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Abstract. This paper considers the spectral problem for fourth-order ordinary differential equa-
tions, all boundary conditions of which contain a spectral parameter. This problem describes small
bending vibrations of an Euler-Bernoulli beam in the cross sections of which a longitudinal force
acts, at both ends of which follower forces act, and also loads are attached to these ends using
weightless rods, which are kept in balance by elastic springs. The basis properties of the system
of eigenfunctions of the problem under consideration in the space L), 1 < p < oo, are studied.
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1. Introduction

We consider the following eigenvalue problem

((y)(z) =y (2) - (g(z)y/(2)) = Ay(z), 0 <2 < 1, (1.1)
y"(0) — aXy'(0) = 0, (1.2)
Ty(0) — bAy(0) = 0, (1.3)
y"(1) — ey (1) = 0, (1.4)
Ty(1) — dry(1) =0, (1.5)

where \ € C is a spectral parameter, Ty = "/ — qy/, q is a positive absolutely continuous
function on [0,1], a, b, ¢, d are real constants such that a >0, b >0, ¢ >0 and d < 0.
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Note that since the second half of the last century, boundary value problems for the
Sturm-Liouville equations of the second and fourth orders with boundary conditions de-
pending on the spectral parameter have been intensively studied (see [1-10, 13, 16-25]).
This is due to the fact that these problems describe small longitudinal, torsional and
transverse vibrations of a beam, at the ends of which either loads or inertial loads are con-
centrated, or tracking forces act (see [14-16, 18, 24]). For example, the spectral problem
(1.1)-(1.5) we are studying arises when describing small bending vibrations of an elastic
homogeneous cantilever beam, in the cross sections of which a longitudinal force acts,
loads are attached to the ends using weightless rods, which are kept in balance by elastic
springs, as well as both of them are subject to tracking forces [14]. It should be noted
that to study this problem of mechanics, we need to study the convergence of expansions
in the system of root functions of problem (1.1)-(1.5) in various function spaces.

The spectral properties of second-order Sturm-Liouville problems with a spectral pa-
rameter in boundary conditions and fourth-order Sturm-Liouville problems with a spectral
parameter in boundary conditions (but not in all boundary conditions) were studied in
works [1-10, 13, 16-25] (see also their bibliography).

The purpose of this article is to study the spectral properties, including the basic
properties of the system of root functions in the space L,, 1 < p < oo of the spectral
problem (1.1)-(1.5).

2. Some properties of solutions to the initial boundary value problem
(1.1), (1.3)-(1.5)

In this section we consider the initial boundary value problem (1.1), (1.3)-(1.5). For
the study of this problem we introduce the following boundary condition

y'(0)cosa — 3" (0)sina =0, o € [0,7/2]. (2.1)

Following the corresponding reasoning carried out in [8], we can prove the following
oscillatory theorem for the eigenvalue problem (1.1), (2.1), (1.3)-(1.5).

Theorem 2.1. For each « the spectrum of problem (1.1), (2.1), (1.8)-(1.5) consists
real and simple eigenvalues forming an infinitely increasing sequence {\,(a)}32, such that
AM(a) =0 and M\g(o) > 0 for k > 2. {\g()}72, such that Ai(a) = 0 and A\g(«) > 0 for
k > 2. Moreover, for each k € N the eigenfunction yy, (x) corresponding to the eigenvalue
Ak, o(x) and its derivative has the following oscillatory property:

(i) the eigenfunction yi o(x)for k > 3 has either k — 2 or k — 1 simple zeros in (0,1),
while the function y1,(x) has no zeros and ya o(x) has one simple zero in (0,1);

(1) the function yj, (x) for k > 2 has evactly k — 2 simple zeros in the interval (0,1).

