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On Absolute and Uniform Convergence of Biorthogonal
Expansion in Root Functions of a Second Order Discon-
tinuous Differential Operator

Elchin J. Ibadov

Abstract. A second order differential operator is considered. Theorems on absolute and uniform
convergence of expansions of discontinuous functions by the root functions of the given are proved.
Uniform convergence rate of these expansions is also studied.
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1. Introduction

In V.A.Ilins paper [1], a second order discontinuous operator was investigated and
constructive necessary and sufficient conditions of Riesz basicity of the system of root
functions of the considered operator arc established. These investigations played an im-
portant roll in studying absolute and uniform convergence of biorthogonal expansions
of functions from the class W, by the root functions of the Schredinger operator with
multipoint boundary conditions [2,3]. In the present paper, we consider a second order
discontinuous operator, issues of absolutes and uniform convergence and also on uniform
convergence rate of biorthogonal expansions of discontinuous functions by root functions
are studied.

2. The Basic Concepts and Formulation of Results

Let G= | G, Gy = (§-1,&), a =& < ... < &y = b, where —00 < a < b < +00.
1=1

By W[‘ (G), 1 <r < oo, denote a class of functions possessing the property: if f (z) €
WT’?(G), then for each Gy, | =1, m there exists the function fj(z) from the Sobolev space
W (Gy) such that f(x) = fi(z) for {1 <x < §.

On the set G consider the formal operator

Lu=1u"+q(z)u (1)

http://www.cjamee.org 53 © 2013 CJAMEE All rights reserved.



54 Elchin J. Ibadov

with complex-valued coefficients ¢(z) € L1(G).

Under the system of the root functions of the operator we’ll understand an arbitrary
system {uy}7o, of complex-valued non identical zero functions from W72 (G), satisfying
almost everywhere in G the equation

Luy + Apug, = Opup_q,

where 60 either equals zero (in this case the function uk is an eigenfunction) or unit
(in this case we require A\y = \;_1 and call u; an associated function of order j, where
O =0p1=...=0_j1=1,0,_; =0).

Denote pr = /Ay, arg ux € (=5, 5]

Later on, we’ll additionally suppose that the elements of the considered system of the
root functions {uy (z)},—; are determined at the points &, I = 1,m and are continuous
from the left at these points, but at the point o, = a they are continuous from the right.
The expanded function f (x) € Wpl(G), 1 < p < oo will also satisfy these requirements.

We'll require that the system {uy (z)}p satisfies V.A. Ilin’s following conditions: 1)
the system {uy (x)};-; complete and minimal in Ly (G); 2) the inequalities are

[Imp| < Co, (2)

Z <Cy, V7 =>0; (3)

T<Reup<t+1

fulfilled. 3) there exists a constant Co > 0 such half
lluklly [|uglly < C2y  k=1,2,..., (4)

where {v,}p-; is a biorthogonall adjoint system to the system {uj (z)},; and consists

of the root functions of the formally adjoint operator L* = % +q(x), x € G (ie.
L*vp + +Ap v = Opg10p41). -

For an arbitrary function f (x) € WZ}(G), p > 1 compose a partial sum of its biorthog-
onal expansion by the system {uy};-,

O-V(J:’f): Z (f,vk)uk(x),uz L,

pr<v
where
(Fo00) = [ £ (@) o @i
G
Assume
R, (z,f) = f(z) —ou (z, f)
and denote

Qm (f,vx) = £ (0) vy, (b—0) — f (a) vy, (a + 0)+
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m—1

+ 3 [FEa—0v@—0 - f(&+0 v (& +0).

