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Asymptotics of the Eigenvalues and Eigenfunctions of a
Differential Operator with a conjugation conditions and
a Summable Potential

A.Q.Ahmadov

Abstract. In this paper is studied the spectral problem for a discontinuous second order differen-
tial operator with a summabl potential function and a spectral parameter in conjugation conditions,
that arises by solving the problem on vibrations of a loaded string with free ends. In the case of
a summable potential function, asymptotic formulas for the eigenvalues and eigenfunctions of the
spectral problem are obtained.
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Consider following spectral problem:

l (y) = −y”(x) + q (x) y = λy, x ∈
(
0,

1

3

)
∪
(
1

3
, 1

)
, (1)

y
′
(0) = y

′
(1) = 0,

y(13 − 0) = y(13 + 0),

y
′
(13 − 0)− y

′
(13 + 0) = mλy

(
1
3

)
,

 (2)

here, λ is spectral parameter, q (x) is a complex-valued function summing over the interval
(0, 1), m is complex nuber, and m ̸= 0. Such spectral problems arise when the problem
of vibrations of a loaded string with fixed ends is solved by applying the Fourier method
[1-3]. The case of boundary conditions corresponding to a string with fixed ends (i.e.
when instead of the boundary conditions y

′
(0) = y

′
(1) = 0 in (2) y(0) = y(1) = 0 are

taken), is investigated in [4-10]. In [11], the asymptotic expressions for the eigenvalues and
eigenfunctions of problem (1)–(2) in the case q (x) were obtained, a linearization operator
was constructed, and theorems on completeness and minimality were proved. Furthermore,
[12,13] in the case q (x) = 0 investigated the basis properties of the eigenfunctions of this
problem in the spaces Lp(0, 1)

⊕
C and Morrey spaces, respectively.
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1. The asymptotic of eigenvalues

Let us denote λ = ρ2, Imρ = τ . Also, let us denote by y1 (x, ρ) the solution of equation
(1) that satisfies the initial condition

y1 (0, ρ) = 1

y
′
1 (0, ρ) = 0

}
(3)

in the segment
[
0, 1

3

]
. Similarly let y2 (x, ρ) be the solution that satisfies the initial

condition
y2 (1, ρ) = 1

y
′
2 (1, ρ) = 0

}
(4)

in the segment
[

1
3 , 1
]
of the same equation.

Lemma 1. The following formulas are true for the solutions y1 (x, ρ) and y2 (x, ρ) of
the equation of (1) and their derivatives with respect to x.

y1(x, ρ) = cosρx+
1

ρ

∫ x

0
q (t) y1 (t, ρ) sinρ (x− t) dt, 0 < x <

1

3
, (5)

y
′
1 (x, ρ) = −ρ sin ρx+

∫ x

0
q (t) y1 (t, ρ) cos ρ (x− t) dt, 0 < x <

1

3
, (6)

y2 (x, ρ) = cosρ (1− x)− 1

ρ

∫ 1

x
q (t) y2 (t, ρ) sinρ (x− t) dt,

1

3
< x < 1, (7)

y
′
2 (x, ρ) = ρsinρ (1− x)−

∫ 1

x
q (t) y2 (t, ρ) cosρ (x− t) dt,

1

3
< x < 1. (8)

Proof. Since the function y1(x, ρ) is a solution of equation (1)∫ x

0
q (t) y1 (t, ρ) sinρ (x− t) dt =

=

∫ x

0
sin ρ (x− t) y

′′
1 (t, ρ) dt+ ρ2

∫ x

0
sin ρ (x− t) y1 (t, ρ) dt. (9)

If we intergarate the first integral on the right-hand side of the last equation twice by
patrs and consider (3), we obtain following∫ x

0
q (t) y1 (t, ρ) sin ρ (x− t) dt = ρy1 (x, ρ)− ρ cos ρx. (10)

That is, (5) is true. To get the equation (6), it is enough to differentiate the equation (5).
Equations (7) and (8) are obtained by making similar calculations.

