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On the Basis Property in L, of Eigenfunctions of a Dif-
ferential Operator with Integral Boundary Conditions
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Abstract. This paper studies a second-order differential operator with integral boundary con-
ditions of the form fol vy (x)y (x)de = 0, v=1,2. Conditions on the functions ¢, (z),v=1,2,
are found under which the system of eigenfunctions of the differential operator forms a basis in a
certain subspace of L, (0,1), 1 < p < 0o, of codimension 2. The question of a possible extension
of this system to a basis of the entire space L, (0,1) is also considered.
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1. Introduction and Formulation of Problem

Consider the linear differential expression

l(y) - _y”_'_Q(x) Y, T € (07 1)7 (1)

and the boundary conditions
Ui (y)=U2(y) =0, (2)

where ¢ (x) — is a complex-valued integrable function on [0,1] and U;(y) and Us(y) -
are the corresponding boundary forms. The differential expression (1) and the boundary
conditions (2) generate a differential operator L with a domain D(L) in some functional
space X. We are interested in the behavior of the eigenvalues and eigenfunctions of this
differential operator. This problem has been well studied in the case of regular boundary
conditions U, (y) =0, v= 1,2, (see [1,2] and the references therein). The case of irregu-
lar, as well as more general regular boundary conditions involving certain integrals of the
function y (x) and its derivatives, has been considered in [3-7]. These works studied the
spectral properties of the corresponding operator (spectrality, eigenvalues, and eigenfunc-
tions, the adjoint problem), primarily in the space L2 (0,1) ). Additionally, works [8-13]
investigated similar problems in L, (0,1), and provided abstract approaches for their anal-
ysis. However, in most cases, the boundary forms generated an unbounded functional in
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the considered space. In this case, the operator had a dense domain, allowing the con-
struction of an adjoint operator or assuming the regularity of the boundary conditions [1,
2, 4, 8-12]. Here, we will consider integral boundary conditions of the form

1
U, (y) = /0 v () y (2)dz = 0, v=1,2, (3)

where ¢, (x) - are given linearly independent functions belonging to the space L, (0, 1), %—i—
% = 1. These conditions are not regular in the sense of Birkhoff [1], and there is no corre-
sponding adjoint operator for them. Similar conditions have been used for other purposes
in [6, 7]. In [14], the problem (1),(3) was studied under stricter conditions on the functions
q (z) and ¢, (z), where the asymptotics of eigenvalues and eigenfunctions were obtained.
In [15], a Riesz basis theorem for the system of eigenfunctions in a certain subspace of
Ly (0,1) was proven. In [16], the completeness and minimality of the eigenfunctions in a
certain subspace of Ly, (0,1) were proven. It is worth noting that differential equations
with nonlocal integral-type conditions have interesting applications in mechanics [17] and
in the theory of diffusion processes [18].

2. Preliminaries

We define the differential operator L in the space L, (0,1), 1 < p < oo, with the
domain

D(L) = {y(z) € WZ(0,1); I(y) € Ly(0,1); Ur(y) =0, Ua(y) = 0},
which acts as
Ly =(y), Yy € D(y).

Consider the eigenvalue problem for the operator L:
Ly = \y. (4)

Let us set A = p? and denote by y;(z,p) the solution of equation (4) that satisfies the
initial conditions y(0) = 0, 3'(0) = p, and by ya(x, p)— the solution of equation (4) that
satisfies the initial conditions y(0) = 1, ¥/(0) = 0. It is obvious that these solutions are
linearly independent (i.e., they form a fundamental system of solutions of equation (4)).
It is known [2] that these functions are also solutions of the following integral equations:

y1 (@, p) = sinpz + ; /0 ' q(t)y1 (t, p)sinp (z —t) dt, (5)
e (op) = cospr -+ [ a(®)a (. p)sing (a0 i (6)

These solutions satisfy the estimates as | p | = oo (see. [2]):
| y1 (2, p) |< O™ yo (2, p) |< Ol (7)

and are therefore bounded in the strip | Imp |< h, for some h > 0. For further purposes,
we need to refine these estimates.
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Lemma 1. For the functions y1 (z,p) and ya (x, p) in the strip | Imp |< h, the following
asymptotic formulas hold as | p |— oo

1 (z,p) = sinpr — / t) dtcospr + / t)cosp (z —2t) dt + O <pl?> . (8)

1

y2 (x, p) = cospx + / t)dt sinpr + / t)sinp (z — 2t) dt + O (2> . (9)
p

Proof. Substituting the expressions for the functions y; (¢,p), y2 (¢, p), given by for-

mulas (5) and (6), into the right-hand side of formulas (5) and (6) under the integral
signs:

1 [ 1 [t
(o) =sinpe +2 ["4(0) sinpr + 2 [ a5 o p)sing (¢ ) drsinp o= 1) a1 -
P Jo P Jo