By the maximum-minimum property of eigenvalues (see [15, Ch. 6, § 1, p. 405]), it
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follows from Theorem 2.1 that the following relation holds:
A1 (71’/2) = )\1(04) = )\1(0) =0< Ao (7‘(‘/2) < )\2(0&) < )\2(0) < )\3 (7[‘/2) <
(2.2)
)\3(0&) < )\3(0) < ...

Theorem 2.2. For each fized A € C\{0} there is a nontrivial solution y(x,\), unique
up to a constant factor, of problem (1.1), (1.3)-(1.5). The function y(x,\) for each fized
x € [0,1] is an entire function of parameter \, which has the following representation:

y(@,A) = =Da(M) {t1(z, A) + dApa (2, A)} + Di(A) {ha(, A) + cAps(a, A)}, - (2.3)

where pr(z,\),k = 1,4, is solutions of equation (1.1) satisfying the Cauchy conditions
(normalized for x =1)

PN = 0key 5= 1, 2, 3, Tihi(1, ) = S, (2.4)
Ors s the Kronecker delta, and
Dy(N) = T1(0,\) + dAXT1D4(0, X)) — bA{Y1(0, A) + dApa(0,N)},

and
D2()‘) = T¢2(07 >‘) + C)\T%(Oa A) — bA {1/12(07 )‘) + C>\1/13(07 )‘)}7

The proof of this theorem is similar to the proof of Theorem 2.2 of [8] with regard to
Theorem 2.1.

Remark 2.1. Let y(x, \), A € R\{0}, be the nontrivial solution of the spectral problem
(1.1), (1.3)-(1.5). Then this function can be normalized using the condition

Y (1,\) =1, (2.5)

if A > 0, and using the condition
y'(0,)) =1, (2.6)
if A <0, in view of [12, Theorems 2.1 and 2.2].
By the second part of [12, Lemma 2.1] we get D;(\) < 0. Therefore, by Remark 2.1
and formula (2.3), without loss of generality, we can represent the function y(z,\) for
A > 0 in the form

y(@, ) = =263 {wn (@A) + dAba(, N} + (@, A) + ehpy (2, M) (2.7)

Remark 2.2. If A = 0, then according to relations (2.4) problem (1.1), (1.3)-(1.5) has
two linearly independent solutions y;(z,0) = ¥1(x,0) = 1 and y2(x,0) = a(z,0), z €
[0,1].

Remark 2.3. By [8, formulas (2.10) and (2.11)] (with replacement = = 0 by z = 1)
from (2.4) for y(x, \) we obtain the following representation

y(x,N) = AN {t1(z, A) + d\a(x, N)} + oz, X) + cAps(x, M), (2.8)
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where

1 1

J wa(t, A)dt + c/\fa/)g(t,A) dt 4+ b {2(0,\) + cAp3(0,\)}

0

AN = — 5 . (29)
[t N) dt—d+d)\f<p4t)\ dt + b {1(0,\) + dM\ps(0,\)}
0

Then passing to the limit as A — 0 in (2.8) we get

1

0
1+b—d

)l\li%y(ﬂj‘,)\) = Q/)2(33‘70) -

Therefore, if we put

1

Of¢2(t, 0) dt + b2(0,0)

1+b—d (2.10)

y(fL‘, 0) = ¢2(SU, 0) -

then the solution y(x, \) to problem (1.1), (1.3)-(1.5) will be defined everywhere on [0, 1] x
C.

We consider the function

which is well defined on

= (C\R) U (= 00, X2(0)) U (U (Ak-1(0), MO))) :

k=3

It follows from Theorems 2.1 and 2.2 that G()) is a meromorphic function of finite order
and the eigenvalues A\, (7/2) and A¢(0), K = 2, 3, ..., of problem (1.1), (2.1), (1.3)-(1.5)
for « = /2 and a = 0 are zeros and poles of this function, respectively.

