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1. Introduction

The fact some mixed derivatives of f entering the definition of the norm of W l
p, H

l
p

and Bl
p,θ leads to the necessity of consideration of the function spaces of another type in

which the key role is played by mixed derivatives.
In this paper introduced and studied the Besov-Morrey spaces with dominant mixed

derivatives.

Slp,θ,φ,βB(Gφ)

and help of method of integral representation differential and difference-differential prop-
erties of functions from this space.

Here G ⊂ Rn, 1 ≤ p < ∞, 1 ≤ θ ≤ ∞, φ = (φ1(t1), φ2(t2), . . . , φn(tn)), φj(tj) > 0,
φ′
j(tj) > 0, (tj > 0) be continuously differentiable functions, lim

tj→+0
φj(tj) = 0, lim

tj→+∞
φj(tj) =

Kj ≤ ∞, j ∈ en = {1, 2, ..., n}. We denote the set of such vector-functions φ by Ψ.
Note that the spaces with parameters constructed and studied in C.B. Morrey’s papers

[6], and after these results were developed and generalized in the papers of V.P. Il’in [4],
Y.V.Netrusov [12], A. Mazzucato [5], V.S. Guliyev [3], A.M. Najafov [7-11] and other
mathematicians.

For any x ∈ Rn we assume

Gφ(t) (x) = G ∩ Iφ(t) (x) = G ∩
{
y : |yj − xj | <

1

2
φj(tj), j ∈ en

}
,

and let mj > 0, kj ≥ 0 are integers and mj > lj − kj > 0, lj > 0, j ∈ en.

∗Corresponding author.

http://www.cjamee.org 17 © 2013 CJAMEE All rights reserved.



18 N.R. Rustamova

Definition 1. Denote by Slp,θ,φ,βB(Gφ) the Banach space of locally summable functions
on G with finite norm

∥f∥Slp,θ,φ,βB(Gφ)
=

∑
e⊆en


te0∫

0e

∥△me(φ(t), Gφ(t)))D
kef∥p,φ,β∏

j∈e
(φj(tj))(lj−kj)


θ∏
j∈e

dφj(tj)

φj(tj)


1
θ

, (1)

where
∥f∥p,φ,β;G = ∥f∥Lp,φ,β(G) = sup

x∈G,
tj>0 ,j∈en

(
|φ([t]1)|−β∥f∥p,Gφ(t)(x)

)
, (2)

|φ([t]1)|−β =
∏
j∈en

φj([tj ]1)
−βj , βj ∈ [0, 1], [tj ]1 = min{1, tj}, 1 ≤ θ ≤ ∞, le =

(le1, l
e
2, . . . , l

e
n), l

e
j = lj(j ∈ e), lej = 0 (j ∈ en − e = e′),

△me(φ(t))f(x) =

∏
j∈e

△mj
j (φj(tj))

 f(x),

and t0 = (t01, . . . , t0n) is a fixed positive vector, te0 = (te01, t
e
02, . . . , t

e
0n), t

e
0j = t0j (j ∈ e),

te0j = 0 (j ∈ e′), and

be∫
ae

f(x)dxe =

∏
j∈e

bj∫
aj

dxj

 f(x),

i.e., integration is carried out only with respect to the variables xj whose indices belong to
e.

The spaces Slp,θ,φ,βB (Gφ) in case φj(tj) = t
κj
j ,βj =

aj
p (j ∈ en), coincides with the

space Slp,θ,a,κB (G) introduced and studied in [11], in the case βj = 0 (j ∈ en), coin-

cides with the space Slp,θB (G) introduced and studied by A.J. Dzhabrailov [2], in the
case θ = ∞, coincides with the space Nikolskii-Morrey with dominant mixed derivatives
Slp,φ,βH (Gφ).