1 xT
= sinpr + — / q (t)sinpt sinp (x —t) di+
PJo

# [a0) ([ 0y pysing (=) dr Jsing o 0) i =

1
=sinpr — — / t) dtcospr + / t)cosp (v — 2t) dt + —r1(z,p);
p
1 t
y2 (x, p) = cospr + p/ q(t) [cospt + ,0/ q(m)y2 (7, p) dr] sinp (x — t) dt =
0 0

1 x
= cospx + / q (t) cospt sinp (z — t) dt+
P Jo

# 2 [a0) ([ 0 gy sing (=) dr Jsing o 0) i =

1
= cospr + — / t)dt sinpx + / t)sinp (x — 2t) dt + ro (z,p),

where denoted by

ri (3, p) = /qu(t) </0tq(7') yi (7. p) sinp (¢ — ) dT> sinp (z — 1) dt, i = 1,2.

Considering the known inequalities

|Impla

[ sinpa |< eI, | cospr < el e (0,1,

As well as inequalities (7), we obtain

e 1< [ la) </0 140 3 (. )] [simp (¢ — 7) |df) sinp (2 — 1) | dt <
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T t
< C/ ]q(t)\ </ !q (7‘)‘ e|1m,0|‘relmﬂ(t—7')d7_> €|Imp|(x—t)dt <
0 0

< cemie "o ( | g () ar) i< cam (| a0 dt)Q.

Thus, for [Imp| < h, |p|— oo, the following estimates hold uniformly for = € [0, 1]:

|1 (2, p) [=O1),|r2(z,p) [=O(1),
From this, the validity of formulas (8) and (9). Lemma is proved.

Let us present briefly the main definitions and facts which will be used in what follows.
Let X be a B-space. A system{z,}, .y of elements X is said to be complete in X if

L ({xn}nE N) = X that is, any element of the space X can be approximated by a linear
combination of elements of this system with any accuracy in the norm of the space X.

A system {x,}, .y of elements X is said to be minimal in X if z,, ¢ L <{xk}l€7én) It

is well known that a system {z,}, 5 is minimal if and only if there exists a biorthogonal
system which is dual to it, that is, a system of linear functionals {z}}, .5 from X* such
that (zn,x}) = 0px for all n, k € N. Moreover, if the initial system is complete and
minimal in X, then the biorthogonal system is uniquely defined.
A system {z,},c forms a basis of the space X if, for any element 2 € X, there exists

a unique expansion into a series

o0

x = Z Cny
n=1

converging in the norm of the space X.

Two systems {2y, },,c y and {yn}, o of a B-space X are called equivalent if there exists
an automorphism that maps one of these systems to the other. A system equivalent to a
basis is itself a basis in the same space.

Any basis is a complete and minimal system in X, and, therefore, we can uniquely find
its biorthogonal dual system {z;}, . and hence the expansion of any element 2 € X with
respect to the basis {x}, . \; coincides with its biorthogonal expansion, that is, ¢, = (x, z},)
for all n € N.

We will use also some facts about p - closure bases. Concerning these facts more details
one can see the works [19, 20].

Systems {Zn},cns {YUntneny € X in B -space X are called p-closure if

00
Z |l2n — ynHI)j( < 0.
n=1

The minimal system {z,},.y C X with biorthogonal system {z},}, .y C X* is called
p- besselian, if for any x € X

p

(Z \<f€,l’2>|p> < Mz x-
n=1
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If the basis {2y}, ¢ for X is p- besselian, then we call it as p-basis.
It is valid the following

Theorem 1. [20] Let the system {xp},cn 5 p -basis for B- space X and the system
{Un}pen € X is p'— clouser to it, 1 < p < oco. Then the following assertions are equivalent:

1. A{Yntnen is complete in X;
2. AYn}nen is minimal in X ;

3. AYn}tnen is isomorphic to {x,},cn basis for X.

3. Asymptotics of Eigenvalues and Eigenfunctions

The main result of this section is:

Theorem 2. Let the function q (x) be integrable, and k, let the functions ¢, (z),v =1,2,
belong to the class W2 (0,1). Suppose that

a1 — azfr # 0, (10)

where we denote o, = ¢, (0), By =, (1). Then the eigenvalues of the operator L are
asymptotically simple, and the following asymptotic formula holds:

1
e = p3, pk:ﬂk—i—O(k), k — oo.

