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Abstract. In this paper introduced and studied view embedding theory some differential proper-
ties of functions from Besov-Morrey spaces with dominant mixed derivatives.
Key Words and Phrases: Besov-Morrey spaces with dominant mixed derivatives, embedding

theorems, Hélder condition.
2010 Mathematics Subject Classifications: 26A33, 46E30, 4GE35

1. Introduction

The fact some mixed derivatives of f entering the definition of the norm of W},, Hzl)
and B;la,e leads to the necessity of consideration of the function spaces of another type in
which the key role is played by mixed derivatives.

In this paper introduced and studied the Besov-Morrey spaces with dominant mixed

derivatives.

!
Spﬂ,%ﬂB(G%@)
and help of method of integral representation differential and difference-differential prop-

erties of functions from this space.
Here G C Rna 1 < p < o0, 1 < 0 < o0, ¥ = (@1@1)7@2@2)1' . 7@n(tn))7 (Pj(t]) > 07
1(t. A ; ; ; ; ; () — ; () —
©5(tj) > 0, (t; > 0) be continuously differentiable functions, tjlglio @;(tj) =0, tjgriloo ©;(t;)

K; <o0,j€e,=1{1,2,...,n}. We denote the set of such vector-functions ¢ by V.

Note that the spaces with parameters constructed and studied in C.B. Morrey’s papers
[6], and after these results were developed and generalized in the papers of V.P. Il'in [4],
Y.V.Netrusov [12], A. Mazzucato [5], V.S. Guliyev [3], A.M. Najafov [7-11] and other
mathematicians.

For any z € R™ we assume

1 .
o (@) = G Iy (@) = G {s by =] < Gt € en )
and let m; > 0, k; > 0 are integers and m; > [; —k; > 0,1; >0, j € e,.
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Definition 1. Denote by SéowﬁB(Gw) the Banach space of locally summable functions
on G with finite norm

1
" 0 7
IA™ (0(t), Go))) D* fllpo. dpj(t;)
1fllst, . s = 2. a1 e SR
Y eCen | ge jl;[e(%( i) jee i\l
where
136 = 11, 01 = 50 (Il ) (2)
t>07€en
()17 =TI wi(its]0)%, 85 € [0,1], [t = min{l,¢;}, 1 < 6 < o0, I° =
Jj€en
(5,05, ..., 15), 5 =1i(j€e), l§=0(j € en—e=¢),
A™ () f(x) = [ [T 2T (@i(t)) | f(=),
j€e
and to = (to1,-..,ton) s a fized positive vector, t§ = (t§1, 159, - - -+ t5n)s to; = toj (j €e),

to; =0 (j€¢), and

7ﬂMM%:II7wjf@»

]Eeaj

i.e., integration is carried out only with respect to the variables x; whose indices belong to
e.

The spaces S;f)ﬁ,%ﬂB (Gy) in case @j(t;) = tfj,ﬁj = % (j € en), coincides with the
space 5;797%}{3 (G) introduced and studied in [11], in the case §; = 0 (j € e,), coin-
cides with the space Szla,GB (@) introduced and studied by A.J. Dzhabrailov [2], in the
case § = oo, coincides with the space Nikolskii-Morrey with dominant mixed derivatives
SL7¢76H(G¢).

In the case for any t; > 0 (j € ey), there exists a constant C' > 0 it holds the embedding

Lo s(G) = Ly(G), 5;,,9,%33 (Gy) = S B (Gy),

ie.,
1 lnc < Cllflpesics 1l mia, < CIflst, pa,y (3)

Definition 2. [10] An open set G C R™ is said to satisfy condition of flexible p-horn type,
if for some w € (0,1]",T € (0,00)" for any x € G there exists a vector -function

p((p(t),&?) = (pl(@l(h)vx)v <o ,pn(gan(tn),x)), 0< tj < Tj’ (J € en)

with the following properties:



On Some Embedding Theorems of Besov-Morrey Spaces 19

1) for all j € ey, pj(@j(t;),x) is absolutely continuous on [0,T}], |p;i(¢;(t;), )| <1 for
almost all tj; € [0,T5], j € ep,
2) pj(O,x) =0;

v+ Viww =z+ |J [pile;(t;),2) +0;(t))w;Ty) C G,
Ogt]‘STj,
jeen

In particular, ¢; =t; (j € ep) is the set V(z,w) and 2+ V (z,w) will be said to be a set
of flexible horn type introduced in [9], if t; = ¢, (j € e,), @(t) =t (t} =M, th2 ... )
is the set V(z,w) and .+ V (z,w) will be said to be a set of flexible A-horn type introduced
in [1].

