions u(z,t) and p(t).

To study the question of the uniqueness of the solution of problem (1) - (3), (5), the
following lemma plays an important role.

Lemma 1. If {u(x,t),p(t)} - be any solution to the problem (1)-(3), (5), then the functions
1
ug(t) = 2/ u(z,t) cos \pxdx (k=1,2,...)
0

satisfy the system consisting of equations (13).

It is obvious that if ug(t) = 2 fol u(zx,t) cos \gxdr(k = 1,2, ...) is a solution to system
(20) and (21), then the pair {u(z,t),p(t)} of a function u(z,t) = Y 72, uk(t) cos Ayz and
p(t) are solutions to system (16), (20) .

It follows from Lemma 1 that the following corollary holds.

Corollary 1. Let system (16), (20) have a unique solution. Then problem (1)-(3), (5)
cannot have more than one solution, i.e. if problem (1)-(3), (5) has a solution, then it is
UNIQUE.
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1. Denote by BS,T’ the set of all functions u(x,t) of the form

u(x,t) = Zuk(t) COS A\, T ,
k=1

considered in D, where each of the functions wuy(t) (k = 1,2, ...) is continuous on [0, 7]

and

S

I(u) = {Z()\% ||Uk(t)||0[0,T])2} < Fo0.

k=1

We define the norm on this set as follows:

e, )l gg . = I(w).

2. Denote by E% the space consisting of the topological product

Bjp x C[0,T].

The norm of an element z = {u, p} is defined by the formula

1l g, = llul@, Dlipg . + lp@llcpor -

It is known that BgT and E% are Banach spaces.
Now consider in space E% the operator

where

CI)(u, a) = {q)l(uap)7q)2(u>p)} )

Oy (u,p) =iz, t) = 1> ig(t) cos \e, Do (u, p) = p(t).
k=0

and x(t) and p(t) are equal to the right-hand sides of (13) and (20), respectively.
It is easy to see that

t t
/ 67)\% f: a(s)deT < / 67)\% f: a(s)dsdT <
0 n

)\i’ m)\%’
where m = min a(t).
0<t<T
Considering these relations, we find:
: :
<Z (A% Huk(t)HC’[O,T]> ) <2 <1+ 1(n)> <Z (A% lol) ) +
k=1 k=1

oo % T o0 %
+% <Z (Ak |¢k|)2> +2;{LT (/0 > Ok ()] dT) +

k=1
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[e.9]

+2 0 oo (Z (% |uk<t>|0[oﬂ)2) 7 (21)

k=1

oo

. ( Af) Ol + 120 oo 1)

(1+49) (gj ) >%+;<§oj(xz |wk|)2>%+

k=1

15l < | 1m) 7|

clo,r] +

1
W(t) — / o) (a, t)d

X ”9(33)||L2(0,1)

[N

T 2 >
+\r/nT (/0 Z ()‘2 ’fk(7)|)2 d7-> + %Hp ||CoT] (Z (A"f ok (¢ HC[OT)Q)
k=1

)

(22)
Let us assume that the data of problem (1)-(3), (5) satisfy the following conditions:
1) ¢(x) € C*[0,1], P (@) € Lo(0,1),
P(0) = p(1) = ¢"(0) =¢"(1) = oW(1) =0,

2) (x) € C[0,1] 9" (x) € L2(0,1), ¥'(0) = (1) =4"(1) =0 .
3) f(z,t), fo(z,t), fou(z,t) € C(Dr), frax(z,t) € La(Dr),

fx(o>t) = f(lat) = fmm(Lt) =0 (0 <t< T),

4) b(x) € L2(0,1),0 < a(t) € C0,T], h(t) € C?[0,T] , h(t) #0(0 <t <T).
Then from (21) , (22), we get:

e, )y, < A1(T) + Ba(T) (8o e, Ol e, (23)

150y < A2(T) + Bo(T) (0l cpory 1 Dl ., - (24)
where

AL(T) = [le@)l 1,00y + T (@) Ly0,1) + VT 1f (@ Ol pyppy +

0 2 2T
a0 =2 (14 50 0" @)y + 2 W@y + 2o 1Dl
2T
B =5

1
W(t) — /0 o) (a, t)de

clo,r) +
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. (z /\,;2> Qe O lleoz + 1450 oo 19 aon

a O 1 n T
. [(1 ; fﬂ)) @], o+ o 167 @0 + f; HfmAx,t)HLQ(DT)] }

1
oo 2 T
_ -1 -2 / 2 4
By(T) = H[h(t)] HC[O,T} (; Ak > (H“ Ol + o (t)HC[O,T]> .
From inequalities (23), (24) we conclude:
(. Oy, + 150 oo < AD) +BE@) lpOllcroy luta. Dlgg, - (25)
where
A(T) = A(T) + Ao(T), B(T) = Bu(T) + Bo(T).
So, we can prove the following theorem:
Theorem 2. Let conditions 1)-4) be satisfied and
B(T)(A(T)+2)* <1, (26)

Then problem (1)-(3), (5) has a unique solution in the ball K = KR(HZHE% <R-=
= A(T) +2) of space E3..

Proof. In space E% consider the following equation
z=®z, (27)

where z = {u, p}, components ®;(u,p)(i = 1,2) of the operator (u,p) are defined by the
right-hand sides of equations (16), (20), respectively. Consider the operator ®(u,p) in the
ball K = KR(HzHE% < R= A(T) +2) from E3.

Similarly to (23), we obtain that for any z, z1, 22 € Kg the estimates

1®2]l gg. < A(T) + B(T) [p(®) oo ry 1l Ol g3 . < AT) + BT)(AT) +2)*, (28)

21— B2a]l gy << BID)R (Jua(, 1) = wa(a, ) g, + lon(t) = pot)lcpormy) - (29)

are valid. Then from the estimates (28) and (29), taking into account (26), it follows that
the operator ® acts in the ball K = Kgrand is contractive. Therefore, in the ball K = Kg
the operator ® has a unique fixed point {u,p}, which is the only solution of the equation
(27), i.e. is the unique solution in the ball K = Ky of the system. The function u(x,t), as
an element of space B;’ 7, is continuous and has continuous derivatives u,(x,t), uzs(z,1),
in Dp. ,

It can be shown that wuy(z,t),utme(x,t), are continuous in Dy.
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It is easy to check that equation (1) and conditions (2), (3), and (5) are satisfied in
the usual sense. Consequently, {u(z,t),p(t)} is a solution to problem (1)-(3), (5), and, by
virtue of the corollary of Lemma 1, it is unique in the ball K = K. Theorem is proved.

Using Theorem 1, we prove the following.

Theorem 3. Let all conditions of Theorem 2 be satisfied and

1 1
/ g(@)p(x)dz = h(0), / g(@)(x)dz = 1(0) .
0 0

Then problem (1)-(4) has a unique classical solution in the ball K = KR(HZHE% <R=
A(T) +2) of space E3..
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