Lemma 2.1 One has the following relations:

1
deg\A) = 70, A {/?ﬁ z,A) dz +by*(0,A) + ¢y (LA)dy?(l,A)},AeM. (2.11)
0
A——o00

The proof of formulas (2.11) and (2.12) is similar to that of [8, formula (2.19)] and [6,
formula (3.8)], respectively.
Remark 2.4 By conditions b > 0, ¢ > 0 and d < 0 it follows from (2.11) that

dG(N)
X

>0 for A € M. (2.13)
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Remark 2.5 By (2.3), it follows from the second part of [12, Lemma 2.1] that
oz, A) <0, Yh(z,\) > 0, ¥y(z,\) <0 and Tee(z,\) > 0 for x € [0,1) and X > 0.

Hence we have
5(x,0) <0 and T(x,0) > 0 for z € [0, 1]. (2.14)

In view of (2.14) we get
¥y (z,0) > q(0) ' (x,0) > 0 for z € [0, 1].

By the relation ¢4 (1,0) = 0 it follows from last relation that ¢5(0,0) < 0, and conse-
quently, we have the following relation

co) = 209 (2.15)

3. The properties of eigenvalues of the eigenvalue problem (1.1)-(1.5)

Lemma 3.1 The non-zero eigenvalues of problem (1.1)-(1.5) are real and simple.
Proof. It is obvious that the non-zero eigenvalues of problem (1.1)-(1.5) are the roots
of the equation
y"(0,X) — aXy/(0,\) = 0. (3.1)

If A is a non-real eigenvalue of problem (1.1)-(1.5), then, due to the realness of the
coefficients ¢, a, b, c and d from (1.1)-(1.5) it follows that ) is also its eigenvalue. Note that
in this case to the eigenvalue A corresponds the eigenfunction y(x, \) = y(z, \), therefore
(3.1) also holds for A.

By (1.1) for any A, u € C we have

(Ty(z, ) y(z, A) — (Ty(z, X)) y(z, n) = (u— Ny(z, wy(z, A). (3.2)

Integrating equality (3.2) from 0 to 1, using the formula integration by parts to this
resulting equality, and taking into account boundary conditions (1.3)-(1.5) we get

1
y"(0, 1) y'(0,A) = y"(0,\) ¥’ (0, 1) = (u—A) {Ofy(:z: w) y(x, A)dz +

(3.3)
Setting 1 = A in (3.3), using (3.1) and the relation A # ) we obtain
1
[Ty, N)Pdz — aly (0, M) 2+ b y(0, N[> + |y (1, N)]* — d|y(1,A)]* = 0. (3.4)

0
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On the other hand multiplying (1.1) by y(z, A), integrating resulting equality from 0
to 1, using the formula integration by parts, and taking into account boundary conditions
(1.2)-(1.5) we get

b} {11y, NP + a(@)ly (2, 0) 2} do =
(3.5)

1
A {f [y(z, ) Pdz — aly' (0, )] + by (0, )[* + cly/ (1, MI* — d |y(1, /\)IQ} ;
0

which, by (3.4), implies that

1
Of {11y" (2, M) + q()|y/ (z, \)|*} dz = 0.

Since q is a positive continuous function on [0, 1] it follows from last relation that ¢/(z, \) =
0, which contradicts equality (1.1). The proof of this lemma is complete.

Remark 3.1 Note that the function on the left side of the equation (3.1) is entire and,
by Lemma 3.1, does not have zero values for non-real A\. Hence, this function does not
vanish identically. Consequently, the zeros of this function form a countable set without
a finite limit point.

Lemma 3.2 The non-zero eigenvalues of problem (1.1)-(1.5) are simple.