In the case for any tj > 0 (j ∈ en), there exists a constant C > 0 it holds the embedding

Lp,φ,β(G) ↪→ Lp(G), Slp,θ,φ,βB (Gφ) ↪→ Slp,θB (Gφ) ,

i.e.,
∥f∥p,G ≤ C∥f∥p,φ,β;G, ∥f∥Slp,θB(Gφ)

≤ C∥f∥Slp,θ,φ,βB(Gφ)
. (3)

Definition 2. [10] An open set G ⊂ Rn is said to satisfy condition of flexible φ-horn type,
if for some ω ∈ (0, 1]n, T ∈ (0,∞)n for any x ∈ G there exists a vector -function

ρ(φ(t), x) = (ρ1(φ1(t1), x), . . . , ρn(φn(tn), x)), 0 ≤ tj ≤ Tj , (j ∈ en)

with the following properties:
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1) for all j ∈ en, ρj(φj(tj), x) is absolutely continuous on [0, Tj ], |ρj(φj(tj), x)| ≤ 1 for
almost all tj ∈ [0, Tj ], j ∈ en,

2) ρj(0, x) = 0;

x+ V (x, ω) = x+
⋃

0≤tj≤Tj ,
j∈en

[ρj(φj(tj), x) + φj(tj)ωjTj ] ⊂ G.

In particular, φj = tj (j ∈ en) is the set V (x, ω) and x+V (x, ω) will be said to be a set
of flexible horn type introduced in [9], if tj = t, (j ∈ en), φ(t) = tλ (tλ = tλ1 , tλ2 , . . . , tλn)
is the set V (x, ω) and x+V (x, ω) will be said to be a set of flexible λ-horn type introduced
in [1].

Theorem 1. Let 1 ≤ p <∞, 1 ≤ θ ≤ ∞, f ∈ Slp,θB(Gφ), φ ∈ Ψ. Then one can construct
the sequence hs = hs(x) (s = 1, 2, . . .) of infinitely differentiable finite functions in Rn such
that

lim
s→∞

∥f − hs∥Slp,θB(G) = 0.

Lemma 1. Let 1 ≤ p ≤ q ≤ r ≤ ∞, 0 < ηj , tj ≤ Tj ≤ 1 (j ∈ en), ν = (ν1, . . . , νn),
νj ≥ 0 (j ∈ en) are integers, △me(φ(t))f ∈ Lp,φ,β(G) and let

µj = lj − νj − (1− βjp)

(
1

p
− 1

q

)
,

Be
η (x) =

∏
j∈e′

(φj(Tj))
−2−νj

ηe∫
0e

Le(x, t)
∏
j∈e

(φj(tj))
−νj−2

∏
j∈e

φ′
j(tj)

φj(tj)
dte (4)

Be
η,T (x) =

∏
j∈e′

(φj(Tj))
−2−νj

T e∫
ηe

Le(x, t)
∏
j∈e

(φj(tj))
−νj−2

∏
j∈e

φ′
j(tj)

φj(tj)
dte, (5)

Le(x, t) =

∫
Rn

+∞e∫
−∞e

Me

(
y

φ(te + T e′)
,
ρ(φ(te + T e), x)

φ(te + T e′)

)
×

×Je
(

U

φ(t)
,
ρ(φ(t), x)

φ(t)
,
1

2
ρ′(φ(t), x)

)
×

×△me (φ(δ)u) f(x+ y + ue)duedy. (6)

Then for any x ∈ U the following inequalities are valid

sup
x∈U

∥∥Be
η

∥∥
q,Uψ(ξ)(x)

≤ C1

∥∥∥∥∥∥
∏
j∈e

(φj(tj))
−lj △me(φ(t))f

∥∥∥∥∥∥
p,φ,β;G

×
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×
∏
j∈e′

(φj (Tj))
−νj−(1−βjp)

(
1
p
− 1
q

)
−1

∏
j∈en

(ψj ([ξj ]1))
βj

p
q

∏
j∈e

(φj (ηj))
µj (µj > 0), (7)

sup
x∈U

∥∥Be
η,T

∥∥
q,Uψ(ξ)(x)

≤ C2

∥∥∥∥∥∥
∏
j∈e

(φj(tj))
−lj △me(φ(t))f

∥∥∥∥∥∥
p,φ,β;G

×
∏
j∈e′

(φj (Tj))
−νj−(1−βjp)

(
1
p
− 1
q

)
−1

∏
j∈en

(ψj ([ξj ]1))
βj

p
q ×

×



∏
j∈e

(φj(Tj))
µj , for µj > 0∏

j∈e
ln

φj(Tj)
φj(ηj)

, for µj = 0,∏
j∈e

(φj (ηj))
µj , for µj < 0,

(8)

here Uψ(ξ) (x) =
{
x : |xj − xj | < 1

2ψj (ξj) , j ∈ en
}
, and ψ ∈ Ψ, C1 and C2 are constants

independent of f , ξ, η and T .

