Caspian Journal of Applied Mathematics, Ecology and Economics
V. 10, No 2, 2022, December
ISSN  1560-4055

On Completeness of Eigenfunctions of the Spectral Prob-
lem
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Abstract. In this paper is studied the spectral problem for a discontinuous second order differ-
ential operator with a spectral parameter in conjugation conditions, that arises by solving the
problem on vibrations of a loaded string with the free ends. Asymptotic formulas for the eigen-
values and eigenfunctions of the spectral problem are obtained, a theorem on the completeness
and minimality of system of eigenvectors of the linearize operator in spaces L, @ C is proved, as
well as a theorem on the completeness and minimality in L,, of the system of eigenfunctions of the
spectral problem after excluding an arbitrary eigenfunction from it.
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1. Introduction

Consider a spectral problem

V(@) £ () =0 we <0, ;) U <:1,) 1) , (1)

y'(0) =y'(1)
(% ) = + 0) (2)
Y (53— 0) =y (5 +0) =rmy(3),

which arises by solving the problem on vibrations of a loaded string with the free ends
[1-3]. The spectral problem corresponding to the problem of oscillation of a loaded string
with intersected ends was studied in [4;5] in the case when the load is fixed in the middle

y(

\wha

1
of the string, and in [6-8] in the case when the load is fixed at the point = —. Similar

questions for spectral problems corresponding to the case when the load is fixed at one or
both ends of the string, were studied by other methods in[9-12].
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2. The asymptotic of eigenvalues and eigenfunctions
Let A=p? and introduce the following notation for boundary forms (2).
Un(y) =Un(y) + Upa(y) =14, (3)
where

Un(y) =y'(0),U12(y) =0,

Ua1(y) = 0,Us2(y) =y/(1),

Usi(y) :y(% —0),Usz(y) = — y(% +0),
1 1 , 1
Un(y) =y (g —0),Us2(y) =~y (g +0)—p my(g +0).

Firstly, let us prove the following theorem.
Theorem 1. Spectral problem (1), (2) has two series of simple eigenvalues: A1, =
(p1n)? ,n=1,2,....,6 Aap = (p2,n)? , n=0,1,2,..., where

3

The eigenfunctions u(x), n=0,1,2,..., prescribed by formula

p1.n=3mn+3T + O(
pan="5"+ 5 +0(

S|=3|=

2pin 1
' _ cos=g™ cospin T, T € 0,3]. i =1.2neZt 5
Us (J}) { COSp%’n COSpin (1 _ .’E) ,T € [%7 1] , ? y 23 1 ( )

correspond to them.

Proof. Take y11(z) = sinpz,y12(x) = cospz for z € [0,3] and y2(z) = sinp(z —
%),ygz (z) = cosp(x — %) for x € [%, 1] as linear - independent solutions of the equation (1).
Eigenfunctions of the problem (1), (2) will be sought in the form

-
]

y(a: ,0) _ c11y11(x) + 012y12($)’x c [07
; c21y21(2) + cooya(z),x € |3,

i L

(6)

- { c118inpx + c12c08px, T € [0, %] ,
corsinp(x — %) + cogcosp(x — %),x € [%, 1].
Let us require that the function y(x, p) satisfies the boundary conditions (2) . Then for
definition of numbers c;; we obtain the system of the linear homogeneous equations

{ Cnﬁﬂyn) + C12Uv1 (y12) + Co1Uva(y21) + C22Uv2(y22) = 0, (7)
v=L1,4, (or briefly Z?,k:l CijUvj(yjr) =0) ,
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whose determinant is
Alp) = det [|Uy;(y)ll . J, k= 1,2,p=1,4
Taking into consideration (3), for values of forms U, ;(y;x) we have

Un1(y11) =p, Un1(y12) = 0,U12(y21) = 0,U12(y22) = 0,

Ust (y11) = 0,U1 (y12) = 0,U22 (y21) =pcos2Z, Uny (y22) = —psin, (8)
Us1(y11) = sin§, Us1 (y12) = cosk, Usa(y21) = 0,Us2(y22) = — 1,

Ui (y11) =pcost, Un (y12) = — psing, Usa(y21) = — p, Usa(ya2) = — p°m

Opening determinant A(p), with the account (8) we obtain

2
A (p) =p® (smp + pmcosgcos;> . (9)

From the formula (9) it is obvious, that function A (p) has two series of zeros p;, and
p2.n, Which are asymptotically close to the zeros of the functions are cosg and cos%’o,
respectively.

Reasoning as in [13, p.20], we obtain that for p;, and pg, the following asymptotic
formula are true

3 1 3mn 37 1
Prn= 3TNt - + O(ﬁ)a P2n="5= T 5 F O(;)
Taking into account (8), from (7) we obtain
c11=0,
2p . 2p 0
- — in—=
C21COS 3 C228 3 N

P
C99—=C12 COS?T .

