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On the Completeness and Minimality of Eigenfunctions
of the Indefinite Sturm-Liouville Problem with Conjuga-
tion Condition

Gasymov T.B.*, Hashimova U.G.

Abstract. In this work we consider the following spectral problem:
-y’ =X (z)y, € (-1,00U(0,1),

y(-1) =y (1) =0,
y (—=0) = ay (+0)
y'(—0) = by'(+0)

where a weight function w(x) is in the following form:

{ —a?, x € (-1,0),

wlz)=9 1 z€(0,1),

a > 0 is a given number, X is a spectral parameter, a and b are arbitrary complex numbers. The
theorem on the completeness and minimality of the eigenfunctions and associated functions of the

spectral problem in the spaces L,(—1,1) is proved.

Key Words and Phrases: completeness, minimality, eigenfunctions, indefinite Sturm-Liouville

problem.
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1. Introduction
Consider the spectral problem for the differential equation
_y// = Aw (l‘) Yy, T € (_170) U (07 1) 3

with boundary conditions
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and with conjugation conditions

y (—~0) = ay (+0),
{ y (~0) = by (+0) )

where w(z)— is a sign-alternating weight function,

{ —a?, x e (-1,0),

w(zx) =

a > 0 is a given number, A is a spectral parameter, a and b are non-zero arbitrary
complex numbers. Our goal in this work is to find asymptotic formulas for eigenvalues,
to prove theorems on the completeness and minimality of eigenfunctions and associated
functions of problem (1)-(3) in the spaces L, (—1,1). Previously, such problems were
studied in the case a = b = 1, i.e. at the discontinuity point of the weight function,
as a conjugation condition the continuity of the solution and its derivative are required.
In works [1, 2, 3, 4, 5, 6], numerous applications of such problems are given, results are
obtained in the case p = 2, « = 1. The results of these works are based on the theory
of self-adjoint operators. Considering the case p # 2, in work [7] the methods of [8] are
used, and also the methods of the theory of functions of a complex variable, in particular,
the results of Paley-Wiener [9] and Levinson [10] on nonharmonic Fourier series are used.
We also note the works [11, 12, 13], where ordinary differential operators of arbitrary
order with a indefinite weight function are studied, asymptotic formulas for eigenvalues
are found, and questions of convergence of expansions in eigenfunctions are investigated.

Recently, interest in spectral problems with a indefinite weight function has increased
in connection with attempts to solve the Dirichlet problems for the Lavrent’ev—Bitsadze
equation by the method of separation of variables. It is known [14, p. 303] that the problem
of transition through the sound barrier of steady two-dimensional irrotational flows of an
ideal gas in nozzles, when supersonic waves adjoin the nozzle walls near the minimum cross
section, is reduced to the Dirichlet problem for equations of mixed type. In [15, 16], the
Dirichlet problem for a mixed-type equation with one internal line of power degeneracy and
degeneracy at the boundary in a rectangular domain was studied, a uniqueness criterion
was established using spectral analysis methods, and the solution was constructed as the
sum of a series over a system of eigenfunctions. In [17], for the first time the Dirichlet
problem was studied for the Lavrent’ev—Bitsadze equation with two type-change internal
lines in a rectangular domain. A uniqueness criterion is established and the solution of
the problem is constructed as the sum of a series in a biorthogonal system of two mutually
conjugate spectral conjugation problems for a second-order ordinary differential operator
with a discontinuous coefficient at the highest derivative. The uniqueness of the solution
of the stated problem is proved based on completeness of the biorthogonal system in the
space Lo (—1,1).

