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Global Bifurcation from Infinity in Nonlinear Dirac Prob-
lems with Eigenvalue Parameter in the Boundary Con-
ditions
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Abstract. In this paper we consider global bifurcation from infinity for nonlinear Dirac system
with a spectral parameter in boundary conditions. We show the existence of two families of global
continua of the set of solutions to this problem, emanating from the points of the line R x {co},
corresponding to the eigenvalues of the linear problem, which is obtained from the nonlinear
problem by setting the nonlinear term to zero and contained in classes of vector-functions with a
fixed oscillation count in the neighborhood of these points.
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1. Introduction

We consider the following nonlinear Dirac equation
(fw)(x) = Buw'(z) — P(z)w(z) = Mw(x) + g(z, w(z),N), 0 <z <, (1.1)
subject to the boundary conditions

Ui(\w) := (Acosa + ag, Asina + by)w(0) = (12)
(Acosa + ag) v(0) + (Asina + by) u (0) = 0, '

Us (A, w) := (Acos B+ a1, Asin 8 + by)w(nw) = (1.3)
(Acos B+ ar)v(0) + (Asinf + bg) u (m) = 0, '

a=(0) o= (787 ) o= (063
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where
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A € C is an eigenvalue parameter, p (z), r(xz) € C([0,7];R), [0, 7], a, B, ag, by, a1 and by
are real constants such that 0 < «, § < 7 and

o9 = apsina — bgcosa < 0, 01 =aysinf — by cos 3 > 0. (1.4)
Here the function g = < gl > eC ([O, 7] x R? x R; ]RQ) satisfies the following condition:
2

g(x,w,\) = o(Jw|) as |w| — oo, (1.5)

uniformly in (x,\) € [0,7] x A, for any bounded interval A C R (we denote by | - | the
Euclidean norm in R?).

In relativistic quantum mechanics and particle physics, the Dirac equation is a rel-
ativistic wave equation for describing spin-1/2 particles (i.e., fermions) [13, 19]. This
equation is consistent with both the principles of quantum mechanics and the special the-
ory of relativity, and was the first theory to fully explain the theory of relativity in the
context of quantum mechanics.

The nonlinear Dirac equation since the first nonlinear generalization of the linear Dirac
equation by the Russian physicist D.D. Ivanenko [11] naturally emerged as a practical
model in many physical systems. Note that the nonlinear Dirac equations model the
state of relativistic electrons (or other 1/2 particles) in external fields and during self-
interaction. For example, equation (1.1) in the case of p (z) = V(z)+m, r(z) =V (z) —m
and g(z,w,\) = §(z,|w|)w, where V (z) is the potential function, m is the particle mass
and ¢ is a nonlinear self-coupling, describes the dynamics of self-acting massive Dirac
fermions with spin 1/2 inside external non-stationary electromagnetic potentials [19].

The global bifurcation from infinity in nonlinear Sturm-Liouville problems, fourth-
order nonlinear Sturmian systems and nonlinear Dirac systems in cases where the spectral
parameter is not contained in the boundary conditions and is contained in the boundary
condition has been well studied in [3-5, 9, 14-18, 20]. In these papers, the authors show the
existence of global connected components of the set of solutions to the nonlinear problems
under consideration, which branch from the bifurcation points and intervals of the line
R x {oco}. Moreover, these components are contained in classes of functions that have
oscillating properties of eigenvector-functions of linear problems, obtained from nonlinear
problems by equating nonlinear terms to zero, in the neighborhoods of bifurcation points
and intervals.

Note that global bifurcation from zero of nontrivial solutions to the nonlinear Dirac
problem (1.1)-(1.3) was studied in [2].

In this paper, we consider the structure and behavior of global continua bifurcating
from infinity to the nonlinear Dirac problem (1.1)-(1.3).

The rest of the article is organized as follows. Section 2 first provides information
about the oscillatory properties of the eigenvector functions of the linear problem (1.1)-
(1.3) for g = 0 in terms of the Priifer angular function (see [8]). Then we present the
construction of classes of vector-functions in C([0,7];R?) and C([0,7];R?) @ R?, that
have these oscillatory properties of these eigenvector-functions. Moreover, the problem is
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reduced to equivalent operator equations in the space C([0,7]; R? @ R?). Section 3 shows
the existence of global continua of nontrivial solutions to problem (1.1)-(1.3), emanating
from asymptotic bifurcation points and contained in the above-mentioned classes of vector-
functions in the neighborhoods of these points.