It is clear that in these relation cos%’o # 0 and choosing cjo= cos%”, we get coo= cosg—pcosgﬁ,
co1= cos3ﬂsin§—p . Taking into account the obtained values of the coefficients in (6), and
substituting p = p1,, and p = pa, there, respectively, we get that the eigenfunction
Uin (x), i=1,2;n € ZT, corresponding to eigenvalue \;,= (pin)* i = 1,2;n € Z* in
the following form

2pin ] 1
Ui () = Cpofn 3 cospin 7,2 € [0, 31] oi=1,2neZ"
cos®5™ cospin (1—x),x € [3,1],

Theorem is proved.
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3. Construction of the Green’s function and the resolvents of the
linearized operator

Now let’s pass to construction of the Green’s function of problem (1) , (2). It is defined
as a kernel of integral representation for solution of the corresponding non-homogeneous
problem

y'(z) + p’y(z) =f(x), (10)

satisfying boundary conditions (2). The solution of problem (10) ,(2) will be sought in the
form

o) = yi(z), for z € |0, 1] ,
o) ={ feh Ior 2 <l )
where
y1(r) =c11y11(w) + crayi2(z +f0 z,&p) f(€)dE, x € [0, 3], (12)
Y2 () =ca1y01() + coy2a(x) + f1 z, & f)dﬁ,x €[: 1] .

) . 1
yi1 (z) = e 1o () =" | w € [O’ 3] ;

Yo () = €?(575) oy () = 7 #(575) 2 € [il’)’l}

5 (PO —emie0) 0 <z <g< L
91 (2, & p) = L o (13)
o (e#(0=0) — e=ile=0) 0 <<z < L
— 55 (€70 —emi(=0) L <y < <1,
g2(z,&,p) = . . (13)
T‘p(ezp(sz) _ efzp(mfﬁ))é <¢<z<l1.

Let us require that the function (11) satisfies the boundary conditions (2). Then for
definition of numbers C; we obtain the system of algebraic equations

2 1 1
U(y) = Cialu;(ysn) +/0 Uni(g )f(ﬁ)d§+/ Un2(9)f(§)dé=0v=1,4.  (14)

jk=1
Let’s define numbers C; ;, from (14) and substituting their values in (12), for solving the
problem (10), (12) we obtain the formula
1
yi(@) = J¢' Cuile. &, p)F(E)dE + [1 Cralw, &, p) f()dé,x € [0, 5],

! (14)
va(z) = i’ Goa (2,6, p) ()6 + [1 Goa(w. €, p) F(€)dE,w € [3,1],
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where

Y11 Y12 0 0

g
Cua(,€, p) _ 1 | Ualg) Unlyn) 71/1(3/12) 7,,2(1;21) 7u2(y22)

Y11 Y12 0 0

0
1 Un(9) Un(yin) Un(yi2) Uw2(y21) Un2(yo2)

Gia(z, €, p) :m

0 0 0 Y21 Y22

U, U, U, Uy Uy
G (., p) =55 1(9) .“1(3/11) “.1(3/12) .“2(1/21) .“2(y22)

g 0 0 Y21 Y22
1 U,

w2(9) Uni(yi1) Uni(yiz) Una(y21) Uva(y22)

Gaa(z,§, p) :m

v=1,4
and A(p) is a determinant from (7).

i0 (e
Ui (9) = —ﬁ (ewf +e p§> ,Ui2(g9) =0

i . -
Un(g) = 0,U2(g) —ﬁ'.; (e“’“‘@ 1 emird E))
! 1
—— (eir(5-€) _ o—ir(5-¢€) _ L (ip(i-8) _ —ip(L-¢)
Us1 (9) 2ip <6 3 e 3 ),U32 (9) 5ip (e 3 e~ P35 ) (15)
Ui (g) ZQZT'p <elp(;1r£) + e (3 é)) Usa(g) = (elp(3 &) 4 g—ird £)> N

2
Lrm (62'/)(%—5) _ 6—#)(%—5))
2ip

Uii(y11) = ip, Ur1(y12) = —ip, Ui2(y21) = 0, U12(y22) = 0,

2ip

21
U21(y11) = 0,U21(y12) = 0,U22(y21) = ipeTp, Uz (y22) = —ipe” 3,
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i _ip
Usi(y11) = e3,Usz1(y12) = e 3,Usa(y21) = —1,Usa(y22) = —1,

Un(yi1) = ipe’s ,Un(y12) = —ipe™ 5, Usa(ya1) = —ip — p°m, Usa(y22) = ip — p*m.

Let’s substitute (15), (8) and (9) n determinants of formula for Gy;(x,§,p). Trans-
forming the received determinants similar to [14, p. 95], and then opening them, we obtain
the formula for the Green’s function components. We’ll formulate it as a lemma.