In [18, 19, 20] the problem for a discontinuous second-order differential operator with
a constant coefficient at the highest derivative and with a spectral parameter under conju-
gation conditions was studied, a system of eigenfunctions was found and investigated for
completeness and basicity in the spaces L, © C and L.
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2. Asymptotics of eigenvalues

Let A = p?. We also denote the linear forms included in the boundary conditions (2),
(3) as follows:

Un (y) =y (1), U2 (y) =0
Uz (y) =0, U (y) =y (1) (@)
Usi (y) =y (-0), Us2 (y) = —ay (+0)
Un (y) =y (-0), Usz (y) = —by' (+0)
After these denotations, problem (1)-(3) can be rewritten in the following form:
y' +pw(x)y =0, ze(=1,00U(0,1), (5)
Ui(y) =Un (y) + Ui2(y) =0
Us(y) = U1 (y) + U2z (y) = 0 (6)
Us(y) = Us1 (y) + Us2 (y) = 0
Us(y) = Un1 (y) + Us2 (y) = 0
It is known that equation (4) has a fundamental system of solutions yi1; (z) = e*P¥,

Y12 (r) = e~ | on the interval (—1,0) , and yo1 () = €® | yoo (¥) = e~ on the
interval (0,1). Then the general solution of equation (1) (or (4)) has the form

ciiyi (x) + ciavi2 (z) ,x € (—1,0)
y(z) =
ca1y21 (@) + caoy22 (z), x € (0,1)

Let us choose the constants ¢;; so that the function y(z) satisfies the boundary conditions
(5). Then, to find the numbers ¢;; we get the following system of equations:

+ c21U12
+ c21U22
+ c21Us2
+ c21Us2

Y1) + c22U12 (Y22
Yy21) + 22U (Y22
Y21) + c22U32 (y22
y21) + c22Us2 (Y22

y11) + c12U11
y11) + 12U
y11) + c12U3;
y11) + c12Ua;

c1nUn
c11Us1
c11Us1
c11Un

Y12
Y12
Y12
Y12

NN SN N
A~ N S
— — — —
NN S
— — — —
[esRen B an B )

This system of equations has a nontrivial solution if and only if the main determinant
(characteristic determinant) A (p) = det||Uyi (yik)|l,, =17, g=1,2 Of this system is zero. Thus,
the number A = p? is an eigenvalue of the spectral problem (1)-(3) if and only if the number
p is a solution of the following equation

e~ e 0 0
0 0 etP e~ .
Alp)=| 4 ) D = 4iNg (p) = 0,
ap —ap —bip bip

where
Ao (p) = aa sinp chap + b cosp shap.
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Let us divide the complex p-plane into the following sectors:

Sk:{p:rei":(k_;mgegl?}, k=0,1,2,3.

We also denote by (05 the domain of the p-plane, obtained from it by throwing out circles
with the same radius 6 > 0 and with centers at zeros A (p). The following theorem is true.

Theorem 1. The characteristic determinant A(p) of the spectral problem (1)-(3) has the
following properties:

1) There exists a positive number Ms such that in the domain Sy N Qs for sufficiently
large |p| the inequality

\A(p)] > M(S ’p’ eirsineeiarcose; (7)

is satisfied, where the constant Ms is independent of p, but depends only on the
number § > 0; in addition, the signs in the exponents on the right side of this
inequality are chosen depending on the sectors Sy as follows: "+7, "+7 for p € Sy;
77+}7’ 7}_77 fo,r, p E Sl; 77_}77 ?7_7’ fO,r,p E SQ; U_??’ H+7? fo,r,p E 83'

2) The zeros of the function A(p) are asymptotically simple and have the following
asymptotics

727rna)’ n — oo,

pin=mn—7+0 (e
pgn:fa(wn+7+§+0(e )),n%oo

Proof. 1) Let us estimate the function Ag (p) in each sector Si. Let p € Sp. Then the
inequalities
Re( ip) <0< Re(—ip), Re( —ap) <0 < Re(a p),
Ao

hold. Let us reduce the function Ag (p) to the following form:

A (p) — PP (aa (1 _ efQip) (1 4 67204/)) +b (1 + 6721';)) (1 _ 672ap)) )

All exponents inside the brackets on the right side of this equality have a non-positive
real part in the exponent, therefore they are bounded. Moreover, if p € Q)s, then the
expression in brackets is bounded from below by some positive number My in absolute
value. Therefore we have

‘AO (P)‘ > M5 |6—z’peap} — M(Sersmﬁearcosé.