=1

The main results of this section consist of the following theorems:
Theorem 1. Let the system {uy (z)}y-; of the root functions of the operator (1)

satisfy conditions 1)-3). Then, a biorthogonal expansion of any function f (z) € W;(G),
p > 1 satisfying the condition

|Qm (fvvk‘)’ <C; (f) Hka27 k=1,2,.., (5)

converges absolutely and uniformly on G = [a,b] and the following the relations are valid

Z fvvk uk’ l’eé, (6)
k=1
sup R, (2, )] < const {2 Wl + v 1 () + gl 1l (7)
€
sup | R, (¢, /)| = 0 (v=°) v = +o0, (8)

z€G
where § = mln{ } p~t4+q¢~! = 1; symbol ”0” depends on the expanded function f (z);

const is independent of the expanded function f (x);
”fHWI}(G) =fllz, @ + Hf,HLP(G’)

Theorem 2. Let the function f (z) belong to the class Wll (G) conditions 1)-3) and
condition(5) be fulfilled for the system of the root functions {uy (z)}7-; of operator (1)
and the number series

i n"twr (ff,n7!) < oo, 9)

converge. Here ng > 2 (b — a), wi (+,0) is a modulus of continuity in L; (G).
Then a biorthogonal expansion of the function f (x) by the system {uj (x)};Z, con-
verges absolutely and uniformly on G, equality (6) and the estimation

sup |R, (z, )| < constK (v, f), (10)
el

are valid. Here the const is independent on the expanded function f (z); the function
K (v, f) is determined by the formula

=30t (a7 O+ lally 1l + 111
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v>dmr/ < mln \Gl|>

By fNIf‘ (G) denote a space of functions f (x) such that for each [ (l =1, m) there exists
the function f; (z) of Nikolskiy class H{ (G), such that f(z) = fj(x) for {1 <z < §.
We define the norm in H{* (G) by the equality

wi (f,6)q
||f||1?1;x = ||f”1 G~ ||f||L1(G) + mzlx Sugéial’
where
&—h
wi (f, 5)Gl = sup / |f (x+h) = f(z)|de.
0<h<$

Corollary from theorem 2. If in theorem 2 we additionally require f (z) € H* (G),
0 < a < 1, the estimation

sup |R, (z, f)’C(E) =0 (1/70‘)
zeG
is fulfilled.

Remark 1. The condition (5) required from the bilinear functional Q., (f,vk), is
natural. Usually, the class of functions f (), for which @, (f,vx) =0, k = 1,2, ..., should
be determined from the considered space. In many cases, condition (5) is fulfilled for all
the functions f (z) from the space under consideration. For example, in the case when the
boundary conditions for vy () are two -point and the principal minor of the matrix that
corresponds to boundary conditions are non zero, i. e. if

av (a) + Biv' (b) + ¢v (a) + dyv (b) = 0,

i=1,2; a1fs —azf #0.

Remark 2. Estimation (7) is unimprovable in the considered class of functions.

3. Representation for the Fourier coefficients from the class Wpl (G),
1 <p<oo.

Before proving theorems 1 and 2, we get some representations for the Fourier coeffi-
cients of the functions from the class I/Vp1 (G), 1 <p< .

Lemma 1. The following representations are valid for the Foruier coefficients of the
function f (x) € W) (G).

(vk, f) = —Qm(,]; %) + (U’i’gf) - ;2 (v, qf) + QZ;I (Vkt1, f) (11)

My My My k
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Qm f ; Uk—f—] S~ (W)
j=0 My
Uiy (G-1)
+Zz 7;]_"_1 osuk(t—fl—1)7f/(t))Gl_
7=0[1=1
m kg (E1-1) . 1 _
ZZ 72]“ sm,uk (t—¢&-1),f (t))Gl
7=01=1
— 1 é.l gl
_ 272(j+1) /q T)V4j (T) /f’ (t) cosTiy, (t — ) dt | dr+
i=0i=1 Mk g 7
o o Okt /
+ ZJ(J]H) /vk+g+1 /fl cosfiy, (t —7)dt | dr
j=01=1 H &1

Proof. It is seen from the definition of the function vy (z) that

vy (z) + q (z)vg (2) + Mg () = Opg 1ok (2), =€ G l=1,m.