Proof. To find the eigenvalues of the operator L consider the determinant

9

| Ui(y1) Ui(y2)
A =| i

where y1 = y1 (z,p), y2 = y2 (x, p) — form a fundamental system of solutions of equation
(4). Using formulas (8) and (9), we obtain

1

1 1 1 T
U, (y1) = / y1 (z, p)py (z) de = / oy (z) sinpz dx — 2 / vy (x) cospz / q (t) dtdz+
0 0 0 0

1 x
+i oy () /0 q (t) cosp (x — 2t) dtdx + O(

1
2p Jo ?

p):

1 1
2/ o (x) sinpx dor—
P”Jo

1 1 e
= p (—Bucosp + ay) + ?gply (1)sinp — p2/ ©”y (x) sinp xdz—
0

1
-2 (—u () cospr + ¢, (x) sinpx )‘(1) -
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1 1 1 1 x
—wwu(l)sinp/o ()dHﬁ w'y(x)/o q (t) dt sinpz da+

1 1
+21p2/0 oy (x) q (x) sinpx dx + 212/ a(t) (o () sinp (& — 26) [7=")dt—
1 ' b ) 1\
_ﬁ ; q(t)/t ¢’y (x) sinp (x — 2t) d::/:dt+0<p2> —
1 1

1 1 1 1 x
U = [ e @)de = [ o @)cospr dot oo [ o (@singe [ a(e)dtda
0 0 0 0

1

1 x
+— oy () /0 q (t) sinp (z — 2t) dtdx + O(

1
2p Jo ?

p):

r=1

1 1 e
= —B,sinp — ¢!, (1)cosp — / o (x) cospz dr—
p p? M r* Jo (
1 z 1 1 1
(‘Pu (z) / q (t) dtcospx > +— [ q (t)/ oy (z) sinp (x — 2t) dtdz =
2[) 0 =0 2P t

1 1 1! L
— Busing — il (eosp — = [l (w)cosp wda — i, (1 cosp [ a(t)de-
p p p=Jo 0

_222 01 q(t) (soy(x) cosp (z — 2t) [3Z; — /l wy (@) cosp (x — 2t) dm) +o (012> -

t

1 . 1
= ;Bysmp + O <p2> . (12)

Thus, the following relations are obtained:

U () = 5 (~Bucosp + ) +0 (pﬂ) ,

1 1
U, = —f,sinp + O () .
(yQ) P P p2

Taking these relations into account, we obtain

A00) %(—Blcosp +a1)+ 0 p% %&sinp + 0 p%
p) = , =
% (—Ba2cosp + az) + O p% %&smp +0 p%
1 | —Bicosp + a1+ 0O % Bisinp + O %
vz —Bocosp + ao + O % Bosinp + O % B
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1 ) 1 1 . 1
= (f2 —aB)sinp +O( 5 | = = | (1B —azfi)sinp +O | — ) ).
p p p p
According to condition (10) ;82 — agy # 0, applying Rouché’s theorem and using the
standard method (see [1, p. 77]), we obtain the asymptotics of the zeros of A (p) :

1

Pk:ﬂ'k+0<k>, k — oo.

The theorem is proved.

Remark 1. The numbering of the zeros will be refined later. For now, we can only assert
that they are asymptotically simple. This means that the number of associated functions
of the operator L (if any exist) is finite.

Now, let us proceed to finding the eigenfunctions of the operator L. The following
theorem holds:

Theorem 3. Under the conditions of Theorem 2, the eigenfunctions of the operator L
satisfy the following asymptotic formula:

yi (x) = costhkz + O (;) , k— oo. (13)

Proof. Following [1, p. 84], we seek the eigenfunctions of the operator L in the form

A n(xer) y2(z,pr)
Yk (SL‘) = Ck Us (yl) Us (y2) (14)

if a2 7& iﬁQv or
Ut (y1) Ui (y2)
v (z,pk) y2 (2, pk) | (15)

if a1 # +51, where ¢, are some normalization factors to be determined. Assume ag # 4.
We have pp, = 7k + O (%) and

Yk () = cg

1 1
y1 (x, pg) = sinpgx + O (> = sinwtkz + O <> ,
Pk k

1 1
y2 (z, pr,) = cospgr + O <p) = cosTkx + O <k> .
k

Substituting these expressions into determinant (14) and using formulas (11) and (12) for
p = pi, we obtain

sintkx + O (%) costkz + O (%)
L (—Baycospr, +az)+0 (i> %Bgsinpk +0 (i> -

Ph Pr o

Yk (r) = ck
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sintkx + O (%) costkx + O (%)
L (=B +az) + O (k) Lsingy +0 (%) |~

. (Wlk (a2 - (—1)"3,32) costkz + O <k12>> .

: _ wk
By choosing ¢ = T
If ag = £, then from condition (10), it follows that o # +/3;1. Proceeding similarly to
the previous case and using formulas (11), (12), and the asymptotics of pg, from formula

(15) we obtain the validity of (13), where we should choose ¢} = % .
a]—(— 1

Ck

, from the last equation, we obtain the validity of (13).

The theorem is proved.