Hence we obtain the validity of inequality (7) for p € S;NQs. Other cases are considered
in a similar way.
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2) Define the number + as follows:

cosy = sty =

aa b Rev € ( 7r 7[')
T S5 5 T S 5 35 € T a8’ a N
VaZa? + b2 Va2a? + b2 7 2°2
Then the function Ag (p) with the help of elementary transformations can be represented
in the following form:

Ao (p) = %\/ a2a2 + b2 (sin(p+7) +e **sin(p—7)). (8)

Based on the Rouché’s theorem, we obtain that the zeros of the function Ag (p), situated
in the strip |Imp| < h are asymptotically situated in a small neighborhood of the zeros
of the function sin(p+ ), and for large values of |p| near each zero of the function
sin (p + 7y) there is one zero of the function Ay (p). Hence we obtain the asymptotics of
the zeros Ay (p) , situated in the strip |[Imp| < h :

prn=mn—v+0 (e7*™), n — oo.

On the other hand, replacing p by ip in formula (8), we obtain

Ay (ip) = %\/ aZa? + b2e” (cos (ap —7) — e *cos (ap +7)) . 9)

Applying the Rouché’s theorem again, from formula (9) we obtain that the zeros of the
function Ag (p), situated in the strip |Rep| < h are asymptotically situated in a small
neighborhood of the zeros of the function cos (ap — ), and for large values of |p| near
each zero of the function cos (ap — «y) there is one zero of the function A (p). Hence we
obtain the asymptotics of the zeros Ag (p), situated in the strip |Rep| < h are:

anZ—i (wn—i—’y—l-g—l—O(e*a’m)), n — oo.
(6

3. Construction of the Green’s function of the spectral problem

The Green’s function of problem (1)-(3) is defined as the kernel of the integral repre-
sentation of the solution of the nonhomogeneous equation

—y'(z) = p*w (z) y(z) = f(2), (10)

Satisfying the boundary conditions (2),(3). Let us look for a solution of the problem
(10),(2),(3) in the form
yi(z), z€[-1,0],
o= (11)
yo(z), x€l0,1],
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where

y1 () = ety (@) + ciyiz(@) + 2] g1(x, & p) F(€)dE,

(12)
y2(w) = ca1y21(2) + cooyo2(x) + fol 92(, & p) f(E)dE.
7@(@@(%‘—5) _ e—aﬂ(x—f)), -1<x<EL0,
91(2.6.5) = (13)
ﬁp(eap(x—f) —e@=8) 1< E<z<0,
ﬁ(eip(x—ﬁ) —e ) o<z <E<1,
g2(£a§7p) = . . (14)
_ﬁ(ezp(l‘—g) _ e—zp(w—f)), 0<é&<zx<l.

We require that the function y(z), defined by formulas (11)-(14), satisfies the boundary
conditions (2) and conjugation conditions (3). Then, to determine the numbers c;, we
obtain the following system of equations:

e~

v=1,

{ Uy (y) = X5 ke kU (i) + [, Uit (1) F©)dE + [ Unalg2) F(€)d€ =0, (15)

Having determined the numbers cj; from system (15) and substituting their values into
(12), for the solution of equation (10) that satisfies (2), (3), we obtain the following formula:

y(a:) _ yl(l‘) = fi)l Gll(I,f7p)f(f)d§ + fol Glg(x,f, p)f(é)dfv HAS [_L 0] s (16)
y2(2) = [°) Gar(, €, p) F(€)dE + [y Gaa(w, €, p)f(€)dE, € [0,1],

sz(xagap) = Hik($7£’p)7 Z>k: = 1a 2a (17)

1
A(p)
Oikgr (,€)  dueynr (x) Oweyrz () Saryor (z)  doryoe ()
Ui (1) (&) Ui (y11) Ui (y12) U2 (y21) Uiz (y22)

Hip(x,&,0) = | U (g) (&) U1 (y11)  U2i (y12) U2 (y21) U2z (y22) |,

Usi (9x) (§)  Usi(y11)  Usi(yi2) Usa(y21)  Usz (y22)