Proof. Applying sequentially the Minkowskii generalized inequality for any x ∈ U

∥∥Be
η

∥∥
q,Uψ(ξ)(x)

≤
∏
j∈e′

(φj(Tj))
−2−νj

ηe∫
0e

∥∥∥Le (·, te + T e
′
)∥∥∥

q,Uψ(ξ)(x)
×

×
∏
j∈e

(φj (tj))
−2−νj

∏
j∈e

φ′
j (tj)

φj (tj)
dte. (9)

From the Hölder inequality (q ≤ r) we have∥∥∥Le (·, te + T e
′
)∥∥∥

q,Uψ(ξ)(x)
≤

∥∥∥Le (·, te + T e
′
)∥∥∥

r,Uψ(ξ)(x)

∏
j∈en

(ψj (ξj))
1
q
− 1
r . (10)

Further, we will assume that there exists a function |Me(x, y)| ≤ C|M1
e (x)|, for all

y ∈ Rn. Let χ be a characteristic function of the set S (Me). Again applying the Hölder
inequality (1r +(1p −

1
r )+ (1s −

1
r ) = 1) for representing function in the form (6) in the case

1 ≤ p ≤ r ≤ ∞, s ≤ r, s ≤ r (1s = 1− 1
p +

1
r ), we get∥∥∥Le (·, te + T e

′
)∥∥∥

r,Uψ(ξ)(x)
≤

≤ sup
x∈Uψ(ξ)(x)

∫
Rn

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△mef(x+ y + ue)due

∣∣∣∣∣∣
p

χ

(
y

φ (te + T e′)

)
dy


1
p
− 1
r

×
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× sup
y∈V

 ∫
Uψ(ξ)(x)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△mef(y + ue)|due
∣∣∣∣∣∣
p

dx


1
r

×

×

∫
Rn

∥M1
e

(
y

φ(te + T e′)

)
∥Sdy

 1
s

. (11)

For any x ∈ U we have

∫
Rn

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△mef(x+ y + ue)|due
∣∣∣∣∣∣
p

χ

(
y

φ (te + T e′)

)
dy ≤

≤
∫

(U+V )
φ(te+Te

′
)
(x)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△mef(y + ue)|due
∣∣∣∣∣∣
p

dy ≤

≤
∫

G
φ(te+Te

′
)
(x)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△mef(y + ue)|due
∣∣∣∣∣∣
p

dy ≤

≤
∏
j∈e

(φj (tj))
ljp

∫
G
φ(te+Te

′
)
(x)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||
∏
j∈e

(
φj (tj)

−lj △mef(y + ue)
∣∣∣ due

∣∣∣∣∣∣
p

dy ≤

≤
∏
j∈e

(φj (tj))
ljp

∥∥∥∥∥∥
+∞e∫

−∞e

|Je||
∏
j∈e

(φj (tj))
−lj △mef(y + ue)|due

∥∥∥∥∥∥
p

p,G
φ(te+Te

′
)
(x)

≤

≤
∏
j∈e

(φj (tj))
ljp

∏
j∈e

(φj (tj))
p ∥

∏
j∈e

(φj (tj))
−lj △mef∥pp,G

φ(te+Te
′
)
(x) ≤

≤ C1

∏
j∈e′

(φj (Tj))
βjp

∏
j∈e

(φj (tj))
p
∏
j∈e

(φj (tj))
ljp

∏
j∈e

(φj (tj))
βjp

×∥
∏
j∈e

(φj (tj))
−lj △me (φ(t)) f∥p,φ,β ·

∏
j∈e

(φj (tj))
βjp . (12)

For y ∈ V (φj (tj) ≤ Ψj (tj) , j ∈ en)

∫
Uψ(ξ)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△mef(x+ y + ue)|due
∣∣∣∣∣∣
p

dx ≤
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≤
∫

Gφ(ξ)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||△me(φ(δ)u)f(x+ ue)|due
∣∣∣∣∣∣
p

dx ≤

≤
∏
j∈e

(φj(tj))
ljp

∫
Gφ(ξ)