Proof. If A\ # 0 is an eigenvalue of (1.1)-(1.5) such that y’(0,\) = 0, then it follows
from (3.1) that y”(0,A\) = 0 in contradiction with relation (2.2). Hence by (3.1) non-zero
eigenvalues of problem (1.1)-(1.5) are the roots of the equation

G()) = ah. (3.6)
Let A # 0 be the double eigenvalue of problem (1.1)-(1.5). Then we have
G(A) = aX and G'(\) = a. (3.7)

By the second relation on (3.7) from (2.11) we obtain
1 ~ ~ ~ ~
[ vz, Ndz — ay?(0,2) +by?(0, ) + cy2(1,\) — dy?(1,\) = 0. (3.8)
0

Since A is real by (3.8) it follows from (3.5) that
1
/ "2 (2, ) + q(z)y(x, X)}dm = 0. (3.9)
0

which implies that y/(z,\) = 0, in contradiction with equality (1.1). The proof of this
lemma is complete.
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Remark 3.2 For A = 0, the general solution to problem (1.1), (1.3)-(1.5) has the form
v(x) =71 + T2tPe(2,0), z € [0,1].

Then it follows from (3.1) that 72¢4(0,0) = 0. Hence by Remark 2.5 we have ¢4(0,0) #
0, and consequently, 79 = 0. Therefore, A = 0 is a simple eigenvalue of the spectral
problem (1.1)-(1.5) and without loss of generality we can assume that this eigenvalue has
an eigenfunction v(z) = 1.

Lemma 3.3 In each of the intervals (— 00, 0), (0, A2(0), (Ax=1(0), Ax(0)), k=3,4, ...,
equation (3.6) cannot have more than one solution.

Proof. Let A* € (— 00,0) be a solution of problem (3.6). Then by Lemma 3.2 we have
G'(\) —a # 0. Since \* € (— 00,0) it follows from (3.5) (with A replaced by \*) that

1
/ Y2 (x, \)dz — ay(0, \*) + by (0, \*) + cy/?(1,3*)% — dy?(1, %) < 0. (3.10)
0

and consequently, G'(\*) — a < 0. Therefore, the function G(\) — a) except A* cannot
have another solution in the interval (— oo, 0).
The remaining cases are considered similarly. The proof of this lemma is complete.
Theorem 3.1 The eigenvalues of problem (1.1)-(1.5) form an infinitely increasing
sequence {\g}p—, such that

Al E (— O0,0), Ao =0, A3 € ()\Q(W/Q),)\Q(O)), e AR € (/\k_l(ﬂ'/Q),)\k_l(O)), e . (3.11)

Proof. Following the corresponding reasoning carried out in the proof of Lemma 3.3
of [7], we can verify that for the function G()) the following representation holds

> CLA
G(A) =G(0) + s AEM, 3.12
N =60+ 2 360 no) (312)
where ¢, = res G(A\) <0, k=2,3, ... . Hence it follows from (3.12) that
A=X(0)
G\ =25 —F ____ aem. 3.13
N =22 GNP (313

By (3.13) we have G”(\) > 0 for A € (— 00, A2(0)), i.e. the function G(\) is convex on
(=00, 22(0)).

In view of Lemma 2.1 and representation (3.12) we get the following relations:

lim  G(\) =+ o0, lim G\ =-o00, k=2,3,.... (3.14)
A=A, (0)—0 A=A (0)+0

Since the function G()) is increasing (see Remark 2.4) and convex in the interval
(—00,A2(0)) and G(0) < 0, and the function aX is increasing in the same interval, the
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straight line a\ intersects the graph of the function G(\) in the interval (— oo, A2(0)) at
two points, one of which lies in (— 00, 0), and the other lies in the interval (A2(7/2), A2(0)).
Thus, by Remark 3.2, problem (1.1)-(1.5) in the interval (— oo, A2(0)) has three simple
eigenvalues A1, Ao and A3 such that

Al E (— O0,0), Ao =0and A3 € ()\2(77'/2),)\2(0)).

Next, by relations (2.11), (3.14) and Lemma 3.3, for each k € N, k > 3, the straight
line a intersects the graph of the function G(A) in the interval (A;_1(0), Ax(0)) at one point
which lies in (Agx(7/2), Ax(0)). Therefore, problem (1.1)-(1.5) in the interval (Ax—1(0), Ax(0)),
k=3,4, ..., has one simple eigenvalues Ay such that

Me+1 € (A(/2), A (0)).