Lemma 2. When ρ → ∞ , the following asymptotic formulas hold true:

y1 (x, ρ) = cos ρ x+O

(
e|τ |x

|ρ|

)
, x ∈

[
0,

1

3

]
, (11)
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y2(x, ρ) = cosρ(1− x) +O

(
e|τ |(1−x)

|ρ|

)
, x ∈

[
1

3
, 1

]
. (12)

Let us introduce the following functions to express the subsequent results:

q1 (x) =
1

2

∫ x

0
q (t) dt, q2 (x) =

1

2

∫ 1

x
q (t) dt (13)

Theorem 1. The eigenvalues of problem (1)-(2) are asymptotically simple and consist
of two series: λi,n = ρ2i,n, i = 1, 2; n ∈ Z+, Z+ = N ∪ {∅} and the following asymptotic
expressions hold for ρi,n.

ρ1,n = 3πn+ 3π
2 +O

(
1
n

)
,

ρ2,n=
3πn
2 + 3π

4 +O
(
1
n

)
.

}
(14)

Proof. If we substitute the asymptotic expression of y1 (x, ρ) from (11) into the right-
hand side of (5), we obtain following:

y1 (x, ρ) = cos ρx+
1

ρ

∫ x

0
q (t) sinρ (x− t)

[
cosρt+O

(
e|τ |

ρ

)]
dt =

= cosρx+
1

ρ

∫ x

0
q (t) sinρ (x− t) cosρtdt+

+
1

ρ2

∫ x

0
q (t) sinρ (x− t) O

(
e|τ |t

)
dt =

= cosρx+
1

2ρ

∫ x

0
q (t) [sinρ (x− 2t) + sinρx] dt+

+
1

ρ2

∫ x

0
q (t) sinρ (x− t) O

(
e|τ |t

)
=

= cosρx+
1

2ρ

∫ x

0
q (t) sinρ (x− 2t) dt+

sinρx

2ρ

∫ x

0
q (t) dt+

+
1

ρ2

∫ x

0
q (t) sinρ (x− t) O

(
e|τ |t

)
dt = cosρx+

1

2ρ

∫ x

0
q (t) sinρ (x− 2t) dt+

+
1

ρ
sinρx

(
1

2

∫ x

0
q (t) dt

)
+

e|τ |x

ρ2

∫ x

0

sinρ (x− t)

e|τ |(x−t)
dt.

Therefor,

y1 (x, ρ) = cosρx+
1

ρ
q1 (x) sinρx+

+
1

2ρ

∫ x

0
q (t) sinρ (x− 2t) dt+O

(
e|τ |x

|ρ|2

)
(15)

is true.
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Also, if we substitute the asymptotic expression of y1(x, ρ) from (11) into the right-
hand side of the equation (6), we obtain:

y
′
1 (x, ρ) = −ρsinρx+

∫ x

0
q (t) y1 (t, ρ) cosρ (x− t) dt =

= −ρsinρx+

∫ x

0
q (t) cosρ (x− t)

[
cosρt+O

(
e|τ |t

|ρ|

)]
dt =

= −ρsinρx+
1

2

∫ x

0
q (t) [cosρx+ cosρ (2t− x)] dt+

+

∫ x

0
q (t) cosρ (x− t) O

(
e|τ |t

|ρ|

)
dt = −ρsinρx+

+
1

2

∫ x

0
q (t) cosρxdt+

1

2

∫ x

0
q (t) cosρ (x− 2t) dt+

+

∫ x

0
q (t) cosρ (x− t) O

(
e|τ |t

|ρ|

)
dt = −ρsinρx+ q1 (x) cosρx+

+
1

2

∫ x

0
q (t) cosρ (x− 2t) dt+O

(
e|τ |x

|ρ|

)∫ x

0
q (t)

cosρ (x− t)

e|τ |(x−t)
O (1) dt =

= −ρsinρx+ q1 (x) cosρx+
1

2

∫ x

0
q (t) cosρ (x− 2t) dt+O

(
e|τ |x

|ρ|

)
.