4. Basis Property of Eigenfunctions

The operator L constructed in Section 2 does not have a dense domain in L, (0,1),
and therefore the system of eigenfunctions and associated functions of this operator cannot
be complete, let alone form a basis in this space. To address this issue, we consider the
operator L not in the entire space L, (0,1), but in its closed subspace:

X, ={f(x) €L, (0,1): U, (f) =0, v=1,2}.

Since the functionals U,, v = 1,2, are bounded in Ly, (0,1), it is clear that codim X, = 2.

We define the operator L in the space X, as follows: D (L) = {y € W2 0,1)NX,: I(y) e X, }
and forye D(L): Ly=1(y).

It is evident that the operator defined in this way acts in the space X, and has a dense
domain in this space.

The following theorem was proved in [16].

Theorem 4. [16] The eigenfunctions and associated functions of the operator L form a
complete and minimal system in the space Xp,, 1 <p < oo.

The main result of this work is the following theorem.

Theorem 5. There exist functions ¢, € Lq (0,1), k= 1,2, such that the system {11, 2 }U
{Yn},>o forms a basis in the space L, (0,1), 1 < p < oo, equivalent to the system
{cosmnz }22 . The system {yn},so of eigenfunctions and associated functions of the op-
erator L forms a basis in the space Xp, 1 <p<oo.

Proof. Since codim X, = 2, the space Ly, (0,1) can be represented as a direct sum:
L,(0,1) = X, ® Xp , where dim Xy = 2. According to the Hahn-Banach theorem, there
exist functions ¢y, € Ly (0,1), k= 1,2, such that (p;, V%) = ok, i,k =1,2, and (y, ¢x) =
0, Vy € X,, where ¢1, p2—are functions from the boundary conditions.

From Theorem 4, it follows that the system {1,192} U {y,} is complete and minimal
in L, (0,1). Indeed, let {z,} be the system of eigenfunctions and associated functions of
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the adjoint operator L*, forming a biorthogonal system with {y,}. Then the system
{¢1,92} U{z,} is biorthogonal to {11,192} U {y,}, which is equivalent to the minimality
of {t1,92} U{yn} in L, (0,1). Now, we prove the completeness of this system. Suppose
ze€ Ly(0,1), %—i— % =1, and (¢1,2) = (¥2,2) = (Yn,2) = 0. For any Vf € L, (0,1) we
represent it as f = y + c191 + ca9)y, where y € X,,. Then (f,2) = (y,2) + c1 (¢1,2) +
c2 (¥2,2) = (y,z). On the other hand, since the system {y,} is complete in X,, and
(Yn,z) = 0, Vn, it follows that (y,z) = 0, Vy € X,. Thus, we obtain that (f,z) = 0,

Vf e L, (0,1), which implies z = 0, meaning that the system {1, 2} U {y,} is complete
in L, (0,1) . Now we show that this system forms a basis in L, (0,1). From Theorem 3, it
follows that the systems {y,} and {cosmnx } are s—close for any s € (1, 00):

o
> Nl (@) = cosmna |5, < +00, (16)
n=0

where yo (x) = 1 (z), 11 (x) = 2 (z). Let p € (1,2], then by the Hausdorff-Young in-
equality (see [21]), for all Vf € L, (0,1) :

(Z S, en>rq>q <Clfl,,. (17)
n=0

where e, (z) = 2cosmna . This inequality implies that the system {cosmnz },°, forms a
q—basis in L, (0,1). For p € (2,00), we have ¢ € (1,2) and the continuous embedding
L,(0,1) C Ly (0,1) holds. Again, using the Hausdorff-Young inequality: Vf € L, (0,1) :

(Z (f, en>|”) <Clflg, <CIfl,» (18)
n=0

that is, the system {cosmnz },7, forms p—basis in L, (0, 1) . Thus, denoting r = max {p, ¢}
and choosing in inequality (16) s = r(r —1)~', and taking into account inequalities (17)
and (18), we obtain that for any p € (1, 00), all the conditions of Theorem 2.1 are satisfied,
according to which the system {y, ()}, forms a basis in L, (0, 1), equivalent to the sys-
tem {cosmnax }° ;. Moreover, this result, as well as the asymptotics of the eigenfunctions,
dictates that the numbering of the eigenfunctions and associated functions of the operator
L should be performed as {y, (x)},~,. Now, it is easy to establish the basis property of
the system in the space X,. Let y (x) be an arbitrary function from X,,. Since in this case
(y, 1) = (y, p2) = 0, its expansion in the basis {y, (z)},—, in Ly, (0,1) takes the form:

o0

Y= Z <y7 Zn>yn'

n=2
Furthermore, from the completeness and minimality of the system {y, (z)} -, in X, we
conclude that such an expansion is unique, i.e., the system {y, (z)},-, forms a basis in
X,

Corollary 1. The system {y, (x)},~ 5 is an r— basis in the space Xp, 1 < p < 0o, where
r = max {p,q} .
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