Lemma 2. For the Green’s function components Gyj(x,&, p) of the problem (1), (2)
the following expressions are true:

G (x,p, 5) — iPQeiP(xff) - Ap( ) (267ip - ipmefip _ ipmeii?ﬂ) I eipﬁ_
P
NP (26”) +ipme™ 3 + z'pmezp> T . TIPS (16)

0

A (p)

. . . . 1 1
(Qew + ipmew) e WPT LT g e [O, 3} NS [0, 3} )

(26iﬂ + 2ipme_%p + ipmeip) e IPT L TIPS
02
A (p)
G2 (7, p,§) = 2e” = e~ e —ip(6—1) ( 2 eip(g_%)eip(g_l)) (€2ipac =+ 1) (17)

Gor (, p, €) = 26~ PP (E=3) gmip(@=3) (6 % eip(6—3) irr | 1) (6% + €2ip(z—é)> (18)

2 2 . .
Gog (g;,pjg) = j:p2€lp($*f)_|_Ap( ) ((1 — zpm) e 3p — (1 + zpm) e 3 +e §p> ew<$_%)@*m§+
P
2 .
4 ( _4“’ =2ip dip\ 4 (.Z’—l) ip€
+ e —(1+4+ipm)e s —63>6p 3)e"PS— (19)
A (p)
—ﬁ (— (14 ipm) e — (=34 ipm) 6470) emir(e=3) g=int _
2 21 . .
- ((1 +ipm) — (1 +ipm) eTp) eil'”(”“"*%)e’pg, x € [0, } [ ]
A (p)
Let us now proceed to the construction of linearizing operator. By If %) b

W}f (%, 1) we denote a space functions whose contractions on segments [0, 3] and [ ] be-

long correspondingly to Sobolev spaces Wlf” (0, %) and W]f (%, 1) . Let’s define the operator

Lin L,(0,1) & C as follows:

i€ Ly(0,1) ® C:u= (u, mu (
/ 1

c ) ue Wz (0,5)U (5.1).
D(L)_{ u'(0) =u/(1) = 0,u (—3) =u( ’ ’ } (20)

)

ool —=
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and for u € D (L)
N g (1 At —~ 2
Lu=(—u"u (—0>—u<+0),uED(£))- (21)

Lemma 3. Operator defined by the formula (20), (21) is a linear closed operator with
dense definitional domain in Ly(0,1) @ C . FEigenvalues of the operator L and problem
(1), (2) coincide, and {tk}ycy, are eigenvectors of the operator L , where No = N |J {0},

2pi,n cos Pin
3 3

Uip = <Ui7n (x) ; mcos ) ,i=1,2:neZ".

Proof. To prove the first part of the lemma we take (u,a) € L,(0,1) & C' and we
define the functional F'(u) as follows:

F(@) =mu <;) .

U, (u) =U,(u),v=1,2,3.

Let us assume

p \*"3

Then F,U,,v=1,2,3 are bounded linear functionals on W?2 (O 1) U (%, 1) @ C, but un-
bounded on L,(0,1) & C. Therefore (see, for example, [12, pp. 27-29]) the set

D(L)= {a: (u, ) u € W72 (o, ;) U <:1)) 1) F(@) =U, (@) = 0,p= 1,2,3} .

is everywhere dense in L,(0,1) @ C , and L is a closed operator as contraction of corre-
sponding closed maximal operator.
The second part of the lemma is verified directly.
The lemma, is proved.
For construction resolvent of operator £ , consider the equation

L7 Xi=f, (22)
where @ € D(L), f*= (f,8) € Ly(0,1) ® C. We can rewrite equation (22) in the form of

—u"= u+ f,
' (=3) = (3) — Amu(3) =B, (23)
Uy(u)=0,r=1,2,3.

Lemma 4. For solution u = (u,mu (%)) of the equation (22) it holds the following
representations

2 i —24 . i
u(z,p) = Aﬁl()p) (6271) + e%) (eZPfE + e*lp:r) +
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3 1
+ / G (. p, €) f(€)dé+ / Gl €, p) f(€)dE (24)
0 3
ifx e [O, %]
u(x,p) = Aﬁf();) (e%p + e_?fp) (ei”(“l) + e*i’)(”*l)> +
1 1
T / Gor (2., ) F(€)dE+ / Gon(a,€,p) f(€)de (25)
B 3
if x € [3,1] 1 . | | |
(3 = 2% ) ()
% 1
+ / Gon (2, . €) F(€)de + / Gon (. €) F(€) €. (26)
0 1

Proof. The solution of (23) will be sought in the form
u(z, p) :{ Cryn(z) + Crayia() +yi(x), for we [o 17,
Co1yo1(z) + Casyan(z) + ya(x), for =z € [3,1],

where y1(x) and ya2(z) are defined by (14). Since y(x) , defined by (11) satisfies boundary
conditions (2), then

(27)

U,(y) = 0,v=1,4. (28)
Let’s demand the function u(x, p) satisfy boundary conditions U, (u) = 0,v= 1,2, 3,U, (u)
=/. Then taking into account (28) from (27) we obtain
{ C11Uni(y11) + C12Up1 (y12) + C21U,2(y21) + Co2Uya(y22) = 0,v=1, 2, 3;
C11Us1(y11) + C12Ua1(y12) + C21Us2(y21) + Ca2Us2(y22) =5.