57

(12)

Therefore, multiplying by f (z) and integrating with respect to x from &_ to &, from

the last equality we get

/f ) ( /f x) dr—

&
—)icg/Q(x)Uk (z) f (= Hkﬂ /f T)vpgr (v

Conducting integration by parts in the integral containing v} (£), we find

1

&
[ T@hon (&) do = == [F&= 000k (6~ 0) = TT&r + 00k (61 + 0)] +

k
§1-1
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1 0
/ F@eh (&) o — = (o) + 2 / T @oess (x) do.
k

Summing these equalities over [ from 1 to m and taking into account A\ = ui, we
arrive at representation (11).

Now, derive formula (12). It follows from (11) that if we consider this formula as a
recurrent relation for the Fourier coefficients, then

m\J, 1 Y 1
(vk7f) = CQLJ]‘%M+/‘L]2€ (Ukzvf) - i%(vk7qf)+
+9ﬁ-51 [_ Qm ({72’0164-1) + (Uk_ig f ) _ ;2 (Uk+17 qf) + ;2 (’Uk+2, f)]
Hi Hi H, H Hi

Continuing this substitution process to the eigenfunction vy, , for (vg, f) we get the
following representation

/ / n
Qum (f,0k15) f,vkﬂ (vkﬂ"f) ~ (Vktj»af)
(vk, Z ]+1) +Z —2(j+1) _Z —2(j+1) (13)
j=0 Mg j=0 My

Transform the expression (U}g 4 Vil ) For that we use the mean value formula for the

function vy, ; (¢) for t € (§-1,&):

Uy (8) = —Tvesj (§1 + 0)sinfiy (t — §-1) + vy (§-1 +0) %
t
X cosTiy (t— €1) — / 4 (7) vps; (7) cos iy (¢ — ) dr+
§i—1
t

+0k+j+1 /Uk+j+1 (1) cospiy, (t — 7) dr,
&i—1
j = Oankv 0k+nk+1 =0.

As a result of substitution of the expression U;Hj (t) in (v,’gﬂ, f’) we get

m &
(Vs f) Z f () v () dt = Z —Hk/f’(t)smﬂk (t—&-1)dt x

=1 &1 =1 &1

XUk (§-1+0) + /f’(t)COSMk (t = &-1) dtvpj (-1 +0) —
§i-1
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& t
- / 0 / 1 (T)oky; (7) cosTiy (t — 7) dr | dt+
&1 &1
& t
tpsiin [T | [ a0ssr (7 cosm ¢ =) dr | de
§1-1 &1

Change the integration order in double integrals, take into account the obtained ex-

pression for (vfC o f! ) in formula (13), and get the formula

(Umf):—i@_inr

= Mi(ﬁrl) = ﬁi(ﬁl)
v, & 1) _
+ZZ +] (cosmy, (t —&-1), f (t))(;l_

j=01=1

Vg5 (§-1) _ /
ZZ 72]“ (sinfzg (t — &-1), f (t))cl_
j=0 l=1

- &

m 1 _
- Z 5D /q( T) Ukt (T /f’ cos g (t —7)dt | dr+

. )
=0 =1 Mg &,
&
Ok+j+1
5SS e 1 / P cos p (¢ = 7) dt | dr,
7=0 = 1M

T

where under vkzﬂ (&-1), i = 0,1, we mean vklﬂ (&-1+0). Besides ypn,+1 =0, ny - is
the order of the associated function vy (). Lemma 1 is proved.

Proof of Theorem 1.

It suffices to consider the case 1 < p < 2. Estimate the series

SO vl fuk ()], @ € G
k=1

Represent this series in the form

Yool o @)= Y 1Foedl e @]+ D 1w ug ()]
k=1

0<Reur<1 Repp>1

Estimate each of the sums in the right hand side of the last equality

Yo Gl @< Y Fl owllo fun (@)

0<Rep<1 0<Repr<1
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Apply here the estimates (2)-(4) and (see [4])

sup [ (@) < C () Jugll e, e (14)
zeG
sup [vg (2)] < C (1) [[vrll Ly, e - (15)
zeG);

As a result we have:

Yo Fwllu @I <C Y funlly okl £l <

0<Repp<1 0<Repp<1

<Clfl, Y. 1<Clflly.