Usi (g98) (&) Usi (y11)  Usi (12)  Us2 (y21)  Ua2 (y22)

dir is the Kronecker symbol. Denote I} = (—1,0), Is = (0,1) and let x1 (), x2 (x) be the
characteristic functions of these intervals, respectively. The Green’s function of problem
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(1)-(3) is defined as follows:

2

G(z,8,p) = Y xi (@) xx (€) Gik(, &, p).

ik=1

(18)

Then the solution of equation (10) that satisfies conditions (2), (3) can be represented as

1
- / Gl (€,

According to denotation (4) and formulas (13), (14) we have

(19)

Uii(g1) = 4ap (e —ap(1+€) _ eaP(H&)) . Ua(g2) =0,

Uz1(g1) =0, Uss(g2) = _41p (708 — ¢=ir1-0))
Usi(g1) = a5 (€79% — e2%), Us2(92) = 3 (e @ B e@&) ;
Un(g1) = § (7% + %), Uss(gs) = —b (e=0€ 4 civt)

Taking into account these values, as well as the values U, s (ys) in formulas Hy;(z, &, p),

we obtain
4%0 (eap(zfé) — e*ap(:vfé)) ePT  o—apT () 0
_ﬁ (efap(lJrE) — eaﬂ(1+£)) e~ar  eap 0 0
Hy(z, &, p) = 0 0 0 e’ et
Hlp (efapé _ eapé) 1 1 —a —a
% (e7aPE 4 %) ap  —ap —bip bip

here the sign ” + 7 is taken in the case of —1 < £ < z <0, and the sign ”

of -1 <x<€&<0;
0 eXrrT emPT () 0

0 e~ et 0 0

)

_”

z, éEIl,

in the case

Hia(xz,6,p) = | 155 (e P18 — emie1=8) 0 0 e’ e | zel, £l

£ (e7E — it 1 1 —a —a

g (e*i’)5 + eipg) ap —ap —bip bip
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0 0 0 et e ihr
_Hlp (efap(l%) — eap(1+£)) e—aP 0P 0 0
Hoi(z,8,p) = 0 0 0 er e |, xely el
Top (e*O‘pg — eapf) 1 1 —a —a
% (e*‘)‘p£ + eo‘pg) ap —ap —bip bip
% (elp(xfg) — efzp(xfg)) 0 0 eipx eiipx
0 e~ e 0 0
H22($7€7p) = ﬁ (eip(lié) - e*ip(lff)) 0 0 eip e*ip ) €Z, S € -[27
ﬁ (e g _ eipg) 1 1 —a —a
% (e_ipg + eipg) ap —ap —bip  bip
here the sign ” +” is taken in the case of —1 < ¢ <z <0, and the sign ” —” in the case

of -1 <x<&<0;

Theorem 2. For the components Gi(x,&, p) of the Green’s function of problem (1)-(3)
in the domain Qs for sufficiently large values |p| uniformly in the variables x €;, & €, the
estimate

G, €,p)] < ,ij (20)

is true, where the positive number Cy is independent of p, but depends only on the number

J.

Proof. Let us perform the following transformations on the determinants H;i(x, &, p):
in the determinant Hy1(z,&, p) in the case —1 < ¢ < 2 < 0 multiply the second and third

columns by —%e_apg, —ﬁeaﬂg respectively and add to the first column, then we get

ap
_ﬁe—a,ﬂ(w—{) eAPT  o—apT () 0
_ﬂlpe—ap(lﬁ) e~aP  gap 0 0
Hll(xaévp) = 0 0 0 €ip e*ip =
—ﬁeo‘pf 1 1 —-a —a
1 apg _ —bi i
e ap ap bip bip
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_e—ap(@=8) papr —ap(l+tx) 0 0