Theorem 1. Let 1 <p<oo,1 <0< o0, f € S;)’@B(Gﬂp), @ € . Then one can construct
the sequence hs = hg(x) (s = 1,2,...) of infinitely differentiable finite functions in R™ such
that

Jim [1f = Psllst ,nie) =0

Lemma 1. Let 1 <p < qg<r <o00,0<n,t; <T; <1(j €en), v=(vi,...,0),
v; >0 (j € ey) are integers, A™ (p(t))f € Ly .5(G) and let

11
szlj—yj—(l—ﬁjp)<p—q)7

e

n
B;(x):H 2”7/Lea;t (pj(t;)) "~ 2]‘[ (4)
j€ee’ 0e j€e jEe
e
v @) = TLea@) > [ Lo [ (et “H (5)
jee! ne j€e jEe
+o0°
- y ple(t®+71°),z)
Felet) = R/ O[ e (Gt " )
U ple),z) 1,
<o (L LA Lo,
x A (@(8)u) f(x +y + u)du®dy, (6)

Then for any T € U the following inequalities are valid

< |[Teost) ™ a™ (e)s]|

sup || B¢
sup 5] IT »

.Uy () (T)
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< T (o5 ™G0 TT 5 (60075 T o5 ) (5 > 0), ()

jee’ j€en j€e

@ = C2 [T (st ™ A™ (e(0)f

BG
sup 1872

Uy (e) :
J€e D, 3G
—vi—(1—8. 1_1
< T (o ()™ 0P G T (wy (lgh)) ™
jee’ j€en
[1(g;(T))H,  for pj >0
JjEe
% ];[ In fvﬁni;’ for pj =0, (8)
j€e
[T (0j (), for p; <O,
JjEe

here Uy () = {a : |; — Z5] < 3¢ (&), € en}, and ¢ € ¥, Ci and Ca are constants
independent of f, &, n and T.

Proof. Applying sequentially the Minkowskii generalized inequality for any T € U

e

n
e (T2 o ¢
HB" 0:Uy &) () : jle_[/ (es(T5)) J / ‘ Le ( et )H%Uw(@(’f) :
(& Oe
o T 5 ()
x [T Cor ()27 T 2 e ©)
j€e j€e ¥i (tj)

From the Holder inequality (¢ < r) we have

Further, we will assume that there exists a function |M,(z,y)| < C|M!(z)|, for all
y € R™. Let x be a characteristic function of the set S (M,). Again applying the Holder
inequality (2 + ( % — 14+ (L =1y = 1) for representing function in the form (6) in the case

<]

Le (.7756 T T6'>

Lo (e +1) g LL @70

H‘J’Uw(a(x) jee

1§p§r§oo,s§;,5§5r (%:1_%+%),Weget
‘ Le (.,te +T€') <
Uy (&) (@)
+00° p %_%
€ y
< [ [ e s so | (Gt )

n ]
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1
+OOE p ™

X sup / / || A™ f(y 4 u®)|du®| do | x
yev _ .
Up(e)(@) o0

(R I (- MTe))de)i. (1)