0<Repr<1

where C is a positive number. For estimating the series

> (o) fug ()]

Rep>1

we apply formula (11) for the Fourier coefficients (f, vy):

Y ol @l < 3 (ol @< 3 @nEol, oy

Repp>1 k21 k21 I k|
uk
+ Z | (Vi )] Jure (@) + > | Uk, 4 f) +
lg]>1 k’ [pre|>1 ‘k‘
Or+1
+ > kg, )]k ()] (16)
o1 [H]

For estimating the first sum in the right hand side of relation (16) we apply inequalities
(5), (14), (15) and then (2)-(4). As a result, we find

> Ol <o 3 1y,

[p|>1 | k’ [pr|>1 |1k
1 = 1
< G2 (f) 5<Ca ()Y Y —5 ] <
kx| >1 ] n=1 \n<|uy|<n+1 ||
=1
SCg(f)Zﬁ Yoo,
n=1 n<|pr|<n+l

where C'(f) in a number dependent on f ().
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Estimate the second sum in the right hand side of (16)

1 1 -1 -1
|Z| T2 () e <x>!=2| P [ (7w onl e ™) el e 21
M| >1 HE|>1

Pl =1

Applying estimates (14), (15) and (4), we get that the left hand side of the last relation
is majorized from above by the quantity

0% L |kl )

lpa|>1

Since the system {v,’C () Hka;l ]ukrl} is a Riesz system (see [8]) and taking into
account f’ (z) € L, (a,b), we can apply the Riesz inequality.
Consequently, the second sum in (16) is bounded from above by the quantity:

1/p 1/q

> S (7 vh ol el ™)

P
| |>1 s lpk|>1

By the condition (4) the sum

1
Z Wa p>1,

lpk|>1
converges by the Riesz inequality

1/q

(A Y i | el

|k >1

Thus, the second series in the right hand side of relation (16) also converges and its
sum doesn’t exceed the quantity C'[| f'||,,, where C' is independent of the function f (z).
Estimate the third sum in the right hand side of (16):

> uk(,xz)‘ @eaf) <37 lally okl ls ()] skl 72 11 £

| |>1 | || >1

Apply estimates (14), (15), and then (2)-(4). As a result we find

1
5 L (;ﬂ (a1 < Crlalh e 32 7 <

|pr]>1 |1k e >1 |k
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1
SClHquHfHOOZﬁ Z L <Cldlly [1flls 5

n=1 n<|pk|<n+1

where C' is a constant independent of f ().
Now, prove the convergence of the last series in the right hand side of (16)

Z ‘91:7+12 |(vgr1, )] Jug (z)| =

o1 |l

= 3 o (o s l)| o oy s @)

|1k |>l

Here, applying estimation (14)
vksll, < Clukl llvelly (17)

(see [5]) and the Holder inequality, we have:

Z 9k7+§ | (1, )] Jug ()] <

lpk|>1 ||
=C Z ‘(f» Ok+1Vk41 ||Uk+1\|;1)‘ <
|>1
1/p 1/q
1 1\ ¢ 1 1
<C| X > ‘(f, Ok+1vk+1 vl 1)} , —+=-=1.
|1k Ty
px|21 g >1

By the convergence of the series >

|p, p > 1 of the system {HkHka HkaH }
x| >1

Tel?

|k > 1 (see [9]), we get

0
> P ks D)l (2)] < const [ 1.

ot P

o0 N
Consequently, the series Y [(f, vx)| |ug ()| converges uniformly with respect to z € G.
k=1

Prove the validity of represen{ation (6). Let the series in the right hand side of (6) converge
on G to some function g (x). By the uniformity of the convergence the function g (x) will
be continuous on each of intervals [y, &1], (§-1,&], [ = 2, m. From the representation

o0
Z frog) ug ( reG
k=1
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we get that (f,vx) = (g,vk), k = 1,2,.... Hence, by the completeness of the system
{vi ()} in Lo (G), it follows that f(z) = g (x) almost everywhere at each of intervals
[€0,&1], (§1-1,&], I = 2, m. Since the both functions f (z) and g (x) are continuous in these
intervals, they coincide everywhere on G. Consequently, representation (6) is true.