—e—ap(1+E)  g—ap 1 0 0

= %e*ipeap 0 0 0 e?ir 1
— s 1 e P —a —a

ers 1 —emr ki by

(in the case —1 <z < £ < 0 similar actions are performed by multiplying the second and

third columns byﬁpe*‘""E , ﬁea’f respectively); in the determinant Hya(z, §, p) multiply

the fourth and fifth columns by ﬁe*”’g , ﬁeiﬂg respectively and add to the first column,
then we get

0 e e 0 0

1 ) ) )
H12($, g’ p) = 5 ezﬂ(l—f) 0 0 e e | =

—eiPt 1 1 —a —a
et —at ot -b b
0 et egwl®) o 0
0 e~ 1 0 0
:%e*iﬁ’eaﬁ’ er(1-6) 0 eip 1 :
S 1 e P —a —ae'’
etrs 1 aie™ P —b  be'

in the determinant Ha; (z, £, p) multiply the second and third columns by — ﬁe*‘mé , —ﬁeo‘pg
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respectively and add to the first column, then we get

0 0 0
—e—ap(l4+8)  p—ap  Lap
1
H21(x7§7p) = 5 0 0 0
—ePE 1 1
et 1 -1
0 0 0
= 1e_i”eo‘p 0 0 0
2
_604/?5 1 e P
e®Ps 1 —e P

1pT

i

R e

—ipT

e

Qe

elp(lfx)

_aezp

boip
~ie

in the determinant Has(x, &, p) in the case of 0 < ¢ < z < 1 multiply the fourth and fifth

columns by ﬁ

eip(zfg)
0
1 ,
—ert
etré

eiipg’

e P

-l

1
4ip

e“P

fe%}

Hao ($7 57 p) =
eipz efipx
0 0
. . 1 .
elp eilp = —e lpeo‘p
—a —a
—b b

—etrg

eth

0 0
e2er 1
0 0

1 1
—at ot

ethT

e'?¢ | respectively and add to the first column, then we get

elp(l*l’)

_aezp

be'r

(in the case 0 < x < & < 1 similar actions are performed by multiplying the second and

third columns by —

1
4ip

3 ,ﬁeipf , respectively)

Thus, in the formulas obtained for H;;(z,§, p) in all determinants on the right side
of the last equalities, all exponents have a non-positive real part in the exponent, these
determinants for p € Sy are uniformly bounded in variables x € [;,§ € I;. A similar
property is established in other sectors Si. It follows that for functions H;(z,§,p) for
sufficiently large values of |p| uniformly in the variables x € I;, £ € I}, the estimate

\Hik(%ﬁ,p)\ < Ceirsin9€iarcos€7

(21)
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holds, the signs here are taken in accordance with the rule specified in Theorem 1. Now,
taking into account inequalities (7) and (21) in formula (17), we obtain the validity of
inequality (20). «

4. Completeness and minimality of eigenfunctions in the space L,

Recall that a system {uy}, .y of a Banach space X is called complete in X, if the
closure of the linear span of this system coincides with the entire space X, and minimal if
no element of this system is included in the closed linear span of the remaining elements of
this system. Recall also that a system is complete in X if and only if there is no nonzero
linear continuous functional that annihilates all elements of this system. A system is
minimal in X if and only if it has a biorthogonal system.

Denote by W (—1, 0)U(0, 1) the space of functions from L, (=1, 1), whose restrictions
to each of the intervals (=1, 0) and (0, 1) belong to the Sobolev spaces W (-1, 0) and
I/Vp2 (0, 1) respectively. Let us define an operator L in space L, (—1, 1) as follows:

D(L)y={ye W7 (-1,00U(0,1):y(-1)—y(1) =

y (=0) — ay (+0) =3/ (=0) — by’ (+0) = 0}
and for y € D (L)

Ly=—
IE
Obviously, L is a densely defined closed operator in L, (—1, 1) with a compact resolvent.
The eigenvalues of the operator L are the numbers \;, = (pm)2 ,i=1,2;n € N. Denote
by {ym}i:mme n the system of corresponding eigenfunctions and associated functions.