2. Preliminary

Let the continuous functions y(A) and §(\) on R be defined by

Acosa + ag bo
cot (M) Asina+b0’7< Sm) 0, for a £ 0; (2.1)
Acos B+ ap bo
to(A\) = — ————— — =0, f 0. 2.2
cot3(A) Asin 8+ by’ ( sinﬁ)  for 7 (22)

In view of (1.4) the function «(\) strictly increases and the function 6(A) strictly
decreases in the domains of their definition. Moreover, it follows from (2.1) and (2.2) that

) E(-am—a), lm y(d)=-aand lm y(})=m-a, (2.3)
d(AN) € (=pm—p), lim 5(A)=n—F and lim 4(})=-4. (2.4)

Let E = C ([0, 7]; R?) be the Banach space with the usual norm

[|w|| = e u(z)] + e v(z)]-

Let S be the subset of E defined as follows:

S={weE: |u(x)+|v(x) >0,ze0,nr]}.

For each fixed (A, w) = <)\, ( 5 )> € R x S we define a continuous function 6(\, w, x)
on [0, 7] by
= = . 2.
cot (A, w, ) ()’ O\, w,0) =~(X) (2.5)

Now we consider the linear Dirac problem

(lw)(z) = Mw(x), x € (0,7),
Ur(\,w) =0, (2.6)
UQ(/\, ’U)) = 0,

that obtained from (1.1)-(1.3) by setting g = 0.
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Remark 2.1. Problem (2.6) was studied in [1], where it was shown that the eigenvalues
Ak, k € Z, of this problem are real and simple, and they can be numbered in ascending
order on the real axis

<A< L <A e <AL < <A< g <L <A<

so that the corresponding angular function 6(\g, wg,x) at x = 0 and = 7 satisfies the
conditions
H(Ak,wk,O) :")/(Ak), G(Ak,wk,w) :(5(/\k)+7'l'k, (27)
where wi(x), k € Z, is an eigenvector-function corresponding to the kth eigenvalue \y.
Note that the spectral properties of problem (2.6) was studied in [12] in the case of
a,f € |-m/2,7/2].
We define the integers m_1 and m; as follows:
m_1=max{k €Z: \;+p(x) <0, \p +r(z) <0, z €[0,n]},
(2.8)
mip =min{k € Z: A\ +p(x) >0, \p+r(z) >0, z €[0,7]}.

Remark 2.2. From (2.8) it follows that the function 0(\g, wy, x) satisfies the first and
second parts of statement (ii) of [6, Theorem 2.1] for k£ > m; and k < m_, respectively.
From now on v will denote an element of {+, —} that is, either v = + or v = —.

For each k € Z, k = my or k < m_y, each A € R and each v we define the set S}

of functions w = < 5 € S which satisfy the following conditions:

(1) 0N\, w, ) = 5(N) + ks

(ii) if & > myq, then for fixed (A, w), as x increases, the function # cannot tend to a
multiple of 7/2 from above, and as x decreases, the function 6 cannot tend to a multiple
of /2 from below; if £ < m_1, then for fixed (A, w), as = increases, the function € cannot
tend to a multiple of /2 from below, and as x decreases, the function 6 cannot tend to a
multiple of 7/2 from above.

(iii) the function vu(x) is positive in a deleted neighborhood of the point = = 0.

Let Si \ = S;AUS,;A. By Remarks 2.1 and 2.2 for each A € R the sets S,jA, Sy and
Sk, x, k> mq and k < m_1, are nonempty. It follows from the definition of these sets that

for each fixed A € R they are disjoint and open in E. Moreover, if w = < 5 € 95y )

for some A € R, then there exists £ € [0, 7] such that |w(&)| =0, i.e., u(§) = v(§) =0 [7,
Remark 2.7].
For each k € Z, k > my or k < m_1, and each v let S, and S} be the subsets of S
defined by
Se = Ska and S = | S,
AER A€R
respectively. Note that the sets Sj and S} are disjoint and open in E. Moreover, if

w = < z ) € 05, then there exists £ € [0, 7] such that u(¢§) = v(§) = 0.
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Let E be the Banach space E @ R? with the norm

w
l@llo = [{ ! = |lwll + 1] + |sl,
s 0
and let ) R
S={w=(wls)ekE:weS}.
For each k € Z, k > m; or kK < m_1, and each v let S’,’; the subset of S given by
w A ~ A
Sp=qw=1| 1 rw € Sy » and Sy = S, US, .
s

Let A is a linear operator defined in E by

w fw
Aw=A1| 1 = | aov(0) + bou(0) (2.9)
s ajv(m) + byu(m)
on the domain
w A
D(L) =< w = l € E:we CY0,7];R?), I = — (v(0) cosa + u(0) sin ),

S

s = —(v(m)cos S+ u(m)sinf)}.