Now, establish estimation (7) for 1 < p < 2. It follows from representations (6) and
(11) that for each z € G

Ry (2, /)l = 1f (2) o (@, ) < D 1(fro0) ug ()] <

Rep>v

< S @) < 3 @n Bl oy

|k
lpr| = |pr| >V
1 . 1
+ ) — W )]k @)+ D —— (s af) [ ()] +
|pg|>v |1k i) >v ||

0 -
+ 30 T (e, Pl (2)] < constCy (v +
T

+consty~ /4 Hf’Hp + const ||qlly | fll o vt + consty™1/4 £, <

< const {Vﬁl/q HfHWI}(G) +v 1O (f) + gl Hf”oo]} .

Prove estimation (8) for 1 < p < 2. For that, we again use representation (6), (11)
and behave as in the estimation of the right hand side of relation (16).

Ry (. )l =If @) —ov (z. Al = | D (froe)we(@)| <

Repp>v

< D o) (@) < (COL) + llally 1Flloe) v+

i 2y
1/p 1/q
1 1 Z1\|¢
|y o S (vl el )
luk|=v lk|>v
" s ronn sl )
1 k+1Vk+1 ||Vk+1
+ — f . =
2 | el” 2 < | >
|px|>v |k >y

1/q

=0 ) +0 (v ) [ 32 | (£ ok el e )]

lpx| >V

LS
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1/q
_1\ |4
+0 (V) [ 30 | (F rrrver ol )|
| =
Since the residual of the converging series tends to zero, then
1/q
-1 —1\1?
Skl el )] =0
lpelZv
1/q
/ —1\1¢
S (v ol )] =o),
|k |>v

as v — 00.
Consequently, for any r € G and 1 <p < 2

R, (z,f)|=0 @) +0 (1/_1/‘1> o(l)y=o0 (v_l/q> , V— 400

in the case 1 < p < 2. Theorem 1 is proved. . s
The case p > 2 is reduced to the case p = 2, or I/Vp1 (@) is embedded into W} (G).
Theorem 1 is completely proved.
Proof of theorem 2. -
Let f(x) € Wll (G). Prove the uniform convergence of the series > |(f,vi)||ux (z)]
k=1
on G. For that, we again represent it in the from (see the proof of theorem 1)

00
Mool @)= > + > <Cilfli+
k=1 0<Repr<a Repp>a

+ ) (o) s ()],

Repr>a

where o = max |G -
1<I<m 161

For investigating a uniform convergence in G of the series

Yo o) s (@)

Repp 2o

we use representation (12) for the Fourier coefficient (f,vy). This leads us to studying the
uniform convergence of the series

D ‘Qm B et N a1, (18)

Repr>a j=0
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gt

Z Z”ﬂﬁfmmw®ww—&mfwa
Repy,

=01

&

ke

&

Z Z | Uk-i—]’]i]lc U (JJ)’,

Repp>a j=0

k47 §1-1
mﬁle ) [(cosTie (¢ — &) £ (1),

)

9

PRI

Repp>a j=0 I=1

&
T Uk (T /f’ cosfiy (t —7)dt | dr|,
&1

Lk 0
Z ZZ| k+]+1]+1) |><

Repp>a j=0 I=1

X /'Uk+j+1 /f’ cosfiy (t —7)dt | dr|.

&1

By inequalities (2), (3),
number series

65

(19)

(22)

(23)

(6), (14), (17) and (4) the series (18) is majorized by the

am Y

Rep>a |/Lk|

that converges by condition (3).