Theorem 3. System {yin}i=1,2;neN of eigenfunctions and associated functions of the op-
erator L is complete in space L, (—1,1) 1 < p < oo.

Proof. To prove the completeness of the system {yin}izl,Q;neN inLy,(-1,1),1<p<
00, let us estimate the norms of the resolvent of the operator L for sufficiently large values
of |p|.

Let p € Qs, |p| > 0. Then, taking into account inequalities (20) in formula (18), we
obtain that the Green’s function uniformly in variables x, £ € [—1, 1] satisfies the inequality

C
G (2,6, p)| < =5, p € Q5. Il 2 70.

d

Taking into account this estimate in formula (19) for the function y (z), we obtain the
following estimate:
Cs

ly (2)] < "

11, + p € Qs lol = ro.
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Moreover, this inequality is satisfied uniformly in = € [-1,1]. As a consequence, hence we
get

Cs
lyllz, < ol 1Nz, p € Qs |pl = 0.

The last inequality means that the for the resolvent R ()\) = (L — A\I)~" of the operator L
the following estimate

C
IR ()| <30 p € Qs, lpl > 0, (22)
]

holds. Now suppose that the system of root functions of the operator L is not complete
in L, (—1,1). Then there exists a function g € L, (—1,1), ¢ = p/(p — 1), orthogonal to
all root subspaces of the operator L, i.e.

(Qinf,9) =0,YfeL,(-1,1), i=1,2;n€ N.

Hence it follows that Q7,9 =0, i = 1,2;n € NN; here @, denotes the Riesz projectors of
the operator L, i.e.
1
Qin = — R (\)dA,
270 Sy ()

where 7;, (0) are the images of the circles i, (§) = {p : |p — pin| = 0} under the mapping
A = p?. In this case it is obvious that Q,, i = 1,2;n € N, are the Riesz projectors of
the adjoint operator L*. This implies that R (\, L*) g is an entire function in the A-plane.
On the other hand, according to estimate (22), the inequality

IR L) < Mcf e Qs Al > Ro, (23)

10
2

is true, where Qs denotes the image of the set s under the mapping A = p?. Then,
according to the maximum principle, inequality (23) is satisfied in the entire A-plane and
in turn, we obtain R(\,L*)g — 0,|A\| — oo. The latter, by Liouville’s theorem, the
entire function R (A, L*) g is constant. Then, differentiating this function and taking into
account the formula %R (A, L*) = R (), L*)? we obtain that R (X, L*)? g = 0. But, since
for A € p(L*) the operator R (A, L*) is unique, then we obtain that g = 0. And this means
that the system {ym}i:m;ne n of eigenfunctions and associated functions of the operator
L is complete in L,(—1,1).
Theorem is proved. «

Denote by {zin};—1 9., the system of eigenfunctions and associated functions of the
adjoint operator L*. The operator L* is the operator generated by the adjoint spectral
problem

2+ w(x)z2=0, xe(=1,0)U(0, 1)

z(—1)=2(1) =0,
2(=0) = —aizz (+0),
7 (=0) = —%2' (+0)
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Then the system {2in};_; 5.,cn (after appropriate normalization) is biorthogonal to the
system {ym}i:m;ne - Taking this fact into account, we obtain the following corollaries
from Theorem 3.

Corollary 1. System {yin}i:1,2;neN of eigenfunctions and associated functions of the
operator L is complete and minimal in L,(—1,1), 1 < p < oo.

Corollary 2. System {Zi"}z‘:l,2;neN of eigenfunctions and associated functions of the
operator L* is complete and minimal in Ly(—1,1), 1 <p < oo.

1]

[10]

References

R. Beals, An abstract treatment of some forward-backward problems of transport and
scattering, J. Funct. Anal., 34, 1979, 1-20.

R. Beals, Partial-range completeness and existence of solutions to two-way diffusion
equations, J. Math. Phys., 22, 1981, 954-960.

R.J. Hangelbroek, A functional analytic approach to the linear transport equation,
Transport Theory and Statist. Phys., 5, 1976, 1-85.