Thus,

y
′
1 (x, ρ) = −ρsinρx+ q1 (x) cosρx+

+
1

2

∫ x

0
cosρ (x− 2t) · q (t) dt+O

(
e|τ |x

|ρ|

)
. (16)

By similar calculations, we obtain the following asymptotic equalities for y2 (x, ρ) and
y
′
2 (x, ρ):

y2 (x, ρ) = cosρ (1− x) +
1

ρ
· q2 (x) sinρ (1− x)+

+
1

2ρ

∫ 1

x
sinρ (2t− x− 1) · q (t) dt+O

(
e|τ |(1−x)

|ρ|2

)
, (17)

y
′
2 (x, ρ) = ρsinρ (1− x)− q2 (x) · cosρ (1− x)−

−1

2

∫ 1

x
cosρ (2t− x− 1) · q (t) dt+O

(
e|τ |(1−x)

|ρ|

)
. (18)
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The solution y (x, ρ) of problem (1)-(2) should be in the following form:

y (x, ρ) =

{
C1y1 (x, ρ) , 0 < x < 1

3 ,
C2y2 (x, ρ) ,

1
3 < x < 1,

(19)

Here C1 and C2 are complex numbers. Therefore, the function satisfies the conditions
given in (2). Now, let us impose the requirement that it also satisfies the conditions in
(3) and (4). In this case, to determine the coefficients C1 and C2 we obtain the following
system: {

C1y1
(
1
3 , ρ
)
− C2y2

(
1
3 , ρ
)
= 0

C1y
′
1

(
1
3 , ρ
)
− C2y

′
2

(
1
3 , ρ
)
= C1ρ

2my1
(
1
3 , ρ
) (20)

Taking into account the expressions (15), (16), (17), and (18) in (20), we obtain:



C1

(
cos13ρ+

1
ρq1sin

1
3ρ+

1
2ρ

∫ 1/3
0 sinρ

(
1
3 − 2t

)
q (t) dt+O

(
e1/3|τ |

|ρ|2

))
−

−C2

(
cos23ρ−

1
ρq2sin

2
3ρ+

1
2ρ

∫ 1
1/3 sinρ

(
2t− 4

3

)
q (t) dt+O

(
e2/3|τ |

|ρ|2

))
= 0

C1

(
−ρsin1

3ρ+ q1cos
1
3ρ+

1
2

∫ 1/3
0 cosρ

(
2t− 1

3

)
q (t) dt+O

(
e|τ |/3

|ρ|

))
−

−C2

(
ρsin2

3ρ− q2cos
2
3ρ−

1
2

∫ 1
1/3 cosρ

(
2t− 4

3

)
q (t) dt+O

(
e2/3|τ |

|ρ|

))
=

= C1ρ
2m
(
cos13ρ+

1
ρq1sin

1
3ρ+

1
2ρ

∫ 1/3
0 sinρ

(
1
3 − 2t

)
q (t) dt+O

(
e1/3|τ |

|ρ|2

))
.

Here,

q1 = q1

(
1

3

)
, q2 = q2

(
1

3

)
.

For the determination of the eigenvalues, we obtain the following equality:

∆
(
ρ2
)
=

∣∣∣∣ a11 (ρ) a12 (ρ)
a21 (ρ) a22 (ρ)

∣∣∣∣ = 0,

Here

a11ρ = cos
1

3
ρ+

1

ρ
q1 sin

1

3
ρ+

1

2ρ

∫ 1/3

0
sin ρ

(
1

3
− 2t

)
q (t) dt+O

(
e1/3|τ |

|ρ|2

)

a12 (ρ) = − cos
2

3
ρ+

1

ρ
q2 sin

2

3
ρ− 1

2ρ

∫ 1

1/3
sin ρ

(
2t− 4

3

)
q (t) dt−O

(
e2/3|τ |

|ρ|2

)

a21 (ρ) =

(
−ρ sin

1

3
ρ− ρ2m cos

1

3
ρ

)
+

(
q1 cos

1

3
ρ− ρmq1 sin

1

3
ρ

)
+
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1

2

∫ 1/3

0
cos ρ

(
2t− 1

3

)
q (t) dt− ρm

2

∫ 1/3

0
sin ρ

(
1

3
− 2t

)
q (t) dt

)
+O

(
e1/3|τ |

)

a22 (ρ) = −ρ sin
2

3
ρ+ q2 cos

2

3
ρ+

1

2

∫ 1

1/3
cos ρ

(
4

3
− 2t

)
q (t) dt−O

(
e2/3|τ |

|ρ|

)
.