By inequalities (2), (3), (15

number series

Since (see [4])

then by (2), (3), (14), (17) and (4) series (20) is majorized by the number series

1
Cllally 11f]l Z:T?F

Repp>a

|/U],<:+j (fl—1)| < 'l vrslly

), (17) and (4) series (19) is majorized by the converging
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Obviously, the system {cosfi, (t —&—1)}re is a system of eigenfunctions of the operator
—y = fi%y. Therefore, by lemma 7 of the paper [9]

!/ / 1 :
‘(COSﬁk (t - §l—1) 7f (t))Gl’ S C I:wl ('f ’ Reﬂk) + Lfe[’l’;} . (25)

Taking this into account in (25), we get that series (20) is majorized by the number

series ) . Hf’H
c e ! L
2 Rejpuy, {M (f ’ Re%) i RBHJ 7

Repp>a

that converges by conditions (3) and (10). Allowing for estimation (17), a uniform con-
vergence on G of series (21) is proved in the same way. It follows from (25) that

&

T 1 11l

" (t) cos t—T1)dt| < Cqw T, +=—=7, l=1,m,
/f ®) i ( ) { ! (g Re#k)@ Repy,

where )
gT(z):{ fa), 227 §-1 <7174

0, z2<T

On the other hand, (see [6]) it is known that for Repy > fé—’;‘

wilg . < const{wy | f ! —i—”lel
" Reux ) g, ~ " Rep Repy |

7f’(t)cosuk (t—r)dt| < {m <f’7 1 )* ”flul}' )

Consequently,

Repuy, Repy,

Taking into account (26), (2), (3), (14), (15), (17) and inequality (4), we majorize series
(22) from above by the number series

C Z 1 W1 f/ ]‘ + H f/ H 1
Rejuy, "Rewr,)  Repy]’

Repg>a

that converges by (3) and (9).
For establishing uniforn convergence of series (23) it suffices to take into account

& &
[a@us (o) | [Ficosp e - ryat | ar <

&1

< Cllqlly [, sup vkt ()]



On Absolute and Uniform Convergence of Biorthogonal Expansion in Root Functions ... 67

and apply the estimations (14), (15), (17) and (4). As a result, series (23) will be majorized
from above by a converging series
1

il > Tl
Rep 2o

Thus, the series
o
D I o)l ug ()]
k=1

converges uniformly on G.
By unconditional basicity in Lo (G) of the system {uy (x)} the following representation

will be walid:
o
= (fror) un (
k=1

Now, estimate the residual R, (z, f), x € G, v > m

1<Ii<m

Ry (2, < D0 (o) ()]

Reur>v

Substituting here the expression (f,vx), from (12) we conclude that for estimating the
residual R, (z, f) it is enough to estimate the residuals of the series (18)-(23). Therefore, in
the estimations obtained above for the series (18)-(23) we must put a = v. Consequently,
the inequality

1
B @ NI 37 g+ Cllal Il
Reuk>y‘ k’
L [ < 1> Hf'Hl]
+ wi +
Re%c:>u k| RkaZVRel'Lk Reuk Reﬂk
1
O o llaly D
ReﬂkZV‘ k|

will be valid. Here, taking into account

> %S > %ZO(V_I%

Re#k2y|ﬂk| Re“kzy(Reuk)
1 1
> (f’,R )g
s, Bt ept

o0

1 .1
<> > wi <f,Reuk)§

Re
n=v] n<Repp<nt1’ HF
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< Z%Wl (f/,i) > 1§CZ%W1 (f/ai)v
n=[v]

n<Repr<n+1 n=[v]|
we get

Sug\Ru (, )] < const {v™ C1 (f) + llally 1o + 1F/[|1 [L+ llalli] } +
BAS

+ Z nlw (f',n_l) < constK (v, f)
n=[v]
Theorem 2 proved.