∣∣∣∣∣∣
+∞e∫

−∞e

|Je||
∏
j∈e

(φj(tj))
−lj△me(φ(δ)u)f(x+ ue)|due

∣∣∣∣∣∣
p

dx ≤

≤
∏
j∈e

(φj(tj))
ljp∥

∏
j∈e

(φj(tj))
−lj△me(φ(t))f∥pp,GΨ(ξ)(x)

≤

≤ C2

∏
j∈e

(φj(tj))
plj

∏
j∈e

(φj(tj))
p
∏
j∈en

(φj([ξj ]1))
βjp∥

∏
j∈e

(φj(tj))
−lj △me(φ(t))f∥pp,GΨ(ξ)(x)

≤

≤ C1

∏
j∈e

(φj(tj))
plj

∏
j∈e

(φj(tj))
p
∏
j∈en

(Ψj([ξj ]1))
βjp∥

∏
j∈e

(φj(tj))
−lj △me(φ(t))f∥pp,GΨ(ξ)(x)

(13)
and ∫

Rn

∣∣∣∣M1
e

(
y

φ (te + T e′)

)∣∣∣∣s dy =
∥∥M1

e

∥∥
s

∏
j∈e

φj (tj)
∏
j∈e′

φj (Tj) . (14)

From inequalities (10)-(14) it follows that

∥Le∥q,Uψ(ξ)(x)
≤ C1

∥∥∥∥∥∥
∏
j∈e

(φj(tj))
−lj△me(φ(t))f

∥∥∥∥∥∥
p,φ,β

×

×
∏
j∈e′

(φj (Tj))
1−(1−βjp)

(
1
p
− 1
q

)∏
j∈e

(φj (tj))
1−(1−βjp)

(
1
p
− 1
q

)
+lj ×

×
∏
j∈en

(ψj ([ξj ]1))

(
1
q
− 1
r

) ∏
j∈en

(ψj ([ξj ]1))
βjp

q . (15)

Substituting inequalities in (9) for (r = q), for µj > 0 (j ∈ e) we obtain (7). Inequality
(8) is proved in the same way.

Corollary 1. From inequality (7) for β1j =
βjp
q , j ∈ en it follows that:

∥∥Be
η

∥∥
q,ψ,β1;U

≤ C2

∥∥∥∥∥∥
∏
j∈e

(φj(tj))
−lj△me(φ(t))f

∥∥∥∥∥∥
p,φ,β;G

, (16)

C2 is the constant independent of f .
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2. Main results

We prove two theorems on the properties of functions from the space Slp,θ,φ,βB (Gφ).

Theorem 2. Let G ⊂ Rn satisfy the condition of flexible φ-horn [10], 1 ≤ p ≤ q ≤ ∞ and
let ν = (ν1, ν2, .., νn), νj ≥ 0 be entire j ∈ en, µj > 0 (j ∈ en), and let f ∈ Slp,θ,φ,βB(Gφ).

Then the following embedding holds

Dν : Slp,θ1,φ,βB(Gφ) ↪→ Lq,ψ,β1(G)

i.e., for f ∈ Slp,θ,φ,βB (Gφ) there exists a generalized derivatives Dνf and the following
inequalities are true

∥Dνf∥q,G ≤

≤ C1

∑
e⊆en

∏
j∈en

(φj(Tj))
se,j


te0∫

0e

∥△me
(
φ(t), Gφ(t)

)
Dkef∥p,α,β∏

j∈e
(φj(tj))

lj−kj


θ∏
j∈e

dφj(tj)

φj(tj)


1
θ

, (17)

∥Dνf∥q,ψ1,β;G ≤ C2 ∥f∥Slp,θ,φ,βB(Gφ)
, p ≤ q <∞. (18)

In particular, if

µj,0 = lj − νj − (1− βjp)
1

p
> 0, (j ∈ en),

then Dνf (x) is continuous in the domain G, and

sup
x∈G

|Dνf(x)| ≤

≤ C2
∑
e⊆en

∏
j∈en

(φj(Tj))
se,j,0


te0∫

0e

∥△me
(
φ(t), Gφ(t)

)
Dkef∥p,α,β∏

j∈e
(φj(tj))

lj−kj


θ∏
j∈e

dφj(tj)

φj(tj)


1
θ

, (19)

where

se,j,0 =

{
µj,0, j ∈ e,

−νj − (1− βjp)
1
p , j ∈ e′

0 ≤ Tj ≤ min {1, toj} (j ∈ en), and C1, C2 are the constants indepent of f , C1 independent
of T = (T1, T2, . . . , Tn).