For any arbitrary complex number z, by utilizing the inequalities

|sinz| ≤ e|Imz|, |cosz| ≤ e|Imz|,

the following results can be derived:∣∣cos ρ (13 − 2t
)∣∣ ≤ e1/3|τ |, 0 ≤ t ≤ 1

3 ,∣∣cos ρ (2t− 4
3

)∣∣ ≤ e2/3|τ |, 1
3 ≤ t ≤ 1,∣∣sin ρ (2t− 1

3

)∣∣ ≤ e1/3|τ |, 0 ≤ t ≤ 1
3 ,∣∣sin ρ (43 − 2t

)∣∣ ≤ e2/3|τ |, 1
3 ≤ t ≤ 1,

Here Imρ = τ is denoted. As |ρ| → ∞, by applying the previously mentioned inequalities,
the following is obtained:∫ 1/3

0
q (t) cos ρ

(
1

3
− 2t

)
dt = O

(
e1/3|τ |

)
,

∫ 1

1/3
q (t) cos ρ

(
2t− 4

3

)
dt = O

(
e2/3|τ |

)
,

∫ 1/3

0
q (t) sin ρ

(
2t− 1

3

)
dt = O

(
e1/3|τ |

)
,

∫ 1

1/3
q (t) sin ρ

(
4

3
− 2t

)
dt = O

(
e2/3|τ |

)
.

By applying the asymptotic formulas above, ∆
(
ρ2
)
can be expressed as follows:

∆
(
ρ2
)
=

∣∣∣∣∣∣
cos13ρ − cos 2

3ρ

−ρ sin 1
3ρ− ρ2m cos 1

3ρ −ρ sin 2
3ρ

∣∣∣∣∣∣+

+

∣∣∣∣∣∣
cos13ρ

1
ρq2 sin

2
3ρ

−ρ sin 1
3ρ− ρ2m cos 1

3ρ q2 cos
2
3ρ

∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
cos13ρ − 1

2ρ

∫ 1
1
3
sin ρ

(
2t− 4

3

)
· q (t) dt

−ρ sin 1
3ρ− ρ2m cos 1

3ρ
1
2

∫ 1
1
3
cos ρ

(
4
3 − 2t

)
· q (t) dt

∣∣∣∣∣∣∣+
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+

∣∣∣∣∣∣∣∣
cos13ρ O

(
e2/3|τ |

|ρ|2

)
−ρ sin 1

3ρ− ρ2m cos 1
3ρ O

(
e2/3|τ |

|ρ|

)
∣∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣
1
ρq1 sin

1
3ρ − cos 2

3ρ

q1 cos
1
3ρ− ρmq1 sin

1
3ρ −ρ sin 2

3ρ

∣∣∣∣∣∣+
+

∣∣∣∣∣∣
1
ρq1 sin

1
3ρ

1
ρq2 sin

2
3ρ

q1 cos
1
3ρ− ρmq1 sin

1
3ρ q2 cos

2
3ρ

∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
1
ρq1 sin

1
3ρ − 1

2ρ

∫ 1
1
3
sin ρ

(
2t− 4

3

)
· q (t) dt

q1 cos
1
3 − ρmq1 sin

1
3ρ

1
2

∫ 1
1
3
cos
(
4
3 − 2t

)
· q (t) dt

∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣∣
1
ρq1 sin

1
3ρ O

(
e2/3|τ |

|ρ|2

)
q1 cos

1
3ρ− ρmq1 sin

1
3ρ O

(
e2/3|τ |

|ρ|

)
∣∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣∣
1
2ρ

∫ 1
3
0 sin ρ

(
1
3 − 2t

)
q (t) dt − cos 2

3ρ

1
2

∫ 1
3
0 cos ρ

(
2t− 1

3

)
q (t) dt− ρm

2

∫ 1/3
0 sin ρ

(
1
3 − 2t

)
q (t) dt −ρ sin 2

3ρ

∣∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣∣
1
2ρ

∫ 1
3
0 sin ρ

(
1
3 − 2t

)
q (t) dt 1

ρq2 sin
2
3ρ

1
2

∫ 1
3
0 cos ρ

(
2t− 1

3

)
q (t) dt− ρm

2

∫ 1
3
0 sin ρ

(
1
3 − 2t

)
q (t) dt q2 cos

2
3ρ

∣∣∣∣∣∣∣∣+

+

∣∣∣∣∣∣∣
O
(
e1/3|τ |

|ρ|2

)
− cos 2

3ρ

O
(
e1/3|τ |

)
ρ sin 2

3ρ

∣∣∣∣∣∣∣+O

(
e|τ |

|ρ|

)
.