For any x € U we have

+o0¢ p
e e N e e
+o0¢ p
< [ e e ay <
(U+V) e ety @) F00°
+00¢ p
< [ | [ s dy<
G, ye 1er) (@) F0°
p
<[] (s (t))"? / / | Je HH j (t) " ATy + )| duf| dy <
jee G e, (@) jee
Lot P
< T (s (1)) /IJIIH 03 (1)) A7 (g + ) du <
j€e j€e PG @)
< [Tt " TL s P I TT G5 D™ 2™ Fl oy <
Jj€e j€e jee
< & [T Gos @) TT o ) T G )7 TT (o (83))7

jee jee jee j€e
< T (s )75 ™ ( )P (12)

j€e _766

Fory € V (¢ (tj;) <V, (t5),] € en)
+o00€ p

/ /|Je|!Amef<x+y+u“’>!due dx <

Uyp(ey Foo°
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+00¢ p
</ L [ 12187 elpusta + | o <
Gop(e) Foo°
+00¢ p
= | (CTCEL / U Tl TTest)) 5 A™ (o(8)u) f (2 + )| du? | dar <
jee Gy Foo° j€Ee
< [Tt I T (st A™ (DI} 6y o e
j€e j€e
< TTesttP TT st TT st TL st ™ 27 GO gy
< & TTestt TTeatt TTem I T (st ™ A7 (O g, o o
jEe jEe Jj€en jEe (13)
and
Yy
R[‘Mel <W>‘ dy = || M|, ]1;[6% t) E% (14)
From inequalities (10)-(14) it follows that
el < € [TL e 50" @o)f||
ice Py,
< 1 (s (T 0=t (3-3) 11 O el A
jee’ j€e
= -
< TT s (&I e/ T (wy (1&00) @ (15)
Jj€en Jj€en

Substituting inequalities in (9) for (r = ¢), for p; > 0 (j € e) we obtain (7). Inequality
(8) is proved in the same way.

/ij

Corollary 1. From inequality (7) for Bl , J € ey it follows that:

B3| o ([T Ces(t) ™5 ™ (o)) f

j€e

, (16)

D, 3;G

qwb’lU—

Cs is the constant independent of f.
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2. Main results

We prove two theorems on the properties of functions from the space SIZ,’@’% 5B (Gy).

Theorem 2. Let G C R™ satisfy the condition of flexible p-horn [10], 1 < p < q¢ < 00 and
let v=(vi,va,..,vn), vj >0 be entire j € ey, j >0 (j €ey,), and let f € S;)797¢76B(G¢).
Then the following embedding holds

v l
DY 1Sy g, »3B(Gy) = Lgy 1 (G)

i.e., for f € SIZ)’@’%BB (Gy) there ezists a generalized derivatives DY f and the following

inequalities are true

1D" fllge <
1A (0. Gute) D Tl | %
. [A™ (0(t), Gypry) DF fllpas dp;j(t;)
<oy ey [ T el | IS an)
eCen j€en de jl;[e (%( J)) jee TI\W

v 2
D f||q,¢1,/3;G <cC ||f||sé797MB(G s P=q < oo (18)

©

In particular, if
1 .
Hio =l —v; = (1= Fp) 2 >0, (j € en),

then DY f (x) is continuous in the domain G, and

sup [D” f(z)] <

z€G
tg o o
s A" (o(t), Gpry) D fllpas dp;(t))
<0y [ i(ay)see / L 15 1
eCey j€e H (@j(tj)) 7 jee gOJ( .7)
where .
. AOZ{ 13,0 jeEe,
o —vj— (1= Bp)y, Jjee

0 <Tj <min{l,ty;} (j € en), and Cy, Cy are the constants indepent of f, C independent
OfT = (Tl,TQ, ‘o ,Tn).

Proof. Under the conditions of our theorem, there exist generalized derivatives D" f.
Indeed, if p1; > 0, {j € e,}, then for f € S;la,e,%@B(Gp) — SIZJ,QB(GSO) there exist general-
ized derivatives D¥ f € L,(G), and for almost each point € G the integral representation
[13]

T +00°

s =3 [Lem? [ [ [ Tltesy

eCey jee’ 0¢ —oo€ R™ jee
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plo(te+T¢
XM gp(teg—/I—Te')’ (gp<(t€+T6') ) Je

&

u  p(p(t 1, >
—, = —p'(p(t),x) | x
(s 25 et
x A™ ((8)u) f (2 + y + u®)ducdydt (20)
with the kernels is valid and 0 < T; < min{1,¢0},j € en, Mc(-,y) € C(R"), &e(-,y, 2) €
C°(RI), where Rl = RS x R§ x R, where RS = R = (—00,+00), j € e; R¢ =1j €€
Based on Minkowski inequality we have

f q,G < Z HB%”q,G' (21)

eCen

1D”

By means of inequalities (7) for U = G, n; =T}, (j € e),

By means are inequalities (8) for n; = Tj,(j € e), and
(18).