Proof. Under the conditions of our theorem, there exist generalized derivatives Dνf .
Indeed, if µj > 0, {j ∈ en}, then for f ∈ Slp,θ,φ,βB(Gφ) → Slp,θB(Gφ) there exist general-
ized derivatives Dνf ∈ Lp(G), and for almost each point x ∈ G the integral representation
[13]

Dνf(x) =
∑
e⊆en

∏
j∈e′

(φj(Tj))
νj−2

T e∫
0e

+∞e∫
−∞e

∫
Rn

∏
j∈e′

(φj(Tj))
−νj−2
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×M (ν)
e

 y

φ (te + T e′)
,
ρ
(
φ
(
te + T e

′
, x

))
φ (te + T e′)

 Je

(
u

φ(t)
,
ρ(φ(t), x)

φ(t)
,
1

2
ρ′(φ(t), x)

)
×

×△me(φ(δ)u)f(x+ y + ue)duedydt (20)

with the kernels is valid and 0 ≤ Tj ≤ min {1, tj,0} , j ∈ en,Me(·, y) ∈ C∞
0 (Rn), ξe(·, y, z) ∈

C∞
0 (R|e|), where R|e| = Re1 ×Re2 ×Ren, where R

e
j = R = (−∞,+∞), j ∈ e; Rej = 1 j ∈ e′.

Based on Minkowski inequality we have

∥Dνf∥q,G ≤
∑
e⊆en

∥Be
T ∥q,G . (21)

By means of inequalities (7) for U = G, ηj = Tj , (j ∈ e), p ≤ θ we get inequality (17).
By means are inequalities (8) for ηj = Tj , (j ∈ e), and (6), p ≤ θ we get inequality

(18).
Now let conditions µj,0 = µj(q = ∞) > 0, (j ∈ en), then based around identity (20),

for q = ∞, p ≤ θ we get ∥∥∥Dνf − f
(ν)
φ(T )

∥∥∥
∞,G

≤

≤ C
∑

∅̸=e⊆en

∏
j∈e

(φj(Tj))
se,j,0


te0∫

0e

∥△me (φ(t))Dkef∥p,φ,β∏
j∈e

(φj(tj))
lj−kj


θ∏
j∈e

dφj(tj)

φj(tj)


1
θ

.

As Tj → 0, j ∈ e, then
∥∥∥Dνf − f

(ν)
φ(T )

∥∥∥
∞,G

→ 0. Since f
(ν)
φ(T ) (x) is continuous on G the

convergence on L∞ (G) coincides with the uniform convergence. Then the limit function
Dνf(x) is continuous on G. Theorem 2 is proved.

Let γ be an n-dimensional vector.

Theorem 3. Let all the conditions of Theorem 2 be satisfied. Then for µj > 0 (j ∈ en)
the generalized derivatives Dνf satisfies on G the generalized Hölder condition, i.e. the
following inequality is valid:

∥∆(γ,G)Dνf∥q,G ≤ C ∥f∥Slp,φ,βB(Gφ)

∏
j∈en

(σj(|γj |)), (22)

where

σj(|γj |) =

{
max

{(
φj(|γ∗j |)

)µj
,
(
φj(|γ∗j |)

)µj−1
}
, for j ∈ e,

(φj(Tj))
µj−lj , for j ∈ e′,

If µj,0 > 0 (j ∈ en), then

sup
x∈G

|∆(γ,G)Dνf(x)| ≤ C∥f∥Slp,φ,βB(G)

∏
j∈en

(σj,0(|γj |)). (23)

where σj,0 satisfies the same conditions as σj, but with µj replaced µj,0.
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Proof. By Lemma 8.6 from [1] there exists a domain Gω ⊂ G (ω = (ω1, ω2, . . . , ωn) ,
ωj = λjρ(x), λj > 0 (j ∈ en), ρ(x) = dist (x, ∂G) , x ∈ G).