The proof of this theorem is complete.
Theorem 3.1 For the eigenvalues and eigenfunctions of problem the following asymp-
totic formulas hold:

VA= k-17/2)1+01/k), (3.15)

yr(x) = —@ {sin(k—7/2)7(x — 1) +cos(k—7/2)m(z — 1)+
(3.16)
(—l)kei (k=7/2)7x _ e(k77/2)7r(xfl) +0 (1/k’)} 7

where relation (3.16) holds uniformly for x € [0, 1].
The proof of this theorem is similar to that of [21, Theorem 3.1] with the use of [8,
Theorem 3.2] and (3.11).

4. Operator interpretation of the eigenvalue problem (1.1)-(1.5)

It is known (see, for example, [6, 8]) that the spectral problem (1.1)-(1.5) reduces to
the eigenvalue problem for the linear operator L in the Hilbert space H = L2(0,1) ® C4,
equipped with scalar product

(@, @)H = ({ya m,n, o, 0}7 {U7 5,1,6, T})H =

fy v(z)de + |a|'ms + | b7 Int + || Lo + | d| "7,

where operator L define by

LZ) = L{ya m7n77—70—} = {Z(y% y//(0)¢ Ty(()), y”(l)a Ty(l)}
on the domain

D(L) = {{y (z), m, n} € H : y € W5(0,1), £(y) € L2(0,1),
m = ay'(0),n = by(0), 7 = cy/ (1), o = dy(1)}.
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which is dense everywhere in H. Then problem (1.1)-(1.5) is equivalent to the spectral
problem
Lj= Xy, g€ D(L),

i.e., the eigenvalues \;, k& € N, of problem (1.1)-(1.5) and the operator L coincide and
between the eigenvectors, there is a one-to-one correspondence

ye(z) < O = {yr(x), mi, nk, 7, ok}, mi = ay},(0),

ng = by (0), or = cyi.(1), o = dyx (1), k € N.

If a < 0, then L is a positive, self-adjoint and discrete operator in H, and consequently,
the system of eigenvectors {yi(x), my, nk, ok, ok } 5o, of this operator forms an orthogonal
basis in H.

If @ > 0, then L is a closed (nonself-adjoint) and discrete operator in H.

Let J be the linear operator defined in H by

J{y7 m,n,T, U} = {y7 —-m,n,T, U}

Note that J is a unitary and symmetric operator in H spectrum of which consists of two
eigenvalues: — 1 with multiplicity 1 and + 1 with infinite multiplicity (see [13, Lemma
2.1]). Hence this operator generates the Pontryagin space II; = L3(0,1) @ C* equipped
with inner product (or more precisely J-metric) [11]

(y7 U)H1 = (@7 J{})H = ({ya m,n, o, 0}7 {’U, S, 1,6, T})Hl =

1
[y(x)v(z)de — a=tms + b~ nt + ¢ 1o — d1cT.
0

Theorem 4.1 L is a J-self-adjoint operator in 11;.

The proof of this Theorem is similar to that of [13, Theorem 2.2] with the use of [11,
Propostions 1° and 2°].

Theorem 4.2 If L is the adjoint operator of L in H, then L = JLJ. Moreover,
the system of eigenvectors {Ui}22 1, Uk = {Yk, Mk, Nk, Ok, 0k}, of the operator L forms an
unconditional basis in H.

The first statement of this theorem follows from [11, § 3, Propostion 5] and the second
statement follows from [11, § 4, Theorem 4.2].