In the final expression, after expanding all the determinants and performing the corre-
sponding calculations, the following expression for ∆

(
ρ2
)
is obtained:

∆
(
ρ2
)
= cos3

1

3
ρ
(
−2ρ2m+ 4q1 − 2mq1q2

)
+

+sin3
1

3
ρ (4ρ− 2ρmq2 + 2ρmq1)+
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+ sin
1

3
ρ

(
−3ρ+ 2ρmq2 − ρmq1 −

1

ρ
q1q2

)
+

+cos
1

3
ρ
(
ρ2m− 3q1 + q2 + 2mq1q2

)
+ sin

1

3
ρ×

×


1
2

∫ 1
1
3
q (t) sin ρ

(
4
3 − 2t

)
dt− mq1

2

∫ 1
1
3
q (t) sin ρ

(
2t− 4

3

)
dt+O

(
e2/3|τ |

|ρ|

)
+

−
(
e2/3|τ |

|ρ|2

)
+ 1

2ρq1
∫ 1

1
3
q (t) cos ρ

(
2t− 4

3

)
dt+O

(
e2/3|τ |

|ρ|

)
+

+cos
1

3
ρ


1
2

∫ 1
1
3
q (t) cos ρ

(
2t− 4

3

)
dt−O

(
e2/3|τ |

|ρ|

)
+ ρm

2

∫ 1
1
3
q (t) sin ρ

(
4
3 − 2t

)
dt+

+ q1
2ρ

∫ 1
1
3
q (t) cos ρ

(
2t− 4

3

)
dt+O

(
e2/3|τ |

|ρ|2

)
+O

(
e

2
3
|τ |
)

+

+sin
1

3
ρ cos

1

3
ρ


∫ 1

3
0 q (t) sin ρ

(
2t− 1

3

)
dt+ q2m

∫ 1
3
0 q (t) sin ρ

(
1
3 − 2t

)
dt−

−1
ρq2
∫ 1

3
0 q (t) cos ρ

(
1
3 − 2t

)
dt+O

(
e1/3|τ |

|ρ|

)
+

+cos
2

3
ρ


1
2

∫ 1
3
0 q (t) cos ρ

(
1
3 − 2t

)
dt+ 1

2ρq2
∫ 1

3
0 q (t) sin ρ

(
1
3 − 2t

)
dt−

−ρm
2

∫ 1
3
0 q (t) sin ρ

(
1
3 − 2t

)
dt+O

(
e

1
3
|τ |
)

+

+O

(
e|τ |

|ρ|

)
(21)

Subsequently, we will consider that the parameter ρ varies within the strip |Imρ | ≤ α.
Under this condition, as |ρ| → +∞, the following asymptotic equalities hold:

O
(
e|τ |

ρ

)
= O

(
e1/3

|τ |

ρ

)
= O

(
e2/3|τ |

ρ

)
= O

(
1
ρ

)
O
(
e2/3|t|

ρ2

)
= O

(
1
ρ2

)
,

O
(
e|τ |
)
= O (1)

 (22)

On the other hand,as |ρ| → +∞ within the strip |Imρ | ≤ α the following relations hold:∫ 1/3
0 q (t) cos ρ

(
1
3 − 2t

)
dt = o (1) ,∫ 1

1/3 q (t) cos ρ (2t− 4/3) dt = o (1) ,

∫ 1/3
0 q (t) sin ρ

(
2t− 1

3

)
dt = o (1) ,∫ 1

1/3 q (t) sin
(
4
3 − 2t

)
dt = o (1) ,


(23)
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Taking (22) and (23) into account in (21), we obtain the following:

∆
(
ρ2
)
= ρsin

ρ

3

(
β1 + β2sin

2 ρ

3
+O

(
1

ρ

))
+ ρ2m cos

ρ

3
− 2ρ2mcos3

ρ

3
+ O

(
1

ρ

)
. (24)

Here,

β1 = −3 + 2mq1 −mq2, β2 = 4 + 2mq1 − 2mq2

is denoted. From the resulting expression (23), based on Rouche’s theorem, it is clear that
the function ∆

(
ρ2
)
has two series of zeros, ρ1,n and ρ2,n which are asymptotically close

to the zeros of the functions cosρ3 and cos2ρ3 , respectively. Thus, the following asymptotic
formulas hold for, ρ1,n and ρ2,n :

ρ1,n= 3πn+
3π

2
+O

(
1

n

)
, ρ2,n=

3πn

2
+

3π

4
+O

(
1

n

)
.