Suppose that |γj | < ωj , j ∈ en, then for any x ∈ Gω the segment connecting the points
x, x+ γ is contained in G. Consequently, for all the points of this segment, identity (20)
with the same kernels are valid. After same transformations, from (20) we get

|∆(γ,G)Dνf (x)| ≤ C1

∑
e⊆en

∏
j∈e′

(φj (Tj))
−νj−2×

|γe1 |∫
0

· · ·
|γen|∫
0

∏
j∈e

(φj (tj))
−νj−2

∏
j∈e

φ′
j(tj)

φj(tj)
×

+∞e∫
−∞e

∫
Rn

∣∣∣∣∣∣M (ν)
e

 y

φ (te + T e′)
,
ρ
(
φ
(
te + T e

′
, x

))
φ (te + T e′)

 ×

×Je
(

u

φ(t)
,
ρ (φ (t) , x)

φ (t)
,
1

2
ρ′ (φ (t) , x)

)∣∣∣∣×∣∣∆(γ,G)△me(φ(δ)u)f(x+ y + ue)
∣∣ duedydt+ ∏

j∈e′
(φj (Tj))

−νj−3×

∏
j∈en

|γj |
T e1∫

|γe1 |

· · ·
T en∫

|γen|

∏
j∈e

(φj (tj))
−νj−3

∏
j∈e

φ′
j(tj)

φj(tj)
×

+∞e∫
−∞e

∫
Rn

∣∣∣∣∣∣M (ν)
e

 y

φ (te + T e′)
,
ρ
(
φ
(
te + T e

′
, x

))
φ (te + T e′)

∣∣∣∣∣∣×
×Je

(
u

φ(t)
,
ρ (φ (t) , x)

φ (t)
,
1

2
ρ′ (φ (t) , x)

)∣∣∣∣×
1∫

0

· · ·
1∫

0

∣∣△me(φ(δ)u)f(x+ y + ue + γv)
∣∣ dvdyduedt =

= C1

∑
e⊆en

(
B1
e (x, γ) +B2

e (x, γ)
)
, (24)

where |γej | = |γ| (j ∈ e), 0 < Tj ≤ t0,j j ∈ en. We also assume that |γj | < Tj(j ∈ en), and
consequently, |γj | < min (ωj , Tj)(j ∈ en). If x ∈ G \Gω, then

∆ (γ,G)Dνf (x) = 0.



26 N.R. Rustamova

Based around (24) we have

∥∆(γ,G)Dνf∥q,G ≤ C1
∑
e⊆en

(∥∥B1
e (·, γ)

∥∥
q,Gω

+

+
∥∥B2

e (·, γ)
∥∥
q,Gω

)
(25)

By means of inequality (7), for U = G, ηj = |γj | (j ∈ e) we have

∥∥B1
e (·, γ)

∥∥
q,Gω

≤ C1

∥∥∥∥∥∥
∏
j∈e

(φj(tj))
−lj△me(φ(t))f

∥∥∥∥∥∥
p,φ,β;G

∏
j∈e′

(φj(Tj))
µj−lj . (26)

and by means of inequality (8) for U = G, ηj = |γj | (j ∈ en) we have

∥∥B2
e (·, γ)

∥∥
q,Gω

≤ C2

∥∥∥∥∥∥
∏
j∈e

(φj(tj))
−lj△me(φ(t))f

∥∥∥∥∥∥
p,φ,β;G

∏
j∈e′

φj(Tj)
µj−lj×

×
∏
j∈e

(φj(|γj |))µj−1. (27)

Now suppose that |γj | ≥ min (ωj , Tj) , (j ∈ en), then

∥∆(γ,G)Dνf∥q,G ≤ 2 ∥Dνf∥q,G ≤ C (ω, T ) ∥Dνf∥
∏
j∈en

(σj(|γj |)).

Estimating for ∥Dνf∥q,G by means of inequality (17), in this case, we again get the required
inequality. Theorem 3 is proved.
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