By Theorem 3.1 we get

Ly, = Mg, k € N. (4.3)

Let {03}72,, U5 = {vk, Skstk, Sk, Tk}, be the system of eigenvectors of operator L*.
Then, view of Theorem 3.1 and (4.3), we have

L*f)k = A0, k € N. (4.4)
On the base of first part of Theorem 4.2 it follows from (4.3) and (4.4) that

it = Jijg, k € N. (4.5)
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By (4.1), (4.2), (4.5) and Theorem 4.1 for any k, [ € N, k # [, we get
(k> 0) i = (Gk G)r1, = 0. (4.6)

By Lemma 3.2 and Remark 3.2 we have G'(\;) — a # 0 which, by (2.1), implies that
1
(Gr> ) 1 = (Grs U1y = / ye(@)de —ayiZ (0) +byi(0) + ey (1)® —dyi(1) #0. (4.7)
0
Theorem 4.3 Let 0 = (Jx, Ux)m1, - Then each element Oy, = {vg, Sk, tky Sk Tk}, k € N,
of the system {01 }32, adjoint to the system {gi}7 is defined as follows:

B = 0y .- (4.8)

The proof of this theorem follows from (4.6) and (4.7).

5. Basis property of subsystems of the system of eigenfunctions of the
spectral problem (1.1)-(1.5)

Let ¢, 7, 7 and [ be different arbitrary fixed natural numbers and

si i oG oT
s tj STy
Sy tr S Ty
sp o T

Aj gl = (5.1)

Theorem 4.3 If A; ;. # 0, then the system {yk(:c)}zozl’k#i’jml is a basis in
L,(0,1),1 < p < oo (and even an unconditional basis for p=2). If A; j .1 =0, then the
system {yr(2) Y321 2i j r 18 neither complete nor minimal in Ly(0,1), 1 < p < occ.

The proof of this theorem is similar to that of [5, Theorem 4.1] with the use of (3.15)
and (3.16).

By (4.8) from (5.1) we obtain

Ai i =08; 10716, 0 A 0y (5.2)
where
y:(0) 5i(0) wi(1) wi(1)
Ao | y(0) w;(0) yi(1) (1)
BERET i (0) ye(0) yh(1) (1)
yi(1) w(1)

Ai,j,r,l 7& 0 <— Ai,j,r,l 7& 0. (5.3)
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By refining the asymptotic formulas for eigenvalues and eigenfunctions of problem
(1.1)-(1.5) and applying Theorems 5.1, it is possible to establish sufficient conditions for
the system {yx(2)}32; k4, ., to form a basis in L,(0,1),1 <p < oo.

Theorem 4.3 Let i =2 and j, r, [, j <r <, be arbitrary sufficiently large fized natu-
ral numbers, two of which are even and the third odd. Then the system {yx(2)}31 k2 i1
is a basis in Ly(0,1),1 < p < oo, which is an unconditional basis in Ly(0,1).

Proof. Following the corresponding reasoning carried out in the proof of formulas
(5.15) and (5.17) of Theorem 5.4 in [7] we obtain the following asymptotic formulas

on=(k=5)m+0(}), y(0) = (1" (1+0 (%)),
(5.4)
yr(0) = (=1)F § o (1 +0 (é)) » yk(1) = § ok (1 +g +O (é)) ;

where o = v/ Ak
Let ¢ =2, 5,1, r, j <r <, be arbitrary fixed sufficiently large natural numbers such

that j and r be even, and [ be odd. Then, by (5.4) we have

o 1 0 1
~ 1 QQ, 1 EQ.+£
o _c 50 d% T & 1) _
ALint=a| 1§y 1 o4t +0(3)
-1 —fa 1 Goa+g4
0 1 1 0 1 1
210 gy Goti |TO(4)=%]0 fo—0) Slo—a) |+
1 50 qort gz 1 % aor+ &

O(L)=2(-e-e)+0(L)>0

Hence bin view of (5.2) and (5.3) it follows from Theorem 5.1 that the system {yx(z)}32 j 2; j s
is a basis in L,(0,1),1 < p < oo, and for p = 2 this basis is an unconditional basis.
Other cases are considered similarly. The proof of this theorem is complete.
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