The estimate of the remainder term of the asymptotics in these formulas is obtained by
the standard method (see [14]).

2. The asymptotic of eigenfunctions

We now proceed to determine the asymptotic formulas for the eigenfunctions associated
with the problem (1)-(2).

Theorem 2. Suppose that the function q (x) satisfies the conditions of Theorem 1.
Then, for the eigenvalues λi,n = (ρ1,n)

2, i = 1, 2;n ∈ N, the corresponding eigenfunctions
yi,n (x) satisfy the following asymptotic formulas:

y2,n(x) =


cos
(
3πn+ 3π

2

)
x+O

(
1
n

)
, x ∈

[
0, 13
]
,

O
(
1
n

)
, x ∈

[
1
3 , 1
]
,

(25)

y2,n(x) =


O
(
1
n

)
, x ∈

[
0, 13
]
,

cos
(
3πn
2 + 3π

4

)
(1− x) +O

(
1
n

)
, x ∈

[
1
3 , 1
]
,

(26)

Proof. First, let us determine the eigenfunction corresponding to the eigenvalue λ1,n.
To this end, let us substitute ρ = ρ1,n into equation (20) and choose:

C1,n = −y2

(
1

3
, ρ1,n

)

C1,n = −
(
cos

2

3
ρ1,n +

1

ρ1,n
q2sin

2

3
ρ1,n

)
+O

(
1

n

)
=

= −cos

(
π + 2πn+O

(
1

n

))
+O

(
1

n

)
= 1 +O

(
1

n

)
,
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C2,n = −y1

(
1

3
, ρ1,n

)
= −

(
cos

1

3
ρ1,n +

1

ρ1,n
q1sin

1

3
ρ1,n

)
+O

(
1

n

)
=

= −cos

(
π

2
+ πn+O

(
1

n

))
+O

(
1

n

)
= O

(
1

n

)
.

Consequently, we obtain:

y1,n(x) =


(
1 +O

(
1
n

))
y1 (x, ρ1,n) , x ∈

[
0, 13
]

O
(
1
n

)
y2 (x, ρ1,n) , x ∈

[
1
3 , 1
] =

=


cos
(
3πn+ 3πp

2

)
x+O

(
1
n

)
, x ∈

[
0, 13
]

O
(
1
n

)
, x ∈

[
1
3 , 1
] .

Now, let us determine the eigenfunction corresponding to the eigenvalue λ2,n. To this
end, we substitute ρ = ρ2,n into equation (20) and define

C1,n = (−1)ny2

(
1

3
, ρ2,n

)
, C2,n = (−1)ny1

(
1

3
, ρ2,n

)
.

Then, we obtain:

C1,n = (−1)ny2

(
1

3
, ρ2,n

)
= (−1)n

(
cos

2

3
ρ2,n +

1

ρ1,n
q2sin

2

3
ρ2,n

)
+O

(
1

n

)
=

= (−1)ncos

(
πn+ π +O

(
1

n

))
+O

(
1

n

)
= O

(
1

n

)
,

C2,n = (−1)ny1

(
1

3
, ρ2,n

)
= (−1)n

(
cos

1

3
ρ2,n +

1

ρ1,n
q2sin

1

3
ρ2,n

)
+O

(
1

n

)
=

= (−1)ncos

(
πn+

π

2
+O

(
1

n

))
+O

(
1

n

)
= (−1)n +O

(
1

n

)
.

Consequently, we obtain:

y2,n(x) =

{
O
(
1
n

)
, x ∈

[
0, 13
]
,

cos
(
3pn
2 + 3p

4

)
(1− x) +O

(
1
n

)
, x ∈

[
1
3 , 1
]
.

The theorem is proven.
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