Here in the space C''([0, 7] @ R?) the norm is determined by

w
|[@][1 = l = [|w|| + [[w'[| + [I] + |s].
§ 1

It is obvious that the operator L is well defined. Then the problem (2.1) is recast in the
equivalent operator form
Aw =\, w € D(A). (2.10)

The operator A is closed in F with compact resolvent. Therefore, if A = 0 is not an
eigenvalue of the operator A, then there exists A~! : £ — ]5(A) which is completely
continuous.

As the norms in R x F and R x E, we take

1/2 N N 1/2
1Ouw)ll = (AR + (w7 and ||\ @)llo = {IAP + lla]3},

respectively. By B ., € > 0, we denote the open ball in R x E of radius ¢ with center at
(A, 0).
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Now let the nonlinear operators F: R x £ — E and G : R x E — E are defined by

R e
GA\w) =G A | 1 = 0 = % - . (2.11)
s 0 0

Then problem (1.1)-(1.3) we can rewrite in the following equivalent operator form
A = M+ G(A, ). (2.12)

It is obvious that in this case there is a one-to-one correspondence between the solutions
of problems (1.1)-(1.3) and (2.12):

(N w) < (A, D). (2.13)

Let R R
A=A"" and G =A7'G. (2.14)

Then problem (2.10) reduces to the following equivalent form
b= M + G\, b). (2.15)

Moreover, the linear problem (2.10) reduces to the linear problem

~

b = M. (2.16)

Remark 2.3. The eigenvector function wy corresponding to the eigenvalue Ay of prob-
lem (2.16) will be unique using the requirement

Wy, € S and [Jig]]o = 1.

3. Global bifurcation of solutions from infinity to problem (1.1)-(1.3)

Let C be the set of nontrivial solutions of the nonlinear Dirac problem (2.12) (also to
problem (2.10)).

Remark 3.1. We add the points {(\,00) : A € R} to our space R x E and defining an
appropriate topology on the resulting set, we include that (A, 00) is an element of R x E.

Theorem 3.1 For each k € Z and each v there exists a component Ck of the set C that
meet (A, 00) with respect to the set R x Sk and for this set at least one of the following
statements holds:

(i) C¥ meets (N, 00) with respect to the set R x S¥, for some (K',v") # (k,v);

(i) C¥ meets R = {(),0): A € ]R} for some X € R;

(iii) the natural projection P (C”) onto R is unbounded.

Proof. The proof will be carried out in three steps.



28 N.S. Aliyeva

Step 1. Recall that the operator A:E - D(A) is completely continuous. Conse-
quently, there exists positive constants C such that for any w € E the following relation
holds: R

[AD[[1 < Ch[@]fo. (3.1)

By (1.5) it follows from [5, Lemma 2] that for any sufficiently small € € (0, 1) there is

a sufficiently large g, > 0 such that for any = € [0,7], w € E, ||w|| > o and A € A, the
relation

|9z, w(@), A)| < eCT ! wl] (3.2)

holds.
We have the following relations
1] < 1u(0)] + [v(0)] < |lw]] and |s| < |u(m)] + [o(m)] < [fw]],
and consequently,
@0 < 3[wl]. (3.3)

Let
0c = 30 and ||W||g > Oe.

Then, by (3.3), we have
llw]| > ee.

Hence it follows from (3.2) that for any z € [0, 7], w € E, ||w||op > 0 and X € A,
lg(z,w, \)| < eC7 tJw]]|. (3.4)
Therefore, in view of (3.4), by (3.1) for any A € A and w € E, |[i]|o > e, we get

IGA D)o _ [JAGO, D))l
[lwllo [lwllo

< Ch]|GA, w)]|o = Ch IGH[(E)LX] lg(x, w(z), N)| <, (3.5)

which implies that

G\, ®) = of[[w]lo) as [[w]lo = oe, (3.6)
uniformly for A € A.
~ Step 2. Let (A\,w) € R x E such that & # 0. We define the continuous operator
G: E — FE as follows:

I3 G (A i) i a0,
G\ w) = (3.7)
0 if w=0.
Let € > 0 be an arbitrary sufficiently small number, 7. = é and % € F such that

||w||lo < 7e. Then we have Hm

- w
G (M)
lul

. > ¢c. Hence it follows from (3.5) that

€

<

for any A € A.
0 l[w]o
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In view of (3.7) from the last relation for any A € A, @ € E, ||@]|o < 7, we get
()
lwlls /o