H.G. Kaper, M.K. Kwong, C.G. Lekkerkerker, A. Zettl, Full- and Half-range Theory
of Indefinite Sturm-Liouville Problems, Argonne National Laboratory Report ANL-
83-76, 1983.

H.G. Kaper, C.G. Lekkerkerker, J. Hejtmanek, Spectral Methods in Linear Transport
Theory, Birkhauser Verlag, Basel, 1982.

A.B. Mingarelli, Asymptotic distribution of the eigenvalues of non-definite Sturm-
Liouwville problems, in ”Ordinary Differential Equations and Operators”, W. N.
Eweritt and R. T. Lewis (eds), Lecture Notes in Math., Springer, Berlin, 1032, 1983,
375-383.

H.E. Benzinger, Sturm-Liouville Problem with Indefinite Weight Functions in Ba-
nach Spaces, Priceedings of the 1984 Workshop Spectral Theory of Sturm-Liouville
Differential Operators. Held at Argonne National Laboratory, May 14- June 15, 1984.
ANL-84-73, 47-55.

H.E. Benzinger, Completeness of eigenvectors in Banach spaces, Proc. Amer. Math.
Soc., 388, 1973, 319-324.

R.E. Paley, N. Wiener, Fourier Transforms in the Complex Domain, AMS, 1934,
Providence.

N. Levinson, Gap and Density Theorems, AMS, 1940, Providence.



16

[11]

[12]

Gasymov T.B., Hashimova U.G.

W. Eberhard, G. Freiling, A. Schneider, On the distribution of the eigenvalues of
a class of indefinite eigenvalue problems, Differential and Integral Equations, 3(6),
1990, 1167-1179.

W. Eberhard, G. Freiling, A. Schneider, Fxpansion theorems for a class of regular
indefinite eigenvalue problems, Differential and Integral Equations, 3(6), 1990, 1181-
1200.

G. Freiling, F.J. Kaufmann, On uniform and L,-convergence of eigenfunction expan-
sions for indefinite eigenvalue problems, Integral Equations and Operator Theory, 13,
1990, 193-215.

F.I. Frankl, Selected Works on Gas Dynamics, Nauka, Moscow, 1973 [in Russian].

K.B. Sabitov, Dirichlet Problem for Mized-Type Equations in a Rectangular Domain,
Doklady Mathematics, 75(2), 2007, 193-196.

K.B. Sabitov, E.V. Vagapova, Dirichlet Problem for an Equation of Mized Type with
Two Degeneration Lines in a Rectangular Domain, Differential Equations, 49(1),
2013, 68-78.

A.A. Gimaltdinova, The Dirichlet Problem for the Lavrent’ev—-Bitsadze Equation with
Two Type-Change Lines in a Rectangular Domain, Doklady Mathematics, 91(1),
2015, 41-46.

T.B. Gasymov, A.A. Huseynli, The basis properties of eigenfunctions of a discontin-
uous differential operator with a spectral parameter in boundary condition, Proceed.
of IMM of NAS of Azerb, 35(43), 2011, 21-32.

T.B. Gasymov, G.V. Maharramova, On completeness of eigenfunctions of the spectral
problem, Caspian Journal of Applied Mathematics, Ecology and Economics, 3(2),
2015, 66-76.

B.T. Bilalov, T.B. Gasymov, G.V. Maharramova, Basis property of eigenfunctions
in Lebesgue spaces for a spectral problem with a point of discontinuity, Differential
Equations, 55(12), 2019, 1544-1553.

Telman B. Gasymov

Institute of Mathematics and Mechanics, The Ministry of Science and Education of the Republic of
Azerbaijan, AZ1141, Baku, Azerbaijan

Baku State University, AZ1148, Baku, Azerbaijan

E-mail: telmankasumov@rambler.ru

Ulkar G. Hashimova
Baku State University, AZ1148, Baku, Azerbaijan
E-mail: hashimovaulkar.uh@gmail.com

Received 07 November 2022
Accepted 03 January 2023