Now let conditions pj0 = pj(qg = 00) > 0, (j € ey), then based around identity (20),
for ¢ = 0o, p < 0 we get

0 we get inequality (17).
6), p < 6 we get inequality

27 = 2 <

SN

te 4

e L
A | (I / 1A (@(t))D'

s Hd%( )
I —k; 7y
@#eCen jEe Ge jl;[e(%'(tj))] ! jee ©j(t;)

AsT; — 0, j € e, then HD”f — f&)T)H — 0. Since f((T) (x) is continuous on G the

convergence on Lo, (G) coincides with the umform convergence. Then the limit function
DY f(x) is continuous on G. Theorem 2 is proved.

Let v be an n-dimensional vector.

Theorem 3. Let all the conditions of Theorem 2 be satisfied. Then for p; > 0 (j € ey)
the generalized derivatives DY f satisfies on G the generalized Hélder condition, i.e. the
following inequality is valid:

1AM, @) D fllge=Clifls

B(G,) H (o ([751))s (22)

Jj€en
where s o ‘
oi(|v;]) = maX{(‘Pﬂ "Y] ) (‘Pj "Y] ) }7 for j e,
Y @i (T;))H 7 for jee,
If pjo >0 (5 € ey), then
sup |A(1 G F(@)| < Cl sy iy TL (@s0llsD) (23)
r " jee’lL

where 0j satisfies the same conditions as oj, but with p; replaced 1.
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Proof. By Lemma 8.6 from [1] there exists a domain G, C G (w = (w1,wa,...,wy),
wj =Ajp(x), Aj >0 (j € ey), plz) =dist (z,0G), z € G).

Suppose that |v;| < wj, j € ey, then for any « € G,, the segment connecting the points
x,x + v is contained in G. Consequently, for all the points of this segment, identity (20)
with the same kernels are valid. After same transformations, from (20) we get

A(,G)D"f (z \<C1Z H 0; (Tj)) ™72 x

eCey jee!
il vl )
/"'/HW@ ”J_QHSOJ( )
0 0 jEe Jj€e 90‘]

(o)
/ / te+Te) o (tc + T¢) 8

e fn
><Je<(pu plp(D),z) 1p’(s0(t),x)>

A (7, G) A™ (@(8)u) f(x +y + u)| ducdydt + [ (¢ (T;) 7%

jee!
Ty Ty
—v;j—3 S0]
[T rl [ [ Ttesen T
j€e j€e Ge
IS gl el J

// ple(t+1%e))\ |

t6+Te) o (te+T¢)

50 fn
u ple(t),z) 1,
X*(ww’ S e 0:0)|
1
/ /‘ ) f(z+y + u® + ) }dvdyduedt
0
== Cl Z (Bel(x/.)/) + Bg(xafy)) ’ (24)

eCen

where |5| = [y| (j € €), 0 <Tj <t j € e,. We also assume that |y;| < T5(j € ey), and
consequently, |v;| < min (w;,Tj)(j € e,). If z € G\ G, then

Ay, G) D" f (z) =
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Based around (24) we have

1A (.G D Fllye <€D (1BEC A6 +

eCen

1182 ()l ) (25)

By means of inequality (7), for U = G, n; = |v;| (j € e) we have

1B o)l < Cr || TTC0s )75 A™ (0(0)) f [Tes@pm. (26)

jEe jee’
J py,B;G I €€

and by means of inequality (8) for U = G, n; = |v;| (j € en) we have

182 (), < o [[TstD 587 e@ng| T eaTiysbx
Jee o 3G IEE
X H(@j(hﬂ))‘”_l- (27)

Now suppose that |y;| > min (w;,Tj), (j € ep), then

1A (3. G) D fllye < 210" fllye < C (w, TYID” 1| T] (o5(1il))-

Jj€en

Estimating for || D" f|| ¢, by means of inequality (17), in this case, we again get the required
inequality. Theorem 3 is proved.
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