G(A x By) = {G(A,w) L (A1) € A x Bﬁe}

IGN @)llo = [|@][3 < ellwlfo- (3.8)

The relation (3.18) shows that the set

is bounded.
By (2.9) and (2.11)-(2.15) the vector-function @ = <

ST

> = G(\ ) satisfies the
following relation

Bw'(z) — P(z)w(z) = [[@llg g (z, [[@lly *w(z), A) , = € (0,m). (3.9)
Then by (3.4) and (3.8) it follows from (3.9) that

@' (2)] < |p ()l |a(@)] + |r()][o()] + [[@][ 19(= ’\w|| M < Mlla|| +eCrHuwl| <

e M|[wlo + € CT ||w]lo < € (M + C1) e,

where M = max{|[p (z)||co, ||7(z)||oo} . Hence it follows from Arzela-Ascoli theorem that
the set G (A x By, ) is compact in R x E, i.e. operator G is completely continuous.
Step 3. Let (A, w) be a nontrivial solution of the problem (2.15). Setting W =

w
[EE:

and w = % . Then dividing (2.15) by ||@||? and using (3.7), we

@10 W15

we have [|W]|p =
get the problem
W = Mw + G\, W). (3.10)

Let € C R x E be the set of nontrivial solutions of problem (3.10).

By (3.7) we have

G(A, W) = o(|I¥Wllo) as ||l — 0, (3.11)
uniformly in A € A. Since the characteristics values of problem (2.16) are eigenvalues of
problem (1.1)-(1.3) and are simple, by (3.11) it follows from [15, Theorem 1.3] that for each
k € Z there exists a continuum C” of ¢ that meet (\g,0) and either (i) Z is unbounded
in R x E, or (i) €% meets ()\2, A) for some k' # k. Note that we can decomposed €%

into two subcontinua Qf and Q using the construction that is presented by E.N. Dancer
in [10, pp. 1070- 1071]. Consequently, there exists sufficiently small €, > 0 such that if
(\, W) € Qk N By, c,, then

A= X; +o(g]), W = cwy + W with W = o([c]), (3.12)

where ¢ € R” (Rt = (0,+00) and RT = (—00,0)). Since for each k € Z, k > my or
k <m_1, the set S} is open in R x E, by Remark 2.3, it follows from (3.12) that

@:QBM,%CRXS’:, @;ﬂBAk’EkCRXSk_ for k>mjork<m_j. (3.13)
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The relations in (3.13) show that for each k € Z, k > my or k < m_1, the subcontinua
@; and éﬁ,; meet the bifurcation point (A, 0) with respect to the sets R x S’+ and R x S’k_,
respectively. Moreover, by [10, Theorem 2] for each k € Z, k > mj or k < m_1, and each
v the subcontinuum @” is either unbounded in R x E or there exists some (K, ") # (k,v)
such that 6” meets (A, 0) with respect to the set R x S . Should be noted that if éﬁ% is
unbounded in R x E, then the following two cases are possible: (a) the natural projection
PR(@Z) of @Z onto R is unbounded; (b) the natural projection PR(@Z) of @Z onto R is
bounded.

Now we consider the following inversion (see [16, 17])

H: (M) — (A W) = <)\, wz> ,we B
][5

By (3.6) and (3.11) it follows from the above arguments that the inversion H turns a
bifurcation at infinity problem (2.15) into a bifurcation from zero problem (3.10). In this
case, the inversion H maps the set C into € and, heuristically, interchanges points (A, O)
X € R, (respectively, (A, 00), A € R) with points (), 00), A € R (respectively, (X,0), A € R).
By (?,Z we denote the inverse image H ™~ 1(@%) of the set @Z under transformation H. Then
the statements of the theorem about the sets (f,’; directly follow from the above-mentioned
properties of the set @Z under the inversion of H. The proof of this theorem is complete.

Now by (2.13) it follows from Theorem 3.1 the following result.

Theorem 3.1 For each k € Z and each v there exists a component C of the set C that
meet (A, 00) with respect to the set R x S and for this set at least one of the following
statements holds:

(i) C} meets (A}, 00) with respect to the set R x S¥, for some (K',v') # (k,v);

(i1) C; meets R = {(X,0) : X\ € R} for some A € R;

(iii) the natural projection Pr(C}) onto R is unbounded.
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