Solving this system with respect to unknowns Cy;, we get

Cr1= = iU (312) Woa(om V(o) = Ui Uia)
Cra= 557U (10 U 31 Vi) — Ui Ui )
Car= g Uaalae) U1 1)U (12) = Una(n2) U o)

Cor= = s Uaalom) [Ua(911) U 9n2) = Vs () Ui ()

Substituting the received values of the coefficients C}; in (27) and taking into account

formula (8) ,(16)-(19) , we obtain the validity of formulas (2 ) d (25) . And formula

(26) is obtained from (25) ( or from (24) ) by substitution x=
Lemma is proved.

wh—t
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4. Completeness of the eigenfunctions in spaces L,(0,1) ®C and L, (0,1)

Theorem 2. System {ﬂi’n}i:1,2;nez+ of eigenvectors of the operator L is complete
in Ly, (0,1)® C, 1 <p < oo.

Proof. To prove the completeness of the system of eigenfunctions of the operator £
in L, (0,1) ® C we need to get the estimation of the resolvent of the operator £ at great
values of |p|. We will use the following known inequalities

Isinp| < cel?F¢|cosp| < celPlsine (29)

where p=re’¥, 0 < ¢ < 7. Besides, outside of circles of the same radius § with centres in
zero of sinp the following estimation is true

Isinp| > mge"™%. (30)

From estimations (29) , (30) and from the formula (9) it follows that at great values of |p|
outside circles K, (6) ={p:|p — pjn| <0} of radius § with the centres in zero of A(p) the
following estimation is true

A(p)| > Myrersine, (31)

Assume G (6) =C\U; ,, Kjn (§). From the representations (24), (25) considering the in-
equalities (29) —(31) we obtain the inequality

C
lu(z, p)] < 72, p € G(O) , |p| > 7o,

ol
which fairly uniform on = € [0, 1]. From the last estimation it follows that for the resolvent
R(\) = (£ — M)™! of the operator £ outside of the above-stated circles the following
estimation is true o
6
IR0 < =, ol = 70. (32)
I
Having estimation (32), by a standard method (see for example [16]) we obtain that
eigenfunctions of operator £ form a complete system in L, (0,1) & C.

Let us note that the system {Uin},_; ,.,c4+ Of eigenvectors of the operator £ has a
biorthogonal-conjugate system {¥; n},_; 5.+, that are the system of eigenvectors of the
conjugate operator £*, which in its turn is the linearized operator of the conjugate spectral
problem:

1 1 .
v+ dv= 0,2 € <0, 3) U <3,1> ,(17%)
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(1o0) o))

Taking into account this by Theorem 2 we obtain
Corollary. System {u;, n}izmmeZJr of the eigenvectors of the operator L is complete
and minimal in L, (0,1) @ C, 1 <p < oo.

Now let us consider the completeness and minimality of a system {u;, n}i=1,2;n€ 7+ of
eigenfunctions of the problem (1), (2). It is clear that this system is overflowing in L,, (0, 1)
: One function of this system is unnecessary. Let us clarify the following question: Which
function can be excluded from the system while maintaining the properties of completeness
and minimality and which can not? The answer to this question is given by the following
theorem.

Theorem 3. Let ng be some number from the set of indexes Z* . Then the system
obtained from the system {ai7n}i:1,2;n€Z+ by excluding on arbitrary function w;p, is
complete and minimal in the space L, (0,1), 1 <p < oo

Proof. According to the above mentioned, the system {u;, ”}i:1,2;ne 4+ has a biortogonal-
conjugated system {0;,n};_ 5.,c 7+, where

- <vn () Fivn <;)> ,

and vy, (x) are eigenfunctions of the adjoint problem (1*), (2*) . Carrying out similar
calculations for eigenfunctions, we find that the formulas are valid

2pin 1
CinCOS=5" COSPipn T, T € [0, g] , . ] +
{ Dim T 1=1,2;ne”

Vin (x) = Ci,nCOS=3" COSPip (1 - 1’) T € [5’ 1] ’

where ¢; ,— are normalization numbers. From this formula it is clear that if ng is number,
from the set of index Z* then v;,, (%) # 0. Therefore, all statements of the theorem
follow from the results of [17] (see also [18]).
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