Remark 3. It is seen from the proof of theorems 1 and 2 that if the system {uy (x)}

is not biorthogonally adjoint to {ug ()} and the remaining conditions of these theorems
are fulfilled, then the

> (fvn) uk ()

k=1

uniformly and absolutely converges on G and estimations (7), (8) and (10) are valid for
the residual > (f,vr) ug ().

Repr>v

4. Some applications of the theorems 1 and 2.

1. Consider the operator Lu = u” on G = (0,3) U (3, 1) with the conditions u (0) = 0,
W' (1)=0,u(3+0)—u()=u(l), v (3+0)—u(3-0)=0.
For this problem, it is well known [1] that py = 47k for k =0,1,2, ... and ux = 47k/3

for k =1,2,4,5,6,7,8... (k is not multiply of 3). The eigenvalue \g = u = 0 is associated
with the single eigenfunction

o (2) = 0 if 0<z<i,
TS i l<a<l
Each eigenvalue A\ = ,u,i = (47rk)2, k =1,2,... corresponds to a single eigen-function
and a single associated function:

o

o (2) = 0 if 0<z<i,
P 2cos(dmk (1—a)) if 1<

8
IA
—_

L (z) = —g2rsin(4kz) if 0<a<
P s (L—a)sin(4nk (1—a)) if L
Each eigenvalue Xk = ()

2 = (%)2, k =1,2,4,5,6,7,8... corresponds to a single
eigenfunction
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The biorthogonally adjoint system consists of root functions of the operator Lv = v”
on (0,1) with the conditions v(0) = 0 and v/(1) — v’ (3) = 0.
The corresponding eigen and associated functions have the form

80 (x) = x; gk (x) = 4wk sin (4kx) ;

11);C (z) = —g cos (4mkx), k=1,2,3,..;

0
Uk () = sin (4wkx/3), k=1,2,4,5,6,7,8....

For the problem in question,

Q=1 +[1(3) -1 (5+0) 1] v ().

Condition (5) implies that

o =0s(z+0) -1 (3)=rw. (27)

Since conditions 1) - 3) are fulfilled for this example,Theorem 1 holds for any function
f(z) from W} (G), p > 1 that satisfies conditions (27). Moreover. Theorem 2 holds for

any function f (x) from Wll (G), that satisfies conditions (9), (27).
2. Consider the eigenvalue problem

u () + Au(z) =0, =€ (-1,0)U(0,1) (28)
u(—=1)=u(1l)=0
u(—=0) = u (+0) (29)
u' (—=0) — o' (+0) = Amu (0) ,m # 0.
It is well known [7] that eigenvalue of this problem are simple and form two series

Mg = u%’k = (tk)?, k=1,2,..;

2 _
Aok = M%,;m pa g = Tk + p—" +O0(k™),k=0,1,...

The eigenfunctions have the form
Ugg—1 () =sinmkz, k=1,2, ...,

g () = sinpor (14+2) if ze[-1,0],
P sinpgp (1 —2) if ze (0,1, k=0,1,...

The system {uy, ()} pzr,» Where ko is an arbitrary fixed even number, forms a basis
in L,(—1,1) 1 <p < oo (a Riesz basis for p = 2).
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The biorthogonally adjoint system {u (z)};Z 24, has the form

o (0)
Pk, (0)

vk (z) = ¢ (z) — Pro (2)
where
wok—1 () =sinwkx, k=12, ..,

(z) = copsinpog (14+2x) if xe[-1,0]
Yok copcospor (1 —x) if x€(0,1]

cor =140 (k7?).

Obviously, the system {uy, (¥)};2 41, satisfies conditions Remark 3. For problem
(28)-(29) the application of Theorems 1 and 2 (Remark 3) leads to the conditions

fE) =) =f(0) = f(H0) =0=(f ¢k) - (30)

Therefore statements of Theorem 1 holds for any function f(x) € /V\V/I} (G),p>1
satisfying conditions (30),while statements of Theorem 2 holds for any function f (z) €
Wi (G) satisfying condition (